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Abstract

We assess the empirical plausibility of the economic conditions underlying the well-known result on the non-
monotonic dynamics of the saving rate in the exogenous growth model with aggregate CES production function. It is
well known that a hump-shaped saving rate can emerge along the transition dynamics when capital and labor are
complementary. We show that under this condition, the marginal productivity of capital, which drives the substitution
effect of capital accumulation, declines faster than the average productivity, which drives the income effect. We also
show that some key features of the model are empirically implausible. In particular, the data do not support the
declining path of the capital income share that the model shows in reproducing the hump-shaped saving rate.
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1 Introduction

This paper conducts an economic and empirical evaluation of the conditions necessary
for the neoclassical growth model to reproduce the observed hump-shaped path of the
saving/investment rate during the development process. The literature has largely
documented this empirical phenomenon using different data sources and time periods.
For example, Alvarez-Cuadrado (2008), Alonso-Carrera et al. (2021) and Alonso-Carrera
et al. (2024) analyze the postwar economic dynamics of some European countries, while
Hayashi (1986, 1989) or Christiano (1989) study the Japanese postwar reconstruction
process. Another branch of the aforementioned literature shows that these hump-shaped
dynamics of the saving rate can be identified by cross-country analysis. Antras (2001)
provides convincing evidence of this pattern for 24 OECD countries. Loayza et al. (2000)
also finds non-monotonic saving trends in developing countries.

The literature has also demonstrated that a hump-shaped saving rate may arise in
the one-sector neoclassical growth model when capital and labor are complementary
(see, e.g., Antras, 2001; Smetters, 2003; Gémez, 2008; Litina and Palivos, 2010). These
studies follow a phase diagram analysis to derive the necessary conditions for this non-
monotonic dynamics of the saving rate. However, they do not provide economically
intuitive conditions and, therefore, do not reveal the economic mechanisms and intuition
underlying this result, which prevents us from assessing the extent to which it is
empirically plausible.! In this paper, we contribute to this debate by unraveling the
mechanism that drive the dynamic behavior of the saving rate in the standard neoclassical
growth model.

We show that the key for the dynamics of the saving rate is the evolution of the
ratio between the marginal and the average product of capital. The economic intuition
of this result follows directly from the fact that the marginal product determines the
substitution effect of changes in the capital stock, while the average product determines
the income effect. The relationship between these two technological features and the
willingness of individual to intertemporally substitute consumption, which is determined
by the constant elasticity of intertemporal substitution (IES), determines whether the
substitution effect or the income effect dominates. In the standard model with a Cobb-
Douglas production function, the ratio of the marginal to average product of capital is
constant for each level of capital. This implies that the balance between the income
and the substitution effects of capital accumulation also remains constant along the
equilibrium dynamics, which explains the well-known model’s prediction of a monotonic
behavior of the saving rate.

Based on the previous result, we conclude that a non-monotonic behavior of the saving
rate in a neoclassical growth model requires a decoupling of the marginal from the average
product of capital. If the ratio between these two technological features depends on the
level of the capital stock, then the ranking between the income and the substitution
effects of capital accumulation can be reversed along the transition. More specifically,
we prove that a hump-shaped path of the saving rate can arise when the aforementioned
ratio between the marginal and average product of capital decreases. In this case, the

! Antras (2001) explains that the hump-shaped behavior of the saving/investment rate may arise when
capital and labor are complementary, because in this case the marginal product of capital is finite as
capital tends to zero, which weakens the substitution effect when capital is low. However, as this paper
shows, this does not seem to be the real reason because in this case the average product of capital is also
finite.



income effect is likely to dominate for small values of capital, while the substitution effect
may become the dominant effect when capital is above a certain threshold.

This necessary property of technology is satisfied when the elasticity of substitution
between capital and labor is less than one. This can be used to empirically test the
technological explanation of the observed hump-shaped dynamics of the saving rate. On
the one hand, there is ample evidence that capital and labor are complementary at the
aggregate level in the U.S. economy (see, e.g., Antras, 2004; Klump et al., 2007; Ledn-
Ledesma et al., 2010). On the other hand, we test the empirical plausibility of our
theoretical explanation of the saving rate dynamics by examining the behavior of the
capital income share of GDP along the development process. Note that this share is
equal to the ratio between the marginal and the average product of capital. We show
that the European economies involved in the World War II exhibited hump-shaped saving
rates but a declining labor income shares in the years following the conflict.

The paper is organized as follows. Section 2 presents the model. Section 3
characterizes the equilibrium dynamics. Section 4 provides the economic interpretation
of the conditions that guarantee the hump-shaped saving rate. Section 5 calibrates and
simulates the model to empirically test its dynamic properties. Section 6 concludes.

2 The model

We consider a one-sector model of economic growth in continuous time. There is a
single good Y that can be used for consumption and investment in capital. This good is
produced by means of the CES production function

Y = [ak™ +(1—a)(AL)”#]"W‘1, (1)

with o € (0,1), and where K is the aggregate capital stock; L is the total amount of
labor; m > 0 is the elasticity of substitution between K and L; and A measures the
efficient units of labor. We consider a Harrod-neutral technological change, so that A
grows at the constant rate n. Capital depreciates at the constant rate ¢. Finally, firms
operate under perfect competition so that the rental rate of capital, r, and labor, w, are
equal to their respective marginal products.

The economy is populated by identical and infinitely lived individuals. The population
grows at a constant rate n. In each period, the representative agent is endowed with one
unit of time, which he supplies inelastically on the labor market. This individual then
faces the following budget constraint:

k=w+rk—c—(n+0)k, (2)

where ¢ and k are the per capita levels of consumption and capital stock, respectively.
Preferences are given by the following utility function:

o] l—o __ 1
U= / o(n=p)t [%} dt, (3)
0

where p is the constant subjective discount rate of time preferences, and o > 0 is the
constant coefficient of relative risk aversion, which is also the inverse of IES. We assume
that p > n + (1 — o)n, which guarantees that the representative’s utility (3) is finite.



Thus, the representative consumer faces the problem of choosing the time paths ¢ and k
that maximize (3) subject to (2) and the non-negative constraints on ¢ and k.

Given the initial values of the capital stock, a competitive equilibrium of this economy
consists of a path of prices {w, r} and a path of allocations {k, ¢} that are consistent with
consumer and firm optimization. The equilibrium path is thus fully characterized by the
dynamic system of equations in k£ and c¢ given by the aggregate resource constraint and
the standard Euler equation determining the growth rate of consumption. Furthermore,
a balanced growth path (BGP) equilibrium of this economy is a path along which the
allocations of aggregate output, consumption and capital grow at the constant rate n+7.

3 Equilibrium dynamics
Given the properties of BGP, we fully characterize the equilibrium path by means of the

following dynamic system in the capital stock per efficient units of labor, z = K/AL, and
the ratio of consumption to output, z = C/Y":

Z=f(z)1—2)—(0+n+n)z (4)
and
ng’(z) {x (5+ﬁ$n)2+1;0}_5+p0+077’ 5)

where f(z) is the output in efficient units of labor, i.e.,

™

y=f(z) = [a2%+1—a]w_l. (6)

At this point, we note that the capital income share, rz/y, is given by the following
function of z:
1
m(z) = —————— €[0,1]. @
1+ () =]

By differentiating this function, we see that the capital income share decreases in z when
capital and labor are complementary (i.e., 7 < 1), while it increases in z when these two
factors are substitutes (i.e., 7 > 1). Finally, this share is constant and equal to « in a
Cobb-Douglas production function as 7 = 1.

We now characterize the equilibrium dynamics by following a phase diagram analysis
of the dynamic system composed of Equations (4) and (5). We define the z-locus and the
x-locus in the space (z, ) as the combinations of these two variables for which Z = 0 and
= 0, respectively. We see from (4) that the z-locus is given by the following equation:

(0+n+n)z
f(2)
This locus is then given by a decreasing function of x on z. The equilibrium is only

defined for z < z', where z! is the level of 2 that satisfies H(z') = 0. We also get that
0%/0x < 0 at any point in the z-locus.

r=H(z)=1- (8)



We also see from (5) that the x-locus is given by the following function:

v=G(z) = H(z) + G) {pr(% _ 1} . (9)

By differentiating this function, we obtain that G’(z) > 0 if and only if the following
condition holds: 5

m(z) < g (10)
with
O+ pton
S+ n+n’

Since the capital income share m(z) is a monotonic function, we then conclude that the
locus G(z) can exhibit one of the following alternative shapes. First, if 7 = 1, then
m(z) = a and G(z) is monotonic with: (a) G'(z) > 0 if ac < ¢; and, (b) G'(2) < 0 if
ao > ¢. Second, if m < 1, then m/(z) < 0, m(0) = 1 and with: (a) G'(z) > 0 for all z
when o < ¢; and, (b) when om > ¢, there exists a value of z given by

e

so that G'(z) < 0 for z < Z, while G’(2) > 0 for z > 2. Third, if 7 > 1, then m/(z) > 0,
lim, ,om(z) = 0, and G’(z) > 0 when z < 2, while G’(z) < 0 when z > 2. Finally, we
also get that d2/0x > 0 at any point in the x-locus in all of these three cases.

Along the BGP, the values of z and x remain constant. By solving the system of
equations (8) and (9), we obtain that these stationary values are given by f/'(z*) =
d+p+onand ¥ =1 —m(z*)/¢. In the appendix, we prove that there is at most one
unique BGP. Furthermore, we also prove that this BGP is locally saddle-path stable.

The main conclusion from the previous analysis is that the shape of the policy function
relating the consumption-output ratio with the capital stock in efficient units of labor
depends on the dynamic behavior of the capital income share, i.e., how the ratio between
the marginal and the average product of capital evolves along the transition dynamics.
In the next section, we will focus on the case with m € (¢/0,1), as this is the unique
case where a hump-shaped saving rate can arise. Figure 1 plots the phase diagram that
can occur in this benchmark case. The figure plots the U-shape of the policy function
x = ®(z) that arises under certain conditions. Note that these dynamics require the
x-locus to be U-shaped. Next, we state the conditions that ensure this.

¢

4 A hump-shaped saving rate

From the previous section, we conclude that the saving rate, 1 — z, can have a hump
shape only if 7 € (¢/0,1). As noted earlier in the literature, capital and labor must then
complement each other to reproduce the hump-shaped path of the saving rate observed
in the data. We contribute by providing a clear economic intuition of the mechanism
behind this result.

Consider the case where the initial stock of capital in efficient units of labor is below
its stationary value, i.e., 2y < z*. The dynamic behavior of the saving rate depends on
the balance between the substitution and income effects of capital accumulation caused
by this initial imbalance. The increase of z reduces both the marginal and the average



Figure 1: Phase diagram for benchmark dynamics

productivity of capital. The decrease in the marginal productivity reduces the rate of
return on savings, leading to an intertemporal substitution of consumption towards the
present. On the contrary, the decrease in the average productivity implies a smaller
impact of capital accumulation in reducing the distance of current income in efficient
units of labor with respect to its stationary value. This stimulates savings to accelerate
the reduction in this income gap. The balance between these two effects depends on the
IES since it determines the consumer’s desire to smooth the path of consumption. The
substitution effect dominates for sufficiently large values of IES (i.e., for small values of
o).

Thus, in order to have a non-monotonic path of the saving rate, the balance between
substitution and income effects must change along the transition dynamics leading the
economy to the BGP. Since the IES in our model is constant, and equal to 1/0, any change
in the dominance of the two aforementioned effects of capital accumulation can only occur
if there is a variation in their relative size. This requires decoupling the dynamics of the
marginal and average productivity of capital. Next, we provide the conditions that are
necessary for this result.

The first necessary condition for a hump-shaped saving rate is that capital and labor
complements each other in production, i.e., 7 < 1. The relevance of this condition
is that it implies that the capital income share should be a decreasing function of z,
i.e., m'(z) < 0. In this case, the marginal productivity decreases faster than average
productivity as z increases. This can change the balance between the income and
substitution effects, even when the IES is constant in our model. Other conditions are
then necessary to ensure that the reversal in the dominance of the effects actually occurs
and it is in the right direction as the economy approaches to the BGP.

On the one hand, a hump-shaped saving rate requires that the income effect of capital
accumulation must dominate to the substitution effect for small values of z. This depends



on the relative size of these effects, which is given by the capital income share m(z) (i.e.,
the ratio between marginal and average productivity), and on the value of the IES,
which determines the balance between them. In particular, from the previous section, we
conclude that the income effect dominates when the condition m(z) > % holds, which
implies that the income effect is not relatively small with respect to the substitution
effect. Noting that m(z) converges to one as z tends to zero when 7w < 1, the necessary
condition for the income effect to dominate for any sufficiently small value of z is that
om > ¢. This defines a lower bound for ¢ given by

d+p
T7(d+n+n)—n

g:

Given a ratio of marginal to average productivity, the income effect dominates when o
is sufficiently high, i.e., when the consumers’ willingness to intertemporally substitute
consumption is small.? In this case, the saving rate then increases with z.

On the other hand, a hump-shaped saving rate also requires that the condition
m(z) > % be reversed as z approaches to the steady state. If this were to occur, then the
substitution effect of capital accumulation would begin to dominate the income effect,
and thus the saving rate would thereafter decline with z. We proved above that this
reversal of the order of dominance between effects occurs at z = 2. Obviously, we need
that this threshold of z to be less than its stationary value, i.e., 2 < z*. This happens
when

1 « T

Condition (12) implicitly imposes an upper bound on the value of o, which we denote
by @. Given the uneven evolution of the marginal and average products of capital, the
reversal of the dominance of the income effect over the substitution effect at some point in
the transition dynamics also requires that consumers’ willingness to smooth consumption
over their lifetime is sufficiently high.

Note that the above set of conditions given is necessary but not sufficient for having a
hump-shaped savings rate. In particular, the range of values of o under which the saving
rate follows a hump-shaped path may be smaller than the interval (o,7). The overlap
between these two intervals will be smaller, the larger the distance of the initial value of
z from its stationary value.

5 Empirical evaluation

We now provide an empirical test of the theory presented above. To this end, we first
calibrate the parameters of the model to reproduce some long-run features of the U.S.
economy. Table I provides the benchmark values of the parameters. We define a period as
one year. We set the population growth rate to n = 0.01 and the rate of technical progress
to n = 0.02. We choose a = 0.3479 so that the steady state of the model replicates a
labor income share of 0.67 (see Valentinyi and Herrendorf, 2008). We assign a value
of 0.84 to the capital-labor elasticity of substitution 7, which is the value estimated by
Herrendorf et al. (2015), and it is in line with other estimates in the literature (see, e.g.,

2We must assume that 7(5 +n+n) > 1. Otherwise, the condition om > ¢ cannot hold, since it would
require a negative IES and thus the saving rate would not have a hump-shaped path. Note that this
means that the capital-labor elasticity of substitution must satisfy = > ﬁ.



Antras, 2004; Klump et al., 2007; Leén-Ledesma et al., 2010). The parameter p is set to
0.02, implying an annual discount rate of preference of 0.98, which is a widely used value
in the literature. The depreciation rate ¢ is set to 0.1.

Table I: Parameter values

Parameter Notation Value
Rate of technical progress n 0.02
Growth rate of population n 0.01
Capital share Q 0.3479
Elasticity of substitution between capital and labor s 0.84
Depreciation rate of capital stock ) 0.1
Discount factor p 0.02
Inverse of intertemporal elasticity of substitution o 6
Initial stock of capital in efficient units of labor 20 0.01z*

Finally, we set the value of ¢ as follows. Under the parameterization explained above,
the two thresholds that delimit the values of o necessary to obtain a hump-shaped path
of saving rate are ¢ = 1.3453 and @ = 7.3158. However, as was explained in the
previous section, the hump-shaped saving rate can only occur for a subset of values
in the interval (¢,7). For this reason, we follow Antras (2001) and we set the value of
o to 6, which guarantees that the hump-shaped path of the saving rate is similar to the
one observed in the data. Although this value is higher than that generally considered
in the macroeconomic literature, it is in the range of the values estimated, for instance,
by Hall (1988), Ogaki and Reinhart (1998) or Yogo (2004).

We choose the initial level of the capital stock in efficient units of labor zy = 2*/100.
We simulate the equilibrium path of the calibrated model and we compute the path of the
saving rate. Figure 2 shows that the calibrated economy has a hump-shaped dynamics
in the saving rate. More importantly, since the latter dynamics require the elasticity of
substitution between capital and labor 7 to be less than one, we also obtain a downward
sloping path of the simulated capital income share.

We now examine whether the proposed theory is confirmed by the data. To do so, we
first examine the extent to which the variation in the capital income share required by
the model is observed in the data. Figure 3 plots the labor income share observed in the
data. The downward sloping path of the simulated capital income share is not confirmed
by the observed data. We observe that the unweighted average of the labor income
share declined in the two samples for which the empirical literature has found a hump-
shaped dynamics: OECD countries and the European countries that participated in the
World War II (Austria, Belgium, France, Germany, Italy, Luxembourg and Netherlands).
Assuming a competitive equilibrium framework, this empirical fact implies that the
capital income share is increasing as this share is calculated as the fraction of aggregate
GDP not allocated to labor compensation.

Finally, we also empirically evaluate the model by examining how it fits the
relationship between the saving rate and the rates of technological progress and
population growth. To this end, we note that Krusell and Smith (2015) and Alvarez-
Cuadrado (2017) provide empirical evidence that the saving rate increases with the growth



{a) Saving rate {b) Capital income share

0183 .55

D82

0aA81 0.5

afer

0A7e 045

DATA

077§ _ oal

(iR i} b

0.175 F 035

0A74 1

073 : : : : 03 : . :
a 10 20 30 40 50 a 10 20 20 40 50

Time Time

Figure 2: Time paths of the benchmark model

62

= Actual data
=== Trend by Holdrick-Prescott filter

— Actual data
=== Trend by Holdrick-Prescott filter

58+

56 58

54 561
1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 20‘20 1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2620
Year Year
‘Source: Penn Warld Table version 10.01 ‘Source: Penn World Table version 10.01

(a) OECD (b) European countries

Figure 3: Evolution of unweighted-average labor income share

rate of output and the rate of population growth. In the debate over the implications
of Piketty (2014)’s ”"second fundamental law of capitalism”, Krusell and Smith (2015)
evaluates this relationship in the steady state to assess the empirical plausibility of models
of optimal saving. We use this strategy as a further test to validate the technological
explanation of the hump shape followed by the saving rate. We obtain that the gross
saving rate increases with the rate n of technological change at the BGP if and only if
o < o. Note that this threshold value corresponds to the lower bound ¢ of the interval
of values that o must take to have a hump-shaped saving rate. Thus, the capital-labor
complementarity explanation for the behavior of the saving rate observed in the data is



inconsistent with the estimated positive relationship between saving and growth rates.

6 Conclusion

We have characterized the dynamics of a neoclassical growth model with a CES
production function. We have shown that this model is able to reproduce the hump-
shaped path of the aggregate saving rate in the OECD countries over the period 1950-
2020. We have shown that the key point to these dynamics is that the CES technology
decouples the marginal and the average productivity of capital. Therefore, the income
and substitution effects of capital accumulation decline at different rates. When capital
and labor complements each other, the marginal productivity declines faster than the
average productivity, so that a reversal in the ranking between the two effects can occur
along the process of convergence to the BGP, even when the IES is constant.

We have also illustrated that this result comes at the cost of obtaining a increasing
labor income share in stark contrast with the empirical evidence. This open an interesting
research agenda consisting on looking for other mechanisms that may allow us to obtain
the observed hump-shaped saving rate dynamics with decreasing labor income shares.
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Appendix

A Uniqueness and existence of BGP

The stationary value of z and x are given by the intersection between (8) and (9). To
determine the number of intersections, we first note that H(0) = 1, H'(z) < 0 and
G(0) =1 —1/0 < 1. Furthermore, by using (9), we conclude that



since H(z') = 0 by definition, By noting that f'(z) < f(z)/z and p + on > n + 1, we
directly obtain that G(z') > 0. We then distinguish the following cases:

B

1.

Consider that 7 = 1 and ao < ¢. In this case, G'(z) > 0. Therefore, the exists a
unique BGP since:

(a) If ¢ > 1, then G(0) € [0, 1).

(b) If ¢ < 1, then G(0) < 1, the uniqueness follows since G(z!) > 0.

. Consider that # = 1 and o > ¢. In this case, G'(z) < 0. Therefore, the existence

of BGP depends on o:
(a) If 0 <1, then G(0) <0, so that there does not exist a BGP.

(b) If o > 1, then then G(0) € [0,1), so that there exists a unique BGP because
G(zY) > H(z') = 0.

Consider that @ < min{l,¢/c}. In this case, G'(z) > 0. Hence, there exists a
unique BGP because G(0) < H(0).

Consider that m € (¢/0,1). In this case, G'(2) < 0 when 2z < 2, whereas G'(z) > 0
when z > 2. Therefore, there exists a unique BGP.

. Consider that 7 > 1. In this case, lim, ;0 G(z) = 0 and G'(z) > 0 when z < Z,

whereas G'(z) < 0 when z > Z. Therefore, there exists a unique BGP because
z! < 22, where 22 is the root of equation G(z?) = 0.

Stability property of BGP

Let J be the Jacobian matrix evaluated at the steady state of the system of difference
equations formed by (4) and (5).> We obtain after some algebra that

a11 A12
J = ,
Q21 A22

where
= 5ina ) m(z)—1] <0
an_@z non)miz )
= 5+ ptomm(z)z <0
a12—a$— praon)miz)z )
ot (1) {qﬁx 11— m(z)]} [ qﬁm(z)}
20 == | — 1-— ,
0z o z om
and
5
a22za—i:(5+p+an)x>0.

3In this proof all the variables are evaluated at the BGP equilibrium. For simplicity, we then omit

the asterisk notation.



After some algegra, we get that the determinant of J is given by

det() = () (1= m(a) {mz) -1 - 22,

o (Ve

which is negative. Therefore, the BGP is locally saddle-path stable.



