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Abstract

We present a differential game analysis of an oligopoly with sticky price under general demand and cost functions. We
show that the output of each firm at the steady state of the open-loop dynamic oligopoly is generally larger than the
output of each firm at the equilibrium of the static oligopoly, and the output of each firm at the steady state of the
memoryless closed-loop dynamic oligopoly is generally larger than that at the steady state of the open-loop dynamic
oligopoly. We also present an analysis of the feedback dynamic oligopoly.
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1 Introduction

There are many studies of dynamic oligopoly by differential game approach, for exam-
ple, Simaan and Takayama (1978), Fershtman and Kamien (1987), Cellini and Lambertini
(2004) and Cellini and Lambertini (2007) about behaviors of firms and market structures
with dynamics of sticky prices in an oligopoly with a homogeneous good or differentiated
goods, Cellini and Lambertini (2003a) and Cellini and Lambertini (2003b) about adver-
tising investment with dynamics of accumulated advertising effects in an oligopoly with
a homogeneous good or differentiated goods, Cellini and Lambertini (2005) and Cellini
and Lambertini (2011) about R&D investment with dynamics of accumulated cost reduc-
ing effects in an oligopoly with a homogeneous good or differentiated goods, Fujiwara
(2006) about a Stackelberg duopoly, Fujiwara (2008) about competitiveness of markets in
an oligopoly with renewable resource. For a comprehensive survey see Dockner et al.
(2000) and Lambertini (2018).

However, most of these studies used a model of linear demand functions and quadratic
cost functions. We extend an analysis of Cellini and Lambertini (2004) about an oligopoly
with sticky price to a case of general demand and cost functions. We investigate steady
states of an open-loop dynamic oligopoly, a memoryless closed-loop dynamic oligopoly
and a feedback dynamic oligopoly. We show that the output of each firm at the steady
state of the open-loop dynamic oligopoly is generally larger than the output of each firm
at the equilibrium of the static oligopoly, and the output of each firm at the steady state
of the memoryless closed-loop dynamic oligopoly is generally larger than that at the the
steady state of the open-loop dynamic oligopoly. We also show that if the output of each
firm is increasing with respect to the price, the output of each firm at the steady state of the
feedback dynamic oligopoly is larger than the output of each firm at the steady state of the
open-loop dynamic oligopoly, and show that an example of linear demand and quadratic
cost functions presented by Cellini and Lambertini (2004) and Lambertini (2018) satisfies
this condition.

2 Open-loop analysis of dynamic oligopoly

Consider a symmetric oligopoly where, atany ¢ € [0, o), n firms, Firms 1, 2, ..., n produce
a homogeneous good. The firms intertemporally maximize their profits. Let x;(t), i €
{1,2,...,n}, be the outputs of the firms, p(t) be the price of the good.

The inverse demand function is written as

P(x1(t) +xa2(8) + - + xu(2)).

It is decreasing and twice differentiable. The cost function of Firm i, i € {1,2,...,n},is
C(xi(t)).

It is increasing and twice differentiable. All firms have the same cost function. The in-

stantaneous profit of Firm i, i € {1,2,...,n},is

mi(t) = xi(t) p(t) = C(xi(1)).



The problem of Firm i, i € {1,2,...,n}, is written as

max/oo e P x;(t)p(t) — C(x;(t))]dt, p > 0.
0

x;(¢)

p is the discount rate. The moving of the price is governed by

dzgt) = s [p(x1(t) +x2(t) + -+ - + X, (1)) — p(£)], 5> 0, p(0) > 0.

The present value Hamiltonian function of Firm i, i € {1,2,...,n},is

(1) =e " {x; () p(t) — C(xi (1)) + Li(t)s [P(x1(t) + x2(t) + - -+ x,(8)) — p(D)]}.
The current value Hamiltonian function of Firm i, i € {1,2,...,n},is
Si(t) =e* Hr (1)
=xi(t)p(t) — C(xi(1)) + Li(t)s [P(x1(¢) + x2(8) + - - + xn(2)) — p()]}.

Let
pi(t) = e P (1), i€ {1,2,...,n}.
It is the costate variable. The first order condition for Firm i is
04 (t)
=0.
9x;(t)

Using the current value Hamiltonian function, it is written as

aa‘ifl((tt)) :p(t) + p'(xl(t) + x2(t) + .4 xn(t))li(t)s _ C,(Xi(t)) -0 (1)
The second order condition is
25,
aajilt()tz) =p"(x1(t) + x2(t) + -+ + x,(t))Ai(t)s — C"(x;(t)) < 0. (2)

The adjoint condition is

0Ai(t)
ot

—pt

oi(t)  Oui(t)
Cap(t)y ot

—pxli(t)] ,i€{1,2,...,n}.
Using the current value Hamiltonian function, it is written as

94 (t)

o) ~
ot

6p(t) =—x;(t) + Ai(t)s =

odi(t), i€ {1,2,...,n).

This means
94;(t)

ot

= (p+9)Ai(t) — xi(t), i € {1,2,...,n}.



Differentiating (1) with respect to time, we get

” N dxi(t) dp(t) /a/ll(t)
(€7 (xi(1) = P Ai(D)s] — TR AT
dp(t)

=3 +p's[(p+5)Ai(t) —xi(t)], i € {1,2,...,n},

We denote p’(x1(t) + x2(t) +-- -+ x,(¢t)) by p’, and p” (x1(t) + x2(t) +-- - + x,(t)) by p”.

At the steady sate dp([) =0, dxlt(t) = 0and o Et) =0fori e {1,2,.. .,n}. By symmetry
of the oligopoly all x; s are equal. Denote x;(t), p(t) and 4;(t) at the steady state by x*, p*
and A*. Then, from (3)

(3)

(p+s)A" = x".
Substituting this into (1) yields
84 (t )
(495 = (p+5)[p" = (6] + s = @
Since p’ < 0, we have
p -C'(x") > 0. (5)

The profit of Firm i in the static oligopoly is
mi(t) = p(x1(t) +x2(8) + - - - + X (£)) xi (1) — Ci(x;i(1)).
The first order condition for profit maximization is
PCx1(8) +x2(8) + -+ -+ xn (1)) + P/ (x1(8) +X2(8) + -+ - + X5 (£))x: (1) — C{(x;(£)) = 0. (6)
Denote the output of each firm and the price of the good at the equilibrium of the static
oligopoly by X and p. Then,
p+p'x-C'(%)=0. (7)
Suppose that x;(t) = X for alli € {1,2,...,n}. From (7)
p-C'(%) =-px.
Substituting this into the left-hand side of (4) assuming x* = X, we have
0 (1)
dx;(¢)

Since p’ < 0, this is positive. Thus, by the second order condition,

(p+5) =—(p+s)p'X + p'sX = —pp’sX.

x* > X.
We have shown the following result.

Proposition 1. The output ofeach firm at the steady state of the open-loop dynamic oligopoly
is larger than the output of each firm at the static equilibrium.



3 Closed-loop analysis of dynamic oligopoly

In this section, according to the analyses by Cellini and Lambertini (2003a), Cellini and
Lambertini (2004), Cellini and Lambertini (2007) and Lambertini (2018)(p.65), we con-
sider a memoryless closed-loop approach to a dynamic oligopoly. The current value Hamil-
tonian function and the first order condition for Firm i, i € {1,2,...,n}, are the same as
those in the open-loop case as follows.

H, (1) =x; (D) p(t) = C(xi () + Ai(0)s [P(x1(£) + X2(8) + -+ - + x5 (1)) — p(D)]}.
and

36:(t)
9x; (1)

=p(t) + p'(x1(£) + x2(8) + -+ - + xn (1)) Ai ()5 = C’(xi(2)) = 0. (1)
This condition for Firm j is written as

3/6;(t)
dx;(t)

= p(0) + P'(x1(t) +x2(8) + -+ - + X0 (1)) 2 (£)s = C’(x (1)) = 0. (8)

The second order condition for Firm i is the same as (2) as follows.

254p.
aaj?t()? = P (x1(t) + x2(6) + -+ + X, () i (£)s — C”(x(1)) < 0. (2)

The adjoint condition for Firmi € {1, 2, ..., n} is different from that in the open-loop case.
In the closed-loop case it is written as

— pi(t). (9)

LGN 3 8 (1) 0x;(t) _ Ai(t)
ap(t) o ox;(t) dp(t) ot

The term in (9)

dx;(t) dp(t)

takes into account the interaction between the control variables of the firms other than
Firm i and the current level of the state variable. We have

Y 9/ (1) 0x;(t)
Jj#i

36i(t)
an(t) -

p'Ai(t)s.

ax;(t)

About 10

from (8),
an(t) 3 1
3p(t) — C"(x;(1)) — p"A;(t)s’




Therefore, (9) is rewritten as
Z 36 (t) 0x;(t)
ap(t) dx;(t) dp(¢)

—— xl(t) +/1 (t)S A,/l (t)SZ c

J#i

1 ()
(x; (1) - p"A;j(D)s ot

— pAi(t).

This means
0A; (t) 1

(xj(1)) = p"2A;(0)s’

= (p+9)A(0) = xi(D) = PADs )

J#I
Differentiating (1) with respect to time, we get

dxi(t) _dp(t) ., 04() _ dp(D)

[C”(xa()) = P"Aa(0)s] = = = "= 4 T s = S
1

— (90 Y ) A L L2,

J#i

+p's[(p+9)Ai(t) — xi(t)]

At the steady sate dp(t) =0, dx‘(t) = 0 and a’ll =0fori € {1,2,...,n}. By symmetry of
the oligopoly all x;’s are equal and all 4;(t)’s are equal. Denote x;(¢), p(t) and 4;(¢) at the
steady state by x**, p** and 4**. Then,

skok sk

=X .

(p+s)—p's(n—-1)

C//(x**) ///‘l** ]

Substituting this into (1), we obtain

~ 1 0t (1)
(p+s)—ps(n— )C//(x**) ///‘l** 6xi(t) (10)
A~/ 1 k% ’ k% A/ kKo
=[(p+s)—p's(n— )C”(x**) 5 ][p —C'(x7)]+p'sx =0.

Suppose x;(t) = x*, which is the output of each firm in the steady state of the open-loop
dynamic oligopoly, for all i. From (4) in the open-loop case

Y4
ps x*.

*_C/ *:_
p (x¥) ots

Substituting this into the left-hand side of (10) assuming x** = x*, we have

1 3Hi(1)
C"(x*) — p”A*s| 0x;(t)

[p" - C'(x)].

(p+5) - p's(n—-1) (11)

=—p's(n-1) !
=-D C//(x*) _ p\//l*s



From (5),

p—-C'(x*)>0.
It means that the price is larger than the marginal cost. Note that from the first order
condition (1), if x™* = x*, we have

1

5's

A**:/’l*:_

[P = C'(x")] > 0.

Since p’ < 0 and by the second order condition (2) in the open-loop case,
C"(x*) - p"A"s >0,

(11) is positive. Therefore, we get

3k *

We have shown the following result.

Proposition 2. The outputofeach firm at the steady state of the closed-loop dynamic oligopoly
is larger than the output of each firm at the steady state of the open-loop dynamic oligopoly.

4 Feedback analysis of dynamic oligopoly

Finally we consider the feedback solution. Let V;(p(t)) be the value function of Firm
i, i€{1,2,...,n}. The Hamilton-Jacobi-Bellman equation for Firm i is written as

oVi(p(t))

0 S[P(x1(t) +x2(8) + ... X (1)) — p(O)]}.

PVi(p(1) = r)?gi({xi(t)lj(t) - C(xi(0) +

The first order condition is

WVi(p(D)) o _

—C' (v 12
p(O) = C' (i) + =3 o (12)
The second order condition is
” ) a‘/l(p(t)) 44
C”(xi (1)) + 3 (1) sp” < 0.
From (12) we get
*Vi(p(1) o ar
de() 1+ 50 sP (13)
dp(t)  c7(xi(t)) - ZW s
and )
8Vi(p(1) _ _Lp(1) = C'(xi(1))] 1)

op(t) sp’



Substituting this into the Hamilton-Jacobi-Bellman equation yields

PVi(p(1) = xi(0)p(t) — C (1)) — PO ‘g,' CO) 5 ey (1) + x2(0) + .. xa(0)) = P(O)].

This is an identity. Differentiating this with respect to p(¢) taking (13) into account, given
symmetry of the oligopoly we obtain

Vi(p(®)) _ xi(t) + pt) —C'(xi(1))  p(xa(t) +x2(t) +...x(t)) — p(¥)
“opy 24 P
{ o) =€+ PO = COONIPAD 500 .. 5(0) 0
C"(x1 () [P(x1(8) + x2(8) + ... xn (1)) — p(t)]} dx;(1)
P dp(t)
At the steady state we have p(x1(t) + x2(¢) +...x,(t)) — p(t) = 0. Denote the steady state
values of x;(t) and p(¢) by xI" and p"’, we get

(15)

—n[p(t) - C'(xi(1)] +

Vi(p(t F_cr(xf dx;(t
l(p( )):xF+p A/(x )_(n_ )[ C( F)] xl()
op(t) p dp(t)
Combining this with (14) yields
, 5 5 dx;(t)
(p+9)[p" = C'M + psx = (= p'slp” - €N =
If fli’;‘((f)) > 0, that is, the output of each firm is increasing with respect to the price, we

F

obtain x" > x*. Thus, we have shown the following result.

Proposition 3. If the output of each firm is increasing with respect to the price, the output
of each firm at the steady state of the feedback dynamic oligopoly is larger than the output of
each firm at the steady state of the open-loop dynamic oligopoly.

Linear and quadratic example

According to Cellini and Lambertini (2004), we assume that the inverse demand function
is

n
p(1) =a- > xi(0).
i=1
a is a positive constant, the cost function of Firm i, i € {1,2,...,n},is
1 2
C(xi(t)) = cx;(t) + Exi(t) ,

and Vi(p(t)) is

2
Vi(p(t) = lp()

+hip(t) +gi.



Thus,

Sy, Sy, 0
ki, h; and g; are constants. From (14),
xi(t) = (1 - kis)p(t) — ¢ — hs. (16)
From (15) with symmetry of the oligopoly,
p(kip(t) + hi) =x; — [p(t) —c = xi()] + [a — nx; — p(t)] 17)

+{-(n-D[p(t) —c-x()] - [a —nx; - p()]}(1 - kis).

From (16) and (17), we get

K- 21 + 25+ p — +/(4n2 + 8)s2 + (4n + 4) ps + p>
b 2(2n —1)s2 ’

and
¢ — (cn+ a)sk;

- 2n-1Dkis2 - (n+1)s—r

i

Also we have

_ V(4n2 +8)s2 + (4n +4)ps+ p> +2ns — 4s — p
= — KiS =
dp(t) ' 2(2n - 1)s

> 0,

because
(4n® +8)s*> + (4n +4)ps + p> — (2ns — 4s — p)? = 4(2n — 1)s(2s + p) > 0.

Therefore, this example satisfies the condition for Proposition 3. The steady state output
of each firm is

P (a —c)n/(4n2 +8)s2 + (4n + 4)rs + 12 — \/(4n2 + 8)s2 + (4n + 4)rs + 12
X =
n(n(4n2 + 8)s2 + (4n + 4)rs + 12 — 2+/(4n2 + 8)s2 + (4n + 4)rs + r2 + 2n2s + 4s + 3nr)
. (a—-c)(2n®s —2ns+2s+3nr —r)

n(n\(4n2 + 8)s2 + (4n + A)rs + 12 — 24/(An2 + 8)S2 + (4n + A)rs + 12 + 2n2s + 4s + 3nr)

About details please see Cellini and Lambertini (2004) and Lambertini (2018)(pp.59-61).

5 Concluding Remark

Assumptions of linear demand and quadratic cost functions are very limited. Analyses
of dynamic oligopoly with general demand and cost functions may be applicable to some
situations, in particular, various comparative statics.
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