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Abstract
This note investigates price-formation mechanisms at work in the private art market. An analysis is provided on pricing

of new artwork for the first sale. In a model with five different types of agents using a bargaining game approach, the

artist's preferred market channel is identified. The bargaining power of each agent emerges as the key element. This

setting is also an ideal framework to test public interventions to support one or more agents and channels in the art

market, such as Artist Re-sale Rights.
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r✐❝❡ ♦❢ ❛ ❣✐✈❡♥ ❛rt✇♦r❦ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛rt ♠❛r❦❡t str✉❝t✉r❡ ❛♥❞ t❤❡ r❡❧❛t✐♦♥✲
s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ❛❣❡♥ts ✇❤♦ ❜✉② ❛♥❞ s❡❧❧ t❤❡ ❛rt✇♦r❦✳ ❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣r✐❝❡✲❢♦r♠❛t✐♦♥
♠❡❝❤❛♥✐s♠✱ t❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ❛rt ♠❛r❦❡t ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❜❡✲
❤❛✈✐♦r ♦❢ ❜♦t❤ ❜✉②❡rs ❛♥❞ s❡❧❧❡rs✳ ❋♦❧❧♦✇✐♥❣ ❛ ❜❛r❣❛✐♥✐♥❣ ❣❛♠❡ ❛♣♣r♦❛❝❤ ✭❲✉✱ ✷✵✵✹✮
❛♥❞ ❛ss✉♠✐♥❣ t❤❛t ❛❣❡♥ts ❛r❡ ♣r✐❝❡✲♠❛①✐♠✐③❡rs ✇✐t❤ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ❛❣❡♥ts✬
❜❛r❣❛✐♥✐♥❣ ♣♦✇❡rs ❛♥❞ r❡s❡r✈❡ ♣r✐❝❡s✱ ✇❡ st✉❞② t❤❡ ♣r✐♠❛r②✱ s❡❝♦♥❞❛r②✱ ❛♥❞ t❡rt✐❛r② ❛rt
♠❛r❦❡ts✳ ❲❡ s♣❡❝✐✜❝❛❧❧② ❢♦❝✉s ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ♥❡✇ ❛rt✇♦r❦ ♣r✐❝❡s ❛♥❞ t❤❡
❜❛r❣❛✐♥✐♥❣ ♣♦✇❡rs ♦❢ t❤❡ ❛❣❡♥ts ✐♥ ❡❛❝❤ ❝❤❛♥♥❡❧ ♦❢ t❤❡ ♠❛r❦❡t✱ ✇❤❡r❡ ❜❛r❣❛✐♥✐♥❣ ✐s ♣♦s✲
s✐❜❧❡✳

❚❤❡ ♣r✐♠❛r② ♠❛r❦❡t✱ ❛s ❞❡✜♥❡❞ ❜② ❱❡❧t❤✉✐s ✭✷✵✵✷✮✱ ✐s ✇❤❡r❡ ❛rt✇♦r❦s ❛r❡ s♦❧❞ ❢♦r
t❤❡ ✜rst t✐♠❡✳ ❈❛♥❞❡❧❛ ❛♥❞ ❙❝♦r❝✉ ✭✷✵✵✹✮ ✐♥tr♦❞✉❝❡ ❞✐st✐♥❝t✐♦♥s ✇❤❡r❡ t❤❡ ♣r✐♠❛r②
♠❛r❦❡t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❛rt✐st✬s ♠❛r❦❡t✱ t❤❡ s❡❝♦♥❞❛r② ✐s t❤❡ ❣❛❧❧❡r② ♠❛r❦❡t ✇❤❡r❡
❛rt✇♦r❦s ❛r❡ r❡s♦❧❞✱ ❛♥❞ t❤❡ t❡rt✐❛r② ✐s t❤❡ ❛✉❝t✐♦♥ ♠❛r❦❡t ✇❤❡r❡ ❛✉❝t✐♦♥ ❤♦✉s❡s ❛r❡
t❤❡ ♠❛✐♥ ❞❡❛❧❡rs✳ ❱❡❧t❤✉✐s ✭✷✵✵✷✮ ❛❧s♦ ✐♥tr♦❞✉❝❡s t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ♣✉❜❧✐❝ ❛♥❞
♣r✐✈❛t❡ ♠❛r❦❡t✱ ❜❛s❡❞ ♦♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥✳ Pr✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t
❣❛❧❧❡r② s❛❧❡s ✐s ❡ss❡♥t✐❛❧❧② ✉♥❛✈❛✐❧❛❜❧❡ t♦ ✉♥s♦♣❤✐st✐❝❛t❡❞ ❝♦❧❧❡❝t♦rs✱ ❛s ♦♣♣♦s❡❞ t♦ s❛❧❡s
❛t ❛✉❝t✐♦♥s ✇❤❡r❡ ♣r✐❝❡s ❛r❡ ♣✉❜❧✐❝ ❛♥❞ ❡❛s✐❧② ❛❝❝❡ss✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱ tr❛❞❡s ♠❡❞✐❛t❡❞ ❜②
❛✉❝t✐♦♥ ❤♦✉s❡s ✇✐❧❧ ❛❧✇❛②s ❤❛✈❡ ❛ ♣✉❜❧✐❝ ♣r✐❝❡✱ ✇❤✐❧❡ s❛❧❡s ❜② ❣❛❧❧❡r✐❡s ✇✐❧❧ ❤❛✈❡ ❛ ♣r✐✈❛t❡
♣r✐❝❡✳ ❙❛❧❡s ❜② t❤❡ ❛rt✐st ❞✐r❡❝t❧② t♦ ❝♦❧❧❡❝t♦rs ♦♥ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t✱ ♦r r❡s❛❧❡s ❜② ❛
❝♦❧❧❡❝t♦r t♦ ❣❛❧❧❡r✐❡s ♦♥ t❤❡ s❡❝♦♥❞❛r② ♠❛r❦❡t ✇✐❧❧ ❛❧s♦ ❤❛✈❡ ❛ ♣r✐✈❛t❡ ♣r✐❝❡✳ ●✐♥t✐s ✭✷✵✵✻✱
✷✵✵✼✮ ✐♥tr♦❞✉❝❡s ♣r✐✈❛t❡ ♣r✐❝❡s ✐♥ ❡✈♦❧✉t✐♦♥❛r② ❜❛r❣❛✐♥✐♥❣ ❣❛♠❡s✱ s❤♦✇✐♥❣ t❤❛t✱ ❢r♦♠ ❛♥
✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r✐✈❛t❡ ♣r✐❝❡s✱ t❤❡ ❡❝♦♥♦♠② ❡✈♦❧✈❡s t♦✇❛r❞s ❛ q✉❛s✐✲♣✉❜❧✐❝ ♣r✐❝❡
str✉❝t✉r❡ ❛♥❞ t❤❡♥ t♦ t❤❡ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ♣r✐❝❡ s②st❡♠✳ ▼❛♥❞❡❧ ❛♥❞ ❇♦tt❛ ✭✷✵✵✾✮ s❤♦✇
t❤❛t t❤❡ st♦❝❤❛st✐❝ st❛❜✐❧✐t② ♦❢ t❤✐s ❣❡♥❡r❛❧ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ s②st❡♠ ❞❡♣❡♥❞s ♦♥ t❤❡
❢❛❝t t❤❛t ♣r✐❝❡s ❛r❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❋❧å♠ ❛♥❞ ●♦❞❛❧ ✭✷✵✵✽✮ st✉❞② ♣r✐✈❛t❡ ♣r✐❝❡s ✐♥
r❡♣❡❛t❡❞ ❜✐❧❛t❡r❛❧ ❜❛rt❡rs✳✶ ❇✉✐❧❞✐♥❣ ❛ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
t❤❡ ❛rt ♠❛r❦❡t str✉❝t✉r❡ ❛♥❞ ♣r✐✈❛t❡ ♣r✐❝❡s ♦❢ ❛rt✇♦r❦s ✐s t❤❡ ❛✐♠ ♦❢ t❤✐s st✉❞②✳

❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t st✉❞✐❡s ♦♥ ♣r✐❝✐♥❣ ♠❡❝❤❛♥✐s♠s ✐♥ t❤❡ ❛rt ♠❛r❦❡t ✭P❡t❡rs♦♥✱
✶✾✾✼❀ ❘❡♥❣❡rs ❛♥❞ ❱❡❧t❤✉✐s✱ ✷✵✵✷❀ ❱❡❧t❤✉✐s✱ ✷✵✵✷✱ ✷✵✵✼✱ ✷✵✶✶❀ ❈❛✈❡s✱ ✷✵✵✸❀ ❇❡❝❦❡rt ❛♥❞
❘öss❡❧✱ ✷✵✵✹❀ ❍✉tt❡r ❡t ❛❧✳✱ ✷✵✵✼❀ ❇❡❝❦❡rt ❛♥❞ ❘öss❡❧✱ ✷✵✶✸❀ ❈❛♥❞❡❧❛✱ ❈❛st❡❧❧❛♥✐ ❛♥❞
P❛tt✐t♦♥✐✱ ✷✵✶✻✮✳ ❋♦❝✉s✐♥❣ ♦♥ t❤❡ ♣r✐❝❡✲❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐♥ ❛rt ❣❛❧❧❡r✐❡s✱ ❱❡❧t❤✉✐s
✭✷✵✵✸✮ ✐❞❡♥t✐✜❡s ♣r✐❝✐♥❣ s❝r✐♣ts ♦r t❤❡ s❡r✐❡s ♦❢ r✉❧❡s ❞❡❛❧❡rs ✉s❡ ✇❤✐❝❤ ♥❡✈❡r ❞❡❝r❡❛s❡s
t❤❡ ♣r✐❝❡ ❜✉t✱ ❛t ♠♦st✱ ❞✐s❝♦✉♥ts ✐t❀ ❙❝❤ö♥❢❡❧❞ ❛♥❞ ❘❡✐♥st❛❧❧❡r ✭✷✵✵✼✮ ❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ♦❢
❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ❣❛❧❧❡r✐❡s ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡s❡ ♣r✐❝✐♥❣ s❝r✐♣ts✳ ❈❡❧❧✐♥✐ ❛♥❞
❈✉❝❝✐❛ ✭✷✵✶✹✮ ❛♥❛❧②③❡ t❤❡ ♣r✐❝❡✲❢♦r♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐♥ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t✱ ❝♦♥s✐❞❡r✐♥❣
t❤❡ ❛rt✐st ❛♥❞ ❛rt ❞❡❛❧❡r ❛s ♣❛rt ♦❢ t❤❡ s❛♠❡ ♠❛r❦❡t✐♥❣ ❝❤❛♥♥❡❧✳ ❍♦✇❡✈❡r✱ ❧✐tt❧❡ ❛tt❡♥t✐♦♥
❤❛s ❜❡❡♥ ♣❛✐❞ t♦ ♣r✐❝✐♥❣ ♠❡❝❤❛♥✐s♠s ✐♥ t❤❡ ♣r✐♠❛r② ❛rt ♠❛r❦❡t ❛♥❞ t♦ t❤❡ r♦❧❡ ♣❧❛②❡❞
❜② ❣❛❧❧❡r✐❡s ❛♥❞ ❛✉❝t✐♦♥ ❤♦✉s❡s ♦♥ ♣r✐❝❡ ❢♦r♠❛t✐♦♥ ✐♥ s❡❝♦♥❞❛r② ❛♥❞ t❡rt✐❛r② ♠❛r❦❡ts✳
❚♦ ✜❧❧ t❤✐s ❣❛♣ ❛♥❞ ❢✉❧❧② ✉♥❞❡rst❛♥❞ ❛rt✇♦r❦ ♣r✐❝✐♥❣✱ ✐♥ t❤✐s ♥♦t❡ ✇❡ ♠♦❞❡❧ t❤❡ ♣r✐✈❛t❡ ❛rt
♠❛r❦❡t ✇❤❡r❡ ❛ ♥❡✇ ❛rt✇♦r❦ ✐s s♦❧❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❜② t❤❡ ❛rt✐st✳ ●✐✈❡♥ t❤❛t ✏❤❛❣❣❧✐♥❣
❢♦r ❛rt✑ ✐s ❛ ❤❛❜✐t ✐♥ t❤❡ ❛rt ♠❛r❦❡t ❛♥❞ ❜❛r❣❛✐♥✐♥❣ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥ s❛❧❡s ♠❡t❤♦❞✱ ✇❡
✐♥✈❡st✐❣❛t❡ ✇❤② ❝❡rt❛✐♥ ❝❤❛♥♥❡❧s ✐♥ t❤❡ ❛rt ♠❛r❦❡t ❡♠❡r❣❡ r❛t❤❡r t❤❛♥ ♦t❤❡rs ❛♥❞ ♦❜s❡r✈❡
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ♦❢ ❛ ♥❡✇ ❛rt✇♦r❦ ✐♥ ❡❛❝❤ ❝❤❛♥♥❡❧✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♥♦t❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ s❡t ❛♥❞ s♦❧✈❡ t❤❡

✶❚❤❡ r♦❧❡ ♦❢ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ✐♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts s✉❝❤ ❛s t❤❡ ❛rt ♠❛r❦❡t
✭❆♥❣❡❧✐♥✐✱ ✷✵✶✼✮ ❛♥❞ ✐♥ ❛✉❝t✐♦♥s ✭❈❤❛❦r❛❜♦rt②✱ ✷✵✵✺✮✳



♠♦❞❡❧✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✸ ✇❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❛❣❡♥ts✬ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦♥ ❜❛r❣❛✐♥✐♥❣
♣r✐❝❡s✳ ❙❡❝t✐♦♥ ✹ ❝♦♥❝❧✉❞❡s t❤❡ ♥♦t❡✳

✷ ❚❤❡ ♠♦❞❡❧

■♥ ♦✉r ♠♦❞❡❧ t❤❡r❡ ❛r❡ ✜✈❡ t②♣❡s ♦❢ ❛❣❡♥ts✿ ❛rt✐sts ✭a✮✱ ❣❛❧❧❡r✐❡s ✭g✮✱ ❛✉❝t✐♦♥ ❤♦✉s❡s
✭h✮✱ ✐♥s✐❞❡r ❝♦❧❧❡❝t♦rs ✭i✮✱ ❛♥❞ ♦✉ts✐❞❡r ❝♦❧❧❡❝t♦rs ✭o✮✳ ❲❤❡♥ ❛ tr❛❞❡ ♦❝❝✉rs✱ ❛❧❧ ❛❣❡♥ts
✐♥✈♦❧✈❡❞ ✐♥ ❡❛❝❤ tr❛♥s❛❝t✐♦♥ ♣❧❛② ❛ ◆❛s❤ ❜❛r❣❛✐♥✐♥❣ ❣❛♠❡ ♦♥ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❛rt✇♦r❦s
❛♥❞ ❤❛✈❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✱ ❡①❝❡♣t ❢♦r ♦✉ts✐❞❡rs✱ ✇❤♦ ❛r❡ ✉♥s♦♣❤✐st✐❝❛t❡❞ ❛♥❞ ✐♠♣❡r❢❡❝t❧②
✐♥❢♦r♠❡❞ ✭❇❛✉♠♦❧✱ ✶✾✽✻❀ ❇♦♥✉s ❛♥❞ ❘♦♥t❡✱ ✶✾✾✼✮✳ ❆♥ ❛rt✐st ❝❛♥ ❡✐t❤❡r t❤❡ ♥❡✇ ❛rt✇♦r❦
t♦ ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t♦ ❛ ❣❛❧❧❡r②✱ ♦r t♦ ✐♥s✐❞❡r ❝♦❧❧❡❝t♦rs✳ ■♥s✐❞❡rs ❝❛♥ r❡s❡❧❧ t❤❡ ❛rt✇♦r❦
❡✐t❤❡r t♦ ❛ ❣❛❧❧❡r② ♦r ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡✱ ✇❤✐❧❡ ❣❛❧❧❡r✐❡s ❝❛♥ r❡s❡❧❧ t❤❡ ❛rt✇♦r❦ ❡✐t❤❡r t♦ ❛♥
♦✉ts✐❞❡r ♦r ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡✳ ❚❤✉s✱ t❤❡r❡ ❛r❡ s❡✈❡♥ ♣♦t❡♥t✐❛❧ ❜❛r❣❛✐♥✐♥❣ ❣❛♠❡s ❜❡t✇❡❡♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❣❡♥t ❝♦✉♣❧❡s✿ ❛rt✐st ❛♥❞ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭ah✮✱ ❛rt✐st ❛♥❞ ❣❛❧❧❡r② ✭ag✮✱ ❛♥❞
❛rt✐st ❛♥❞ ✐♥s✐❞❡r ✭ai✮ ✐♥ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t❀ ✐♥s✐❞❡r ❛♥❞ ❣❛❧❧❡r② ✭ig✮ ❛♥❞ ✐♥s✐❞❡r ❛♥❞
❛✉❝t✐♦♥ ❤♦✉s❡ ✭ih✮ ✐♥ t❤❡ s❡❝♦♥❞❛r② ♠❛r❦❡t❀ ❣❛❧❧❡r② ❛♥❞ ♦✉ts✐❞❡r ✭go✮ ❛♥❞ ❣❛❧❧❡r② ❛♥❞
❛✉❝t✐♦♥ ❤♦✉s❡ ✭gh✮✱ ✐♥ ❜♦t❤ s❡❝♦♥❞❛r② ❛♥❞ t❡rt✐❛r② ♠❛r❦❡t✳✷

❲❡ ❞❡✜♥❡ P k
j ❛s t❤❡ ♣r✐❝❡ ❜❛r❣❛✐♥❡❞ ❜❡t✇❡❡♥ t❤❡ ❝♦✉♣❧❡ ♦❢ ❛❣❡♥ts k ✐♥ t❤❡ ❝❤❛♥♥❡❧ j✱

❛♥❞ P a
R ❛♥❞ P o

R ❛s t❤❡ ❛rt✐sts✬s ❛♥❞ t❤❡ ♦✉ts✐❞❡r✬s r❡s❡r✈❡ ♣r✐❝❡s✳ ■♥ ♦r❞❡r t♦ ❛ss✉r❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠❛r❦❡t✱ ✇❡ ❛ss✉♠❡ t❤❛t 0 ≤ P a

R ≤ P o
R✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡

♥♦ ❜❛r❣❛✐♥✐♥❣ ❝♦sts ❛♥❞ t❤❡r❡ ✐s ♥♦ ❛r❜✐tr❛❣❡ ♦♥ t❤❡ ❛rt✇♦r❦✬s ♣r✐❝❡ ✐♥ t❤❡ s❡❝♦♥❞❛r② ❛♥❞
t❡rt✐❛r② ♠❛r❦❡ts✱ s♦ t❤❛t t❤❡ ❣❛❧❧❡r②✬s ♣♦st❡❞ ♣r✐❝❡ ❛♥❞ t❤❡ ❛✉❝t✐♦♥ ♣r✐❝❡ ❛r❡ ❡q✉❛❧ t♦ P o

R✳
❇❛r❣❛✐♥✐♥❣ ♣r✐❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦✉♣❧❡ k ✐♥ t❤❡ ❝❤❛♥♥❡❧ j ❝♦♠❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐✲
♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

max
Pk
j

[

(

P k
j − y

)ρk
(

x− P k
j

)1−ρk
]

✭✶✮

❙✐♥❝❡ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦❢ ❡❛❝❤ ❛❣❡♥t ✐s t❤❡ r❡❧❛t✐✈❡ ❛❜✐❧✐t② t♦ ✐♥✢✉❡♥❝❡ t❤❡ ♦t❤❡r✱
✇❡ ❞❡✜♥❡ ρk ∈ (0, 1)✱ k = hl✱ ❛s ❛♥ ❡①♦❣❡♥♦✉s ♠❡❛s✉r❡ ♦❢ ❛❣❡♥t h✬s r❡❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣
♣♦✇❡r ♦✈❡r t❤❡ ❜❛r❣❛✐♥✐♥❣ ❜❡t✇❡❡♥ h ❛♥❞ l✱ ❛ss✉♠✐♥❣ t❤❛t l✬s ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✐s ✐ts
❝♦♠♣❧❡♠❡♥t t♦ ✶✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ✭✶✮ ✐s✿

P k
j = (1− ρk)y + ρkx ✭✷✮

■♥ ❚❛❜❧❡ ✶✱ ✇❡ ♣r❡s❡♥t t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r✐❝❡s ♦❢ ❡❛❝❤ ❝♦✉♣❧❡ k ✐♥ ❛❧❧ st✉❞✐❡❞ ❝❤❛♥♥❡❧s✱
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✭✶✮✳

❈♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❛ s❡r✐❡s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✳ ❋r♦♠
t❤❡ aigo ♣❛t❤ ✇❡ ❤❛✈❡✿

P
go
aigo =

(1− ρgo)(1− ρai)(1− ρig)P
a
R + ρgo [1− ρai(1− ρig)]P

o
R

1− ρai(1− ρig)− ρig(1− ρgo)
✭✸✮

P
ig
aigo =

(1− ρig)(1− ρai)P
a
R + ρigρgoP

o
R

1− ρai(1− ρig)− ρig(1− ρgo)
✭✹✮

P ai
aigo =

(1− ρai)[1− ρig(1− ρgo)]P
a
R + ρaiρigρgoP

o
R

1− ρig(1− ρgo)− ρai(1− ρig)
✭✺✮

✷❆♠♦♥❣ t❤❡ ♣♦ss✐❜❧❡ ❜❛r❣❛✐♥✐♥❣ ❣❛♠❡s✱ ✇❡ ♦♠✐t t❤❡ r❡♣✉r❝❤❛s❡s ✭✐✳❡✳ t❤❡ aigi ❝❤❛✐♥✮✱ ❛♥❞ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡ ✐♥s✐❞❡r ❝❛♥ ❛✈♦✐❞ tr❛❞✐♥❣ ✇✐t❤ t❤❡ ❣❛❧❧❡r② ✭✇❡ ♦♠✐t t❤❡ agi ❝❤❛✐♥✮ ❛♥❞ t❤❡ ♦✉ts✐❞❡r ❝❛♥ ♦♥❧②
❜✉② ❢r♦♠ ❛ ❞❡❛❧❡r✳



❚❛❜❧❡ ✶✿ ❇❛r❣❛✐♥✐♥❣ ♣r✐❝❡s ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ ✐♥ ✭✷✮
P k
j y x ρk

P
gh
aigh P

ig
aigh P o

R ρgh

P
go
aigo P

ig
aigo P o

R ρgo

P
gh
agh P

ag
agh P o

R ρgh

P go
ago P ag

ago P o
R ρgo

P ih
aih P ai

aih P o
R ρih

P
ig
aigh P ai

aigh P
gh
aigh ρig

P
ig
aigo P ai

aigo P
go
aigo ρig

P ah
ah P a

R P o
R ρah

P ai
aih P a

R P ih
aih ρai

P ai
aigh P a

R P
ig
aigh ρai

P ai
aigo P a

R P
ig
aigo ρai

P ag
ago P a

R P go
ago ρag

P
ag
agh P a

R P
gh
agh ρag

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ✐♥ t❤❡ aigh ♣❛t❤ ❛r❡✿

P
gh
aigh =

(1− ρgh)(1− ρai)(1− ρig)P
a
R + ρgh [1− ρai(1− ρig)]P

o
R

1− ρai(1− ρig)− ρig(1− ρgh)
✭✻✮

P
ig
aigh =

(1− ρig)(1− ρai)P
a
R + ρigρghP

o
R

1− ρai(1− ρig)− ρig(1− ρgh)
✭✼✮

P ai
aigh =

(1− ρai)[1− ρig(1− ρgh)]P
a
R + ρaiρigρghP

o
R

1− ρig(1− ρgh)− ρai(1− ρig)
✭✽✮

■♥ t❤❡ ago ♣❛t❤✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

P go
ago =

(1− ρgo)(1− ρag)P
a
R + ρgoP

o
R

1− ρag(1− ρgo)
✭✾✮

P ag
ago =

(1− ρag)P
a
R + ρagρgoP

o
R

1− ρag(1− ρgo)
✭✶✵✮

■♥ t❤❡ agh ♣❛t❤✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✿

P
gh
agh =

(1− ρgh)(1− ρag)P
a
R + ρghP

o
R

1− ρag(1− ρgh)
✭✶✶✮

P
ag
agh =

(1− ρag)P
a
R + ρagρghP

o
R

1− ρag(1− ρgh)
✭✶✷✮

■♥ t❤❡ aih ♣❛t❤✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❛r❡✿

P ih
aih =

(1− ρih)(1− ρai)P
a
R + ρihP

o
R

1− ρai(1− ρih)
✭✶✸✮

P ai
aih =

(1− ρai)P
a
R + ρaiρihP

o
R

1− ρai(1− ρih)
✭✶✹✮

❋✐♥❛❧❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐♥ t❤❡ ah ♣❛t❤ ✐s✿

P ah
ah = (1− ρah)P

a
R + ρahP

o
R ✭✶✺✮



✸ ❘❡s✉❧ts

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❛✐♥ r❡s✉❧ts ♦♥ ❜❛r❣❛✐♥✐♥❣ ♣r✐❝❡s ❢♦r t❡rt✐❛r②✱ s❡❝♦♥❞❛r②
❛♥❞ ♣r✐♠❛r② ♠❛r❦❡ts✳✸

▲❡♠♠❛ ✶ ■♥ t❤❡ t❡rt✐❛r② ♠❛r❦❡t✱ ✇❤❛t❡✈❡r ♣r✐❝❡ t❤❡ ❣❛❧❧❡r② ♣❛②s ❢♦r t❤❡ ❛rt✇♦r❦✱ t❤❡
❣❛❧❧❡r② ✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ ✐t✿

• t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ r❛t❤❡r t❤❛♥ t♦ t❤❡ ♦✉ts✐❞❡r ✭gh ≻ go✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρgh > ρgo ✭✶✻✮

• t♦ t❤❡ ♦✉ts✐❞❡r r❛t❤❡r t❤❛♥ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭go ≻ gh✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρgh < ρgo ✭✶✼✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✶✳
❚❤❡ ❣❛❧❧❡r②✬s ❝❤♦✐❝❡ ✐s ❜❛s❡❞ ♦♥❧② ♦♥ ✐ts ❛❜✐❧✐t② ✐♥ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r♦❝❡ss ✇✐t❤ ♣♦t❡♥t✐❛❧
❜✉②❡rs✳ ■t ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛t t❤❡ ❣❛❧❧❡r② ❝❛♥ ❡✛❡❝t✐✈❡❧② ❡①♣❧♦✐t ✐ts ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ✇✐t❤
❛♥ ♦✉ts✐❞❡r ❛s ♦♣♣♦s❡❞ t♦ ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡✳ ❚❤✉s✱ ❛♥ ❛rt✇♦r❦ ❤❡❧❞ ❜② ❣❛❧❧❡r✐❡s ✐s ♠♦r❡
❧✐❦❡❧② t♦ ❜❡ s♦❧❞ t♦ ❛♥ ♦✉ts✐❞❡r t❤❛♥ t♦ ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡✳

▲❡♠♠❛ ✷ ■♥ t❤❡ s❡❝♦♥❞❛r② ♠❛r❦❡t✱ ✇❤❛t❡✈❡r ♣r✐❝❡ t❤❡ ✐♥s✐❞❡r ♣❛②s ❢♦r t❤❡ ❛rt✇♦r❦✱ ❤❡
✇✐❧❧ ♣r❡❢❡r t♦ s❡❧❧ ✐t✿

• t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ r❛t❤❡r t❤❛♥ t♦ t❤❡ ❣❛❧❧❡r② ✭ih ≻ ig✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρih >
ρig max{ρgh, ρgo}

1− ρig (1−max{ρgh, ρgo})
✭✶✽✮

• t♦ t❤❡ ❣❛❧❧❡r② r❛t❤❡r t❤❛♥ t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭ig ≻ ih✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρih <
ρig max{ρgh, ρgo}

1− ρig (1−max{ρgh, ρgo})
✭✶✾✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✷✳
❚❤❡ ✐♥s✐❞❡r✬s ❝❤♦✐❝❡ t♦ ❜❛r❣❛✐♥ ♦r ❛✉❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥s✐❞❡r✬s ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r
❛❣❛✐♥st t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❛s ❝♦♠♣❛r❡❞ t♦ ❤✐s ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r ♦✈❡r t❤❡ ❣❛❧❧❡r②✳ ●✐✈❡♥
t❤❛t t❤❡ ✐♥s✐❞❡r ❝♦❧❧❡❝t♦r ✐s ♥♦t ❛ ♣r♦❢❡ss✐♦♥❛❧ ❛❣❡♥t✱ ✐t ✇♦✉❧❞ ❜❡ r❡❛s♦♥❛❜❧❡ t♦ ❡①♣❡❝t
t❤❛t t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ❤❛s t❤❡ ❤✐❣❤❡r ❛❜✐❧✐t② ✇❤❡♥ ❜❛r❣❛✐♥✐♥❣ ✇✐t❤ ❛♥ ✐♥s✐❞❡r✳ ❚❤✉s✱ ✐t
✐s ❧✐❦❡❧② t❤❛t t❤❡ ✐♥s✐❞❡r ✇✐❧❧ s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r②✳

Pr♦♣♦s✐t✐♦♥ ✶ ■♥ t❤❡ ♣r✐♠❛r② ♠❛r❦❡t✱ t❤❡ ❛rt✐st ❝❤♦♦s❡s ❜❡t✇❡❡♥ s❡❧❧✐♥❣ t❤❡ ❛rt✇♦r❦
t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡✱ t♦ t❤❡ ✐♥s✐❞❡r✱ ♦r t♦ t❤❡ ❣❛❧❧❡r②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥
▲❡♠♠❛t❛ ✶ ❛♥❞ ✷ ❛♥❞ ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❢♦❧❧♦✇✳
❲❤❡♥ ✭✶✽✮ ❤♦❧❞s✿

✸■♥ t❤❡ ▲❡♠♠❛t❛ ❛♥❞ Pr♦♣♦s✐t✐♦♥s ♦❢ t❤✐s ♥♦t❡✱ ✇❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ♦❢ ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡ ❛❣❡♥ts✳



• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ✐♥s✐❞❡r ✭aih ≻ agh ∧ aih ≻ ah ♦r aih ≻ ago ∧ aih ≻ ah✮✱
✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah <
ρaiρih

1− ρai(1− ρih)
∧ ρag <

ρaiρih

ρaiρih +max {ρgh, ρgo} (1− ρai)
✭✷✵✮

• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ❣❛❧❧❡r② ✭agh ≻ aih ∧ agh ≻ ah ♦r ago ≻ aih ∧ ago ≻ ah✮✱
✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah <
ρag max {ρgh, ρgo}

1− ρag(1−max {ρgh, ρgo})
∧ ρag >

ρaiρih

ρaiρih +max {ρgh, ρgo} (1− ρai)
✭✷✶✮

• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭ah ≻ aih∧ah ≻ agh ♦r ah ≻ aih∧ah ≻ ago✮✱
✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah >
ρag max {ρgh, ρgo}

1− ρag(1−max {ρgh, ρgo})
∧ ρah >

ρaiρih

1− ρai(1− ρih)
✭✷✷✮

❲❤❡♥ ✭✶✾✮ ❤♦❧❞s✿

• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ✐♥s✐❞❡r ✭aigh ≻ agh∧ aigh ≻ ah ♦r aigo ≻ ago∧ aigo ≻ ah✮✱
✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah <
ρaiρig max {ρgh, ρgo}

1− ρai(1− ρig)− ρig(1−max {ρgh, ρgo})
∧

∧ ρag <
ρaiρig

1− ρai(1− ρig)− ρig(1−max {ρgh, ρgo}) + ρaiρig(1−max {ρgh, ρgo})
✭✷✸✮

• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ❣❛❧❧❡r② ✭agh ≻ aigh ∧ agh ≻ ah ♦r ago ≻ aigo ∧ ago ≻ ah✮✱
✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah <
ρag max {ρgh, ρgo}

1− ρag(1−max {ρgh, ρgo})
∧

∧ ρag >
ρaiρig

1− ρai(1− ρig)− ρig(1−max {ρgh, ρgo}) + ρaiρig(1−max {ρgh, ρgo})
✭✷✹✮

• ❚❤❡ ❛rt✐st s❡❧❧s t♦ t❤❡ ❛✉❝t✐♦♥ ❤♦✉s❡ ✭ah ≻ aigh ∧ ah ≻ agh ♦r ah ≻ aigo ∧ ah ≻
ago✮✱ ✇❤❡♥ ❡✐t❤❡r ✭✶✻✮ ♦r ✭✶✼✮ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ρah >
ρag max {ρgh, ρgo}

1− ρag(1−max {ρgh, ρgo})
∧ρah >

ρaiρig max {ρgh, ρgo}

1− ρai(1− ρig)− ρig(1−max {ρgh, ρgo})
✭✷✺✮

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳
❖♥❝❡ t❤❡ ❛rt✇♦r❦ ❤❛s ❜❡❡♥ ❝r❡❛t❡❞✱ t❤❡ ❛rt✐st ❝❤♦♦s❡s t❤❡ ❝❤❛♥♥❡❧ ❢♦r t❤❡ ❛rt✇♦r❦ ♠❛①✐✲
♠✐③✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡❧❧✐♥❣ ❛♥❞ ❤❡r r❡s❡r✈❡ ♣r✐❝❡✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r
❝❤❛♥♥❡❧ ♦✈❡r t❤❡ ♦t❤❡rs ❞❡♣❡♥❞s ♦♥ t❤❡ ❛rt✐st✬s r❡❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✱ ❞✐s❝♦✉♥t❡❞ ❜②
t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡rs ♦❢ ❛❧❧ ❛❣❡♥ts ♦♣❡r❛t✐♥❣ ✐♥ ❡❛❝❤ ❝❤❛♥♥❡❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢❛❧❧✲❜❛❝❦
♣♦s✐t✐♦♥s s❤❡ ❢❛❝❡s✳ ❚❤✉s✱ ❛ s❡t ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❛rt✐st✬s ❝❤♦✐❝❡ ❛♥❞
t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡rs ♦❢ t❤❡ ❛❣❡♥ts ✐♥✈♦❧✈❡❞ ✐♥ ❡❛❝❤ ❝❤❛♥♥❡❧✳



✹ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♥♦t❡✱ ✇❡ ♣r❡s❡♥t ❛ ◆❛s❤ ❜❛r❣❛✐♥✐♥❣ ♠♦❞❡❧ ♦❢ t❤❡ ♣r✐✈❛t❡ ❛rt ♠❛r❦❡t ✇❤❡r❡ ♥❡✇
❛rt✇♦r❦s ❛r❡ tr❛❞❡❞✳ ■♥ t❤❡ ♠♦❞❡❧✱ t❤❡ ❛rt✐st ❝r❡❛t❡s t❤❡ ❛rt✇♦r❦ ❛♥❞ s❡❧❧s ✐t ♦♥ t❤❡
♣r✐♠❛r② ♠❛r❦❡t ✇❤❡r❡ ❛✉❝t✐♦♥ ❤♦✉s❡s✱ ✐♥s✐❞❡r ❝♦❧❧❡❝t♦rs✱ ❛♥❞ ❣❛❧❧❡r✐❡s ♦♣❡r❛t❡❀ ✐♥s✐❞❡rs
❝❛♥ r❡s❡❧❧ t❤❡ ❛rt✇♦r❦ t♦ t❤❡ ❣❛❧❧❡r② ♦♥ t❤❡ s❡❝♦♥❞❛r② ♠❛r❦❡t✱ ❛♥❞ ❣❛❧❧❡r✐❡s ❝❛♥ r❡s❡❧❧
✐t✱ ❜♦t❤ ♦♥ s❡❝♦♥❞❛r② ❛♥❞ t❡rt✐❛r② ♠❛r❦❡ts✱ t♦ ♦✉ts✐❞❡r ❝♦❧❧❡❝t♦rs✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤
♠❛r❦❡t t❤❡ ❛rt✇♦r❦ ✇❛s ♣✉r❝❤❛s❡❞❀ ❜♦t❤ ✐♥s✐❞❡rs ❛♥❞ ❣❛❧❧❡r✐❡s ❝❛♥ ❛❧s♦ s❡❧❧ t❤❡ ❛rt✇♦r❦
♦♥ t❤❡ ♣✉❜❧✐❝ ♠❛r❦❡t✱ t❤r♦✉❣❤ ❛♥ ❛✉❝t✐♦♥ ❤♦✉s❡ ✐♥t❡r♠❡❞✐❛r②✳
❖✉r s❡tt✐♥❣ ♣r♦✈✐❞❡s ❛♥ ✐❞❡❛❧ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r✐✈❛t❡ ❛rt ♠❛r❦❡t t❤❛t ❝♦✉❧❞ ❜❡ ✉s❡❞
t♦ t❡st t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❆rt✐st ❘❡✲s❛❧❡ ❘✐❣❤ts ✭t❤❡ r♦②❛❧t✐❡s ❛♥ ❛rt✐st ♠✐❣❤t r❡❝❡✐✈❡ ✇❤❡♥
❤❡r ❛rt✇♦r❦ ✐s r❡s♦❧❞ t❤r♦✉❣❤ ❛ ❞❡❛❧❡r✮✱ ❛s ✇❡❧❧ ❛s ♦t❤❡r ♣✉❜❧✐❝ ✐♥t❡r✈❡♥t✐♦♥s ✐♥ t❤❡ ❛rt
♠❛r❦❡t t♦ s✉♣♣♦rt ♦♥❡ ♦r ♠♦r❡ ❛❣❡♥ts✴❝❤❛♥♥❡❧s✳ ❙✐♥❝❡ t❤❡ ❝❤♦✐❝❡ t♦ ❝r❡❛t❡ ❛ ♥❡✇ ❛rt✇♦r❦
❝❛♥ ❞❡♣❡♥❞ ♦♥ ✐ts ♣♦t❡♥t✐❛❧ s❡❧❧✐♥❣ ♣r✐❝❡ ✭❈❛♥❞❡❧❛✱ ❈❛st❡❧❧❛♥✐✱ P❛tt✐t♦♥✐ ❛♥❞ ❉✐ ▲❛s❝✐♦✱
✷✵✶✻✮✱ ❛♥ ❛rt✐st✬s ❝r❡❛t✐✈✐t② ♠✐❣❤t ❜❡ st✐♠✉❧❛t❡❞ ❜② ❤❡r ✜♥❛♥❝✐❛❧ ❣❛✐♥✳ ❚❤✉s✱ ♣♦❧✐❝②✲
♠❛❦❡rs ❝♦✉❧❞ ✐♥❝r❡❛s❡ ❛rt✐sts✬ ✜♥❛♥❝✐❛❧ ❣❛✐♥s ❜② ❢✉♥❞✐♥❣ ❡①❤✐❜✐t✐♦♥s ❢♦r t❤❡ ❧❡ss❡r ❦♥♦✇♥
②❡t ♠♦r❡ ❝r❡❛t✐✈❡ ❛♠♦♥❣ t❤❡♠ ✭✐✳❡✳ ♣✉❜❧✐❝ ❡①❤✐❜✐t✐♦♥s✮✱ ❝❤❛♥❣✐♥❣ t❤❡ r❡❣✉❧❛t✐♦♥ ❛♥❞
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠❛r❦❡t ✭✐✳❡✳ ✐♥♥♦✈❛t✐♦♥ ❝❤❛♥♥❡❧s✮✱ ❛♥❞ ♦♣❡♥✐♥❣ ♣✉❜❧✐❝ ❣❛❧❧❡r✐❡s t♦
s✉♣♣♦rt ❛rt✐sts✬ ✐♥❝♦♠❡✱ t❤❡r❡❜② ❢♦st❡r✐♥❣ ✐♥♥♦✈❛t✐♦♥ ❜② ✜①✐♥❣ ❤✐❣❤ ♣♦st❡❞ ♣r✐❝❡s ❢♦r ♥❡✇
❛rt✇♦r❦s✳
❋♦❧❧♦✇✐♥❣ ❳✐❡ ✭✷✵✶✸✮✱ ♦✉r ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♥s✐❞❡r ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ✈❛❧✉❡
❞✐str✐❜✉t✐♦♥s✳ ❖✉r ❢r❛♠❡✇♦r❦ ❝❛♥ ❛❧s♦ ❜❡ ❛❞♦♣t❡❞ t♦ ❛♥❛❧②③❡ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts s✉❝❤ ❛s
t❤❡ ♣❛t❡♥t ♠❛r❦❡t✱ ✇❤❡r❡ t❤❡ ✐♥✈❡♥t♦r ✇♦✉❧❞ t❛❦❡ t❤❡ r♦❧❡ ♦❢ t❤❡ ❛rt✐st✱ t❤❡ ♣❛t❡♥t ❜r♦❦❡r
t❤❡ ♣❧❛❝❡ ♦❢ t❤❡ ❣❛❧❧❡r② ❛♥❞ t❤❡ ✐♥s✐❞❡r ❛♥❞ t❤❡ ♦✉ts✐❞❡r ✇♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ r❡s♣❡❝t✐✈❡❧②
❜② ❛ ♠♦r❡ ❛♥❞ ❛ ❧❡ss ✐♥❢♦r♠❡❞ ✜r♠✳ ❆s ✇✐t❤ t❤❡ ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② ♠❛r❦❡t✱ ❛❣❡♥ts
♦❢t❡♥ s❡❧❧ t❤❡ ♣❛t❡♥ts ❛t ❛✉❝t✐♦♥✹

❘❡❢❡r❡♥❝❡s

❆♥❣❡❧✐♥✐✱ ❋✳ ✭✷✵✶✼✮✱ ❊ss❛②s ♦♥ t❤❡ ❊❝♦♥♦♠✐❝s ♦❢ t❤❡ ❆rts✱ P❤✳❉✳ t❤❡s✐s✱ ■▼❚ ❙❝❤♦♦❧ ❢♦r
❆❞✈❛♥❝❡❞ ❙t✉❞✐❡s ▲✉❝❝❛✳

❇❛✉♠♦❧✱ ❲✳ ❏✳ ✭✶✾✽✻✮✱ ❵❯♥♥❛t✉r❛❧ ✈❛❧✉❡✿ ❖r ❛rt ✐♥✈❡st♠❡♥t ❛s ✢♦❛t✐♥❣ ❝r❛♣ ❣❛♠❡✬✱ ❆♠❡r✲
✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✼✻✭✷✮✱ ✶✵✕✶✹✳

❇❡❝❦❡rt✱ ❏✳ ❛♥❞ ❘öss❡❧✱ ❏✳ ✭✷✵✵✹✮✱ ❵❆rt ❛♥❞ ♣r✐❝❡s✳ ❘❡♣✉t❛t✐♦♥ ❛s ❛ ♠❡❝❤❛♥✐s♠ ❢♦r r❡❞✉❝✐♥❣
✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❛rt ♠❛r❦❡t✬✱ ❑♦❧♥❡r ❩❡✐ts❝❤r✐❢t ❢✉r ❙♦③✐♦❧♦❣✐❡ ✉♥❞ ❙♦③✐❛❧♣s②❝❤♦❧♦❣✐❡
✺✻✭✶✮✱ ✸✷✕✺✵✳

❇❡❝❦❡rt✱ ❏✳ ❛♥❞ ❘öss❡❧✱ ❏✳ ✭✷✵✶✸✮✱ ❵❚❤❡ ♣r✐❝❡ ♦❢ ❛rt✬✱ ❊✉r♦♣❡❛♥ ❙♦❝✐❡t✐❡s ✶✺✭✷✮✱ ✶✼✽✕✶✾✺✳

❇♦♥✉s✱ ❍✳ ❛♥❞ ❘♦♥t❡✱ ❉✳ ✭✶✾✾✼✮✱ ❵❈r❡❞✐❜✐❧✐t② ❛♥❞ ❡❝♦♥♦♠✐❝ ✈❛❧✉❡ ✐♥ t❤❡ ❛rts✬✱ ❏♦✉r♥❛❧ ♦❢
❈✉❧t✉r❛❧ ❊❝♦♥♦♠✐❝s ✷✶✭✷✮✱ ✶✵✸✕✶✶✽✳

❈❛♥❞❡❧❛✱ ●✳✱ ❈❛st❡❧❧❛♥✐✱ ▼✳ ❛♥❞ P❛tt✐t♦♥✐✱ P✳ ✭✷✵✶✻✮✱ ❵■❧ ♠❛r❦✲✉♣ ❞❡❧❧❡ ❣❛❧❧❡r✐❡ ❞✬❛rt❡
♠♦❞❡r♥❛ ❡ ❝♦♥t❡♠♣♦r❛♥❡❛ ✐♥ ✐t❛❧✐❛✬✱ ❘✐✈✐st❛ ❞✐ P♦❧✐t✐❝❛ ❊❝♦♥♦♠✐❝s ✹✲✻✱ ✷✵✺✕✷✷✼✳

✹❋♦r ❛♥ ❛♥❛❧②s✐s ♦❢ ♣❛t❡♥t ❜r♦❦❡r❛❣❡ ✜r♠s✱ ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② ❛✉❝t✐♦♥s✱ ❛♥❞ ♦t❤❡r ✐♥t❡r♠❡❞✐❛r✐❡s ✐♥
t❤❡ ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② ♠❛r❦❡t✱ s❡❡ ❍❛❣✐✉ ❛♥❞ ❨♦✣❡ ✭✷✵✶✸✮✳



❈❛♥❞❡❧❛✱ ●✳✱ ❈❛st❡❧❧❛♥✐✱ ▼✳✱ P❛tt✐t♦♥✐✱ P✳ ❛♥❞ ❉✐ ▲❛s❝✐♦✱ ❋✳ ▼✳ ✭✷✵✶✻✮✱ ❵❖♥ ❘♦s❡♥✬s
❛♥❞ ❆❞❧❡r✬s ❤②♣♦t❤❡s❡s ✐♥ t❤❡ ♠♦❞❡r♥ ❛♥❞ ❝♦♥t❡♠♣♦r❛r② ✈✐s✉❛❧ ❛rt ♠❛r❦❡t✬✱ ❊♠♣✐r✐❝❛❧
❊❝♦♥♦♠✐❝s ✹✺✶✭✶✮✱ ✹✶✺✕✹✸✼✳

❈❛♥❞❡❧❛✱ ●✳ ❛♥❞ ❙❝♦r❝✉✱ ❆✳ ❊✳ ✭✷✵✵✹✮✱ ❊❝♦♥♦♠✐❛ ❞❡❧❧❡ ❆rt✐✱ ❇♦❧♦❣♥❛✿ ❩❛♥✐❝❤❡❧❧✐✳

❈❛✈❡s✱ ❘✳ ❊✳ ✭✷✵✵✸✮✱ ❵❈♦♥tr❛❝ts ❜❡t✇❡❡♥ ❛rt ❛♥❞ ❝♦♠♠❡r❝❡✬✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝
P❡rs♣❡❝t✐✈❡s ✶✼✭✷✮✱ ✼✸✕✽✹✳

❈❡❧❧✐♥✐✱ ❘✳ ❛♥❞ ❈✉❝❝✐❛✱ ❚✳ ✭✷✵✶✹✮✱ ❵❚❤❡ ❛rt✐st✕❛rt ❞❡❛❧❡r r❡❧❛t✐♦♥s❤✐♣ ❛s ❛ ♠❛r❦❡t✐♥❣
❝❤❛♥♥❡❧✬✱ ❘❡s❡❛r❝❤ ✐♥ ❊❝♦♥♦♠✐❝s ✻✽✭✶✮✱ ✺✼✕✻✾✳

❈❤❛❦r❛❜♦rt②✱ ■✳ ✭✷✵✵✺✮✱ ❵❙❛❧✈❛❣✐♥❣ t❤❡ ❧✐♥❦❛❣❡ ♣r✐♥❝✐♣❧❡ ✐♥ ♣r✐✈❛t❡✲✈❛❧✉❡ ❛✉❝t✐♦♥ ❢♦r ❛
s✐♥❣❧❡ ♦❜❥❡❝t✬✱ ❊❝♦♥♦♠✐❝s ❇✉❧❧❡t✐♥ ✹✭✹✮✱ ✶✕✺✳

❋❧å♠✱ ❙✳ ❉✳ ❛♥❞ ●♦❞❛❧✱ ❖✳ ✭✷✵✵✽✮✱ ❵▼❛r❦❡t ❝❧❡❛r✐♥❣ ❛♥❞ ♣r✐❝❡ ❢♦r♠❛t✐♦♥✬✱ ❏♦✉r♥❛❧ ♦❢
❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ✸✷✭✸✮✱ ✾✺✻✕✾✼✼✳

●✐♥t✐s✱ ❍✳ ✭✷✵✵✻✮✱ ❵❚❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❛ ♣r✐❝❡ s②st❡♠ ❢r♦♠ ❞❡❝❡♥tr❛❧✐③❡❞ ❜✐❧❛t❡r❛❧ ❡①❝❤❛♥❣❡✬✱
❈♦♥tr✐❜✉t✐♦♥s ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❊❝♦♥♦♠✐❝s ✻✭✶✮✱ ❆rt✳ ✶✸✳

●✐♥t✐s✱ ❍✳ ✭✷✵✵✼✮✱ ❵❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠✬✱ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧
✶✶✼✭✺✷✸✮✱ ✶✷✽✵✕✶✸✵✾✳
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