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Abstract
In standard models of infinitely-repeated moral hazard with risk aversion, the agent´s continuation value from the

relationship with the principal decreases non-monotonically over time and diverges to minus infinity almost surely,

meaning that the agent gets most of the compensation in the early stages of the relationship and is left with little to

receive in the future. In the short run, however, this pattern is less clear as continuation values may drift up as a

response to good outcomes. I provide conditions under which the drift upwards is small and the probability of

increased continuation values is very low even for short periods. Hence the immiseration result, an asymptotic

property, is a good approximation in the short run.
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❘❡♣❡❛t❡❞ ♠♦r❛❧ ❤❛③❛r❞ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❛♥❛❧②③❡❞ ❢♦r♠❛❧❧② s✐♥❝❡ t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s ♦❢ ▲❛♠❜❡rt ❬✶✾✽✸❪
❛♥❞ ❘♦❣❡rs♦♥ ❬✶✾✽✺❪✱ t❤❡ ✜rst t♦ ❡st❛❜❧✐s❤ ❛ ♠❛❥♦r r❡s✉❧t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✿ ✐t ✐s ❣❡♥❡r❛❧❧② ♦♣t✐♠❛❧ t♦ ♠❛❦❡
t❤❡ ❝♦♥tr❛❝t ♦❢ ❛ r✐s❦✲❛✈❡rs❡ ❛❣❡♥t ❤✐st♦r②✲❞❡♣❡♥❞❡♥t ❜② t❛✐❧♦r✐♥❣ ❝✉rr❡♥t ♣❛②♠❡♥ts t♦ ♣❛st ♣❡r❢♦r♠❛♥❝❡s
✲ t❤❛t ✐s✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❞✐s♣❧❛②s ♠❡♠♦r②✳ ■♥t✉✐t✐♦♥ ✐s str❛✐❣❤t✲❢♦r✇❛r❞✿ ❜② ❞♦✐♥❣ s♦✱ t❤❡ ♣r✐♥❝✐♣❛❧
s♣r❡❛❞s t❤❡ r✐s❦ ♦❢ ❛ ♦♥❡✲♣❡r✐♦❞ s❤♦❝❦ ♦✈❡r t❤❡ ✇❤♦❧❡ r❡❧❛t✐♦♥s❤✐♣✱ ❛♥❞ t❤✉s ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧ s♦✉r❝❡ ♦❢
✐♥s✉r❛♥❝❡ t♦ t❤❡ ❛❣❡♥t ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ ❤✐s ✐♥❝❡♥t✐✈❡ t♦ ❡①❡rt ❡✛♦rt✳ ❲❤❡♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ✐s ✐♥✜♥✐t❡❧②✲
r❡♣❡❛t❡❞✶✱ ❤✐st♦r②✲❞❡♣❡♥❞❡♥❝❡ ❤❛s ❛ st❛r❦ ✐♠♣❧✐❝❛t✐♦♥✿ t❤❡ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❞❡❝r❡❛s❡s ♦♥ ❛✈❡r❛❣❡
♦✈❡r t✐♠❡ ❛♥❞ ❞✐✈❡r❣❡s t♦ ♠✐♥✉s ✐♥✜♥✐t② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❞r✐✈❡s t❤❡ ❛❣❡♥t✬s
❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ t♦✇❛r❞s ❛ r❡❣✐♦♥ ✇❤❡r❡ ✐t ✐s ❝❤❡❛♣❡r t♦ ♦✛❡r ✐♥❝❡♥t✐✈❡s✿ ❡①❛❝t❧② ✇❤❡♥ t❤❡ ❛❣❡♥t ❤❛s ❧♦✇
❛✈❡r❛❣❡ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ ❤❡♥❝❡ ❤❛s ❛ ❤✐❣❤ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ❢r♦♠ ❝♦♥s✉♠♣t✐♦♥✱ s✐♥❝❡ ✉t✐❧✐t② ✐s ❝♦♥❝❛✈❡✳

❚❤✐s ❡①tr❡♠❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt② ✐s ❦♥♦✇♥ ❛s t❤❡ ✐♠♠✐s❡r❛t✐♦♥ r❡s✉❧t✷✳ ❆❧t❤♦✉❣❤ ✐t ✐s ❛ ♣♦✇❡r❢✉❧ ❧♦♥❣✲
t❡r♠ ♣r♦♣❡rt②✱ t❤❡ s❤♦rt✲t❡r♠ ❜❡❤❛✈✐♦r ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ♠❛② ❜❡ ❞✐✛❡r❡♥t✿ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛ ❬✶✾✽✼❪
s❤♦✇s t❤❛t ✐❢ t❤❡ ♦❜s❡r✈❛❜❧❡ ♦✉t❝♦♠❡ ✐s ❣♦♦❞ ❡♥♦✉❣❤✱ t❤❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ r❛✐s❡s t❤❡ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡✳
❙♣❡❝✐✜❝❛❧❧②✱ t❤❡r❡ ✐s ❛ ❝✉t♦✛ ✈❛❧✉❡ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ♦✉t❝♦♠❡ ❛❜♦✈❡ ✐t✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐♥❝r❡❛s❡s✳
❆❧t❤♦✉❣❤ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ❞❡❝r❡❛s❡ ♦♥ ❛✈❡r❛❣❡✱ t❤❡② ♠❛② ✐♥❝r❡❛s❡ ✐♥ ❛♥② ❣✐✈❡♥ ♣❡r✐♦❞ ✲ ❤❡♥❝❡✱ t❤❡② ♠❛②
❞r✐❢t ✉♣✇❛r❞s ✐♥ t❤❡ s❤♦rt✲r✉♥✳

❚❤✐s s❤♦rt✲t❡r♠ ♣❛tt❡r♥ ♠❛② ✈❛r② ✐♥ ❞✐✛❡r❡♥t s❡tt✐♥❣s✳ ■ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ✉♣✇❛r❞ ❞r✐❢t
✐s s♠❛❧❧ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ❛♥ ✐♥❝r❡❛s❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐s ♥❡❣❧✐❣✐❜❧❡ ❡✈❡♥ ♦✈❡r s❤♦rt ♣❡r✐♦❞s✳
❙♣❡❝✐✜❝❛❧❧②✱ ■ ❝♦♥s✐❞❡r ❛ ❞②♥❛♠✐❝ ♠♦r❛❧ ❤❛③❛r❞ ♠♦❞❡❧ ✇✐t❤ t✇♦ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ✭s✉❝❝❡ss ♦r ❢❛✐❧✉r❡✮ ❛♥❞
t✇♦ ❡✛♦rt ❧❡✈❡❧s ✭❤✐❣❤ ♦r ❧♦✇✮✳ ■ ❛❞❞ t✇♦ ❛ss✉♠♣t✐♦♥s t♦ t❤✐s ❢r❛♠❡✇♦r❦✿ ✭✐✮ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐s
❡q✉❛❧ t♦ ③❡r♦ ✐❢ ❡✛♦rt ✐s ❧♦✇❀ ❛♥❞ ✭✐✐✮ t❤❡ ♣r✐♥❝✐♣❛❧✬s ♣❛②♦✛ ✐s ③❡r♦ ✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡✳ ❚❤❡r❡ ✐s ♥♦ ❜❛s❡❧✐♥❡
♦✉t♣✉t ❛♥❞ ♥♦ ❝❤❛♥❝❡ ♦❢ s✉❝❝❡ss ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡✛♦rt✳

■ s❤♦✇ t❤❛t ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ s❤♦rt✲t❡r♠ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ♥❡❛r❧② r❡♣❡❛ts
t❤❡ ❧♦♥❣✲t❡r♠ ♣❛tt❡r♥ ✐❢ t❤❡ ❛❣❡♥t ✐s s✉✣❝✐❡♥t❧② r✐s❦✲❛✈❡rs❡✱ ✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ ✐♥ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t
r❡❧❛t✐♦♥s❤✐♣s ❛s t❤❡ ♣r✐♥❝✐♣❛❧ ✭❡✳❣✳✱ ❛ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ❝♦♠♣❛♥② ✐♥✈❡st✐♥❣ ✐♥ ❛ ♥❡✇ ❞r✉❣✮ ❤❛s ❛ ❞✐✈❡rs✐✜❡❞
❝❛♣✐t❛❧ str✉❝t✉r❡ ❛♥❞ ❛❝❝❡ss t♦ ❝r❡❞✐t ❛♥❞ ✐♥s✉r❛♥❝❡ ♠❛r❦❡ts✱ ✇❤✐❧❡ t❤❡ ❛❣❡♥t ✭❡✳❣✳✱ ❛ r❡s❡❛r❝❤❡r✮ ❤❛s ❛
♠♦r❡ ❧✐♠✐t❡❞ ❛❜✐❧✐t② t♦ ❝♦♣❡ ✇✐t❤ r✐s❦✳ ❍❡♥❝❡ t❤❡ ✐♠♠✐s❡r❛t✐♦♥ r❡s✉❧t✱ ❛♥ ❛s②♠♣t♦t✐❝ r❡s✉❧t✱ ✐s ❛ ❣♦♦❞
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r r❡❧❛t✐✈❡❧② s❤♦rt ♣❡r✐♦❞s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♣❛② ✐s ❢r♦♥t✲❧♦❛❞❡❞ ❡✈❡♥ ✐♥ t❤❡ s❤♦rt✲r✉♥✿ ♠♦st ♦❢
t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ t♦ t❤❡ ❛❣❡♥t ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❛s t❤❡ ❝♦st ♦❢ ♣♦st♣♦♥✐♥❣ r❡✇❛r❞s
✐s t♦♦ ❤✐❣❤✳ ❈♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ♦♥❧② ✐♥❝r❡❛s❡ ✐♥ ❛♥② ❣✐✈❡♥ s❡q✉❡♥❝❡ ♦❢ ♣❡r✐♦❞s ✐❢ t❤❡ ❛❣❡♥t ✐s s✉❝❝❡ss❢✉❧
❡✈❡r② t✐♠❡❀ ✐♥ ❛❧❧ ♦t❤❡r ❝♦♥t✐♥❣❡♥❝✐❡s✱ ✐t ❞❡❝r❡❛s❡s✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts✱
❛♥❞ s❡❝t✐♦♥ ✹ ❜r✐❡✢② ❝♦♥❝❧✉❞❡s✳

✷✳ ▼♦❞❡❧

❈♦♥s✐❞❡r ❛ s✐♠♣❧❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡❧②✲r❡♣❡❛t❡❞ ♠♦r❛❧ ❤❛③❛r❞ ♠♦❞❡❧ ✭s❡❡ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt
❬✷✵✵✷❪✱ ❝❤❛♣t❡r ✽✮✳ ❆ r✐s❦✲♥❡✉tr❛❧ ♣r✐♥❝✐♣❛❧ ✇❛♥ts t♦ ❤✐r❡ ❛ r✐s❦✲❛✈❡rs❡ ❛❣❡♥t t♦ ♣❡r❢♦r♠ ✉♥♦❜s❡r✈❡❞❧② ❛ t❛s❦
e✳ ❚❤❡ ❛❣❡♥t ❤❛s ❛ s❡♣❛r❛❜❧❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ U (c, e) = u (c) − ψ (e)✱ ✐♥ ✇❤✐❝❤ c ✐s ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ e ✐s
❡✛♦rt s✉❝❤ t❤❛t u (0) = 0✱ u′ > 0 ❛♥❞ u” < 0✳ ■♥ ❡✈❡r② ♣❡r✐♦❞ t❤❡ ❛❣❡♥t ❝❤♦♦s❡s ♣r✐✈❛t❡❧② ❡✐t❤❡r ❤✐❣❤
❡✛♦rt ✭eh✮✱ ✇✐t❤ ❞✐s✉t✐❧✐t② ψ (eh) = K > 0✱ ♦r ❧♦✇ ❡✛♦rt ✭el✮✱ ✇✐t❤ ♥♦ ❞✐s✉t✐❧✐t②✿ ψ (el) = 0✳ ■ ❛ss✉♠❡
t❤❛t K ✐s ♥♦t ❛s ❤✐❣❤ ❛s t♦ r❡♥❞❡r ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❡✛♦rt ✐♥❢❡❛s✐❜❧❡✳ ❚❤❡r❡ ❛r❡ t✇♦
♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✿ s✉❝❝❡ss✱ ✇✐t❤ ❛ ❤✐❣❤ ♦✉t♣✉t Ys✱ ♦r ❢❛✐❧✉r❡✱ ✇✐t❤ ❧♦✇ ♦✉t♣✉t Yf s✉❝❤ t❤❛t Ys > Yf ✳ ▲❡t
ph = Prob (Ys/eh) ❛♥❞ pl = Prob (Ys/el)✱ ph > pl✳ ❋♦r tr❛❝t❛❜✐❧✐t②✱ ✐♥ ♣r♦♣♦s✐t✐♦♥ 2 ✭❛♥❞ r❡❧❛t❡❞ ❧❡♠♠❛s✮ ■
✇✐❧❧ ✉s❡ u (x) = 1

r
ln (1 + rx)✱ ✐♥ ✇❤✐❝❤ r ≥ 0 ❝❛♣t✉r❡s t❤❡ ❧❡✈❡❧ ♦❢ r✐s❦ ❛✈❡rs✐♦♥✳

❇♦t❤ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ ❛❣❡♥t ❞✐s❝♦✉♥t t❤❡ ❢✉t✉r❡ ✇✐t❤ t❤❡ s❛♠❡ r❛t❡ β✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐s s✉❜❥❡❝t t♦ ❛♥
✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥t ✐❢ ❤❡ ✇❛♥ts t♦ ✐♥❞✉❝❡ ❤✐❣❤ ❡✛♦rt✳ ■❢ t❤❡② ❞♦ ♥♦t s✐❣♥ ❛ ❝♦♥tr❛❝t✱ t❤❡ ❛❣❡♥t
❣❡ts ❛ ❧✐❢❡t✐♠❡ ✉t✐❧✐t② ❞❡♥♦t❡❞ ❜② ures ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ♠❛❦❡s ③❡r♦ ♣r♦✜t ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t✳

✶❙❡❡ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪✱ ❝❤❛♣t❡r ✽✳
✷■t ❛❧s♦ ❛r✐s❡s ✐♥ ✐♥✜♥✐t❡❧②✲r❡♣❡❛t❡❞ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♠♦❞❡❧s✿ s❡❡ ❚❤♦♠❛s ❛♥❞ ❲♦rr❛❧❧ ❬✶✾✾✵❪✳



❚❤✐s ✐s ❢♦r♠❛❧❧② ❛ r❡♣❡❛t❡❞ ❣❛♠❡ ✇✐t❤ ✐♠♣❡r❢❡❝t ♣✉❜❧✐❝ ♠♦♥✐t♦r✐♥❣✳ ❆ r❡❝✉rs✐✈❡ str✉❝t✉r❡ ❛♣♣❧✐❡s t♦
t❤✐s ❝❧❛ss ♦❢ ❣❛♠❡s✱ ❛s s❤♦✇♥ ✐♥ ❆❜r❡✉ ❡t ❛❧✳ ❬✶✾✾✵❪✱ ❛♥❞ t❤❡r❡ ✐s ❛ st❛t✐♦♥❛r② ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (.) t❤❛t
r❡♣r❡s❡♥ts t❤❡ ♣r✐♥❝✐♣❛❧✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s❤✐♣✳ ❆ r❡❝✉rs✐✈❡ ❝♦♥tr❛❝t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s✿ ❛ ♣r❡s❡♥t ♣❛②♠❡♥t ❛♥❞ ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❢♦❧❧♦✇✐♥❣ ❡❛❝❤ ♣♦ss✐❜❧❡
r❡❛❧✐③❛t✐♦♥ ♦❢ ♦✉t♣✉t✱ ♣❧✉s ❛ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt✿ {(cf , wf ) , (cs, ws) , e}✳ ❍✐st♦r② ✐s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ st❛t❡
✈❛r✐❛❜❧❡ w✱ ✇❤✐❝❤ ✐s t❤❡ ❛❣❡♥t✬s ❜❡❣✐♥♥✐♥❣✲♦❢✲♣❡r✐♦❞ ♣r♦♠✐s❡❞ ✈❛❧✉❡ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥s❤✐♣✳ ❲❤❡♥ w ✐s ❝♦♥st❛♥t
♦✈❡r t✐♠❡✱ t❤❡ ❝♦♥tr❛❝t ✐s s❛✐❞ t♦ ❜❡ st❛t✐♦♥❛r②✱ ♦r t♦ ♣r❡s❡♥t ❛♠♥❡s✐❛✱ ❛s ✐t ❞✐s♣♦s❡s ♦❢ ❤✐st♦r②❀ ❤❡♥❝❡ st✉❞②✐♥❣
t❤❡ t✐♠❡ ♣❛tt❡r♥ ♦❢ t❤❡ ❝♦♥tr❛❝t ❛♠♦✉♥ts t♦ ❡st❛❜❧✐s❤✐♥❣ ❤♦✇ w ❡✈♦❧✈❡s ♦✈❡r t✐♠❡✳ ❆ss✉♠❡ t❤❡ ♣r✐♥❝✐♣❛❧
❛❝❤✐❡✈❡s str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦✜ts ✉♥❞❡r ❤✐❣❤ ❡✛♦rt ❢♦r ❡✈❡r② ❤✐st♦r② w✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ w0 ≥ ures > 0 ✐s
❣✐✈❡♥✳

■♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ ❤✐❣❤ ❡✛♦rt ❛❢t❡r ❤✐st♦r② w✱ t❤❡ ♣r✐♥❝✐♣❛❧ s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐✈❡ ♣r♦❣r❛♠✿

V (w/eh) = Max
cs,cf ,ws,wf

ph [Ys − cs + βV (ws)] + (1− ph) [Yf − cf + βV (wf )]

s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✿

(IC) ph [u (cs) + βws] + (1− ph) [u (cf ) + βwf ]−K ≥ pl [u (cs) + βws] + (1− pl) [u (cf ) + βwf ]

(PK) ph [u (cs) + βws] + (1− ph) [u (cf ) + βwf ]−K − w = 0

❚❤❡ ✜rst r❡str✐❝t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥t ✭■❈✮ ❢♦r t❤❡ ❛❣❡♥t✿ ❤✐s ❡①♣❡❝t❡❞ ✉t✐❧✐t②
✇❤❡♥ ♠❛❦✐♥❣ ❡✛♦rt ♠✉st ❜❡ ❤✐❣❤❡r t❤❛♥ ✐❢ ❤❡ s❤✐r❦s✳ ❚❤❡ s❡❝♦♥❞ ✐s t❤❡ ♣r♦♠✐s❡✲❦❡❡♣✐♥❣ r❡str✐❝t✐♦♥ t❤❛t
❣✉❛r❛♥t❡❡s t❤❡ ♣r✐♥❝✐♣❛❧ ✇✐❧❧ ❞❡❧✐✈❡r t❤❡ ♣r♦♠✐s❡❞ ✈❛❧✉❡ w✳ ❉❡✜♥✐♥❣ pR ≡ ph

1−ph
✱ t❤✐s ♣r♦❜❧❡♠ ♠❛② ❜❡

s✐♠♣❧✐✜❡❞ ❛s ❢♦❧❧♦✇s✳

V (w/eh) = Max
cs,cf ,ws,wf

ph [Ys − cs + βV (ws)] + (1− ph) [Yf − cf + βV (wf )]

s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✿

(IC) [u (cs) + βws]− [u (cf ) + βwf ]−
K

ph − pl
≥ 0

(PK ′) pR [u (cs) + βws] + [u (cf ) + βwf ]−
K

1− ph
−

w

1− ph
= 0

■ ❢♦❧❧♦✇ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪ ✭❝❤❛♣t❡r ✽✮ ❛♥❞ s✉❜st✐t✉t❡ ✭P❑✮ ❢♦r ✭P❑✬✮✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✇✐t❤ ❛
✇❡❛❦ ✐♥❡q✉❛❧✐t②✳ ❙tr✐❝t ✐♥❡q✉❛❧✐t② ❝❛♥♥♦t ❤♦❧❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s ✐t ✇♦✉❧❞ ❛✛❡❝t t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②
❝♦♥str❛✐♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞✱ ❝♦♠♣r♦♠✐s✐♥❣ t❤❡ r❡❝✉rs✐✈❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠❀ ❤❡♥❝❡ ✐t ♠✉st ❜❡
❝❤❡❝❦❡❞ ✇❤❡t❤❡r ✐t ✐s ❜✐♥❞✐♥❣ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✐❢ t❤❡ ♠✉❧t✐♣❧✐❡r ♦❢ ✭P❑✬✮ ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳

❚❤❡ t❡❝❤♥♦❧♦❣② ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❛❣❡♥t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

❉❡✜♥✐t✐♦♥ ✶✳ ❊✛♦rt ✐s ❡ss❡♥t✐❛❧ ✿

✐✮Yf = 0
✐✐✮ pl = 0

■♥ ✇♦r❞s✱ t❤✐s ❛ss✉♠♣t✐♦♥ st❛t❡s t❤❛t ♦✉t♣✉t ✐s ❡q✉❛❧ t♦ ③❡r♦ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡✛♦rt✿ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
s✉❝❝❡ss ✐s ③❡r♦✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦✉t♣✉t t♦ s♣❧✐t ✐♥ t❤✐s ❝❛s❡✳ ❚❤✐s ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❞❡♣✐❝t✐♦♥ ♦❢ ❛♥②
♣r✐♥❝✐♣❛❧✲❛❣❡♥t r❡❧❛t✐♦♥s❤✐♣ ✐♥ ✇❤✐❝❤ ❡✛♦rt ✐s ❡ss❡♥t✐❛❧✿ t❤❡r❡ ✐s ♥♦ ❜❛s❡❧✐♥❡ ♦✉t♣✉t t❤❛t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞
✉♣♦♥ ✐❢ t❤❡ ❛❣❡♥t ✇♦r❦s ❤❛r❞❡r✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✉s✉❛❧ ▼♦♥♦t♦♥❡ ▲✐❦❡❧✐❤♦♦❞ ❘❛t✐♦ ❈♦♥❞✐t✐♦♥ ✐s tr✐✈✐❛❧❧②
s❛t✐s✜❡❞ ✐♥ t❤✐s s❡t✉♣✿ ph

1−ph
> pl

1−pl
= 0✳ ▲❛st❧②✱ ■ ✇✐❧❧ ❛ss✉♠❡ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② t❤❛t ph = 1− ph✱ s♦

t❤❛t ph = 1
2 ✳ ❚❤✐s ❛❝ts ❛s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐♥ ❛ ❣✐✈❡♥ ♣❡r✐♦❞❀ ❤❡♥❝❡ ■ ♣r❡❝❧✉❞❡ t❤❡

♣♦ss✐❜✐❧✐t② t❤❛t ❞❡❝r❡❛s❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ✐♥ t❤❡ s❤♦rt✲r✉♥ ♠✐❣❤t st❡♠ ❢r♦♠ ❛rt✐✜❝✐❛❧❧② ❧♦✇ ♣r♦❜❛❜✐❧✐t✐❡s
♦❢ s✉❝❝❡ss✳ ❆s s✉❝❤✱ ✐t ❛❧❧♦✇s ♦♥❡ t♦ tr❛❝❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t t♦ ♦t❤❡r ♣r✐♠✐t✐✈❡s ♦❢ t❤❡
♠♦❞❡❧✱ ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳



✸✳ ❖♣t✐♠❛❧ ❈♦♥tr❛❝t

❆ss✉♠❡ t❤❛t ❜♦t❤ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ ❛❣❡♥t ❛r❡ ❜♦✉♥❞ t♦ t❤❡ ❝♦♥tr❛❝t t❤❡② s✐❣♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s
♥♦ ♥❡❡❞ ❢♦r ❛ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❢♦r ❡✐t❤❡r ♦❢ t❤❡♠✱ s✐♥❝❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t w0 ≥ ures ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧
❤❛s ♣♦s✐t✐✈❡ ♣r♦✜t ❛❢t❡r ❡✈❡r② ❤✐st♦r②✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❣r❛♠ ❛❜♦✈❡ ❡✛❡❝t✐✈❡❧② ❝❤❛r❛❝t❡r✐③❡s t❤❡
♣r♦❜❧❡♠ ♣♦s❡❞✱ ❧♦✇ ❡✛♦rt ♠✉st ❜❡ r✉❧❡❞ ❛✇❛②✳ ◆♦t✐❝❡ t❤❛t ❝❤♦♦s✐♥❣ e = 0 ✐♥ ❛ ❣✐✈❡♥ ♣❡r✐♦❞ ✐s t❤❡ s❛♠❡ ❛s
❞❡str♦②✐♥❣ ♦✉t♣✉t✳ ❚❤✐s ❤✉rts t❤❡ ♣r✐♥❝✐♣❛❧✱ ❜✉t ❛❧s♦ ❤✉rts t❤❡ ❛❣❡♥t ❛♥❞ ✐♥ t❤❡♦r② ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ r❡❧❛①
t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥str❛✐♥t✿ t❤❡ ♣r✐♥❝✐♣❛❧ tr❛❞❡s t❤✐s ❜❡♥❡✜t ♦✛ ❛❣❛✐♥st t❤❡ ❢♦r❣♦♥❡ ♦✉t♣✉t✳ ■♥
t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ t♦ ✐♥❞✉❝❡ ❤✐❣❤ ❡✛♦rt ✭e = eh✮ ✐♥ ❡✈❡r② ♣❡r✐♦❞ ❞✉❡
t♦ t❤❡ t❡❝❤♥♦❧♦❣② ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❛❣❡♥t✿ t❤❡ ❝♦st ✐♥ t❡r♠s ♦❢ ♦✉t♣✉t ✐s t♦♦ ❤✐❣❤✳

❚❤❡ ♣r✐♥❝✐♣❛❧ ✐♥❞✉❝❡s ❤✐❣❤ ❡✛♦rt ✐♥ ❡✈❡r② ♣❡r✐♦❞ ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst✱ ✐♥❞✉❝✐♥❣ ❧♦✇ ❡✛♦rt ✐s ❛ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t ❤❡ ✇✐❧❧ ❝❤♦♦s❡ ❧♦✇ ❡✛♦rt ❛❣❛✐♥ ✐♥ ❡✈❡r② ♣❡r✐♦❞ ❛❢t❡r✇❛r❞✳ ❙❡❝♦♥❞✱ ❧♦✇ ❡✛♦rt ❣✐✈❡s
❤✐♠ str✐❝t❧② ♥❡❣❛t✐✈❡ ♣r♦✜ts✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧ ❛s ✐t ✇❛s ❛ss✉♠❡❞ t❤❛t ❤❡ ♠❛❦❡s str✐❝t❧② ♣♦s✐t✐✈❡
♣r♦✜t ✉♥❞❡r ❤✐❣❤ ❡✛♦rt ❢♦❧❧♦✇✐♥❣ ❛♥② ❤✐st♦r② ✲ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❤✐❣❤ ❡✛♦rt ②✐❡❧❞s ♣♦s✐t✐✈❡ ♣r♦✜t ✐♥ t❤❡ ♦♣t✐♠❛❧
st❛t✐❝ ✭♦r st❛t✐♦♥❛r②✮ ❝♦♥tr❛❝t✳ ❚❤✐s ❝❛♣t✉r❡s ✇❤❛t ✏❡ss❡♥t✐❛❧ ❡✛♦rt✑ ♠❡❛♥s✿ t❤❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt ✐♥❞✉❝❡❞ ❜② ❛
❝♦♥st❛♥t ♣❛②♠❡♥t ❣✐✈❡s t❤❡ ♣r✐♥❝✐♣❛❧ ❛ str✐❝t❧② ❧♦✇❡r ♣❛②♦✛ t❤❛♥ ❤❡ ❝❛♥ ❣❡t ✐♥ t❤❡ ♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t✸✳

❚♦ s❡❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡✱ s✉❜st✐t✉t❡ h ≡ u−1 ✐♥t♦ t❤❡ ♣r♦❜❧❡♠
❛♥❞ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♥str❛✐♥t s❡t ❞❡✜♥❡❞ ❜② ✭■❈✮ ❛♥❞ ✭P❑✬✮ ✐s str✐❝t❧② ❝♦♥✈❡① s✐♥❝❡ h ✐s ❝♦♥✈❡①✹✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❣r❛♠ ✐s ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❑✉❤♥✲❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s ♣❧✉s t❤❡
❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ ✭■ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ❡①❛♠♣❧❡ ✐❢ u′ (0) = ∞✮✳ ▲❡t γ
❛♥❞ µ ❜❡ t❤❡ ♠✉❧t✐♣❧✐❡rs ♦❢ ■❈ ❛♥❞ P❑✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡✿

❋❖❈✭ch✮✿−ph + γu′ (cs) + µpRu′ (cs) = 0
❋❖❈✭cl✮✿− (1− ph)− γu′ (cf ) + µu′ (cf ) = 0
❋❖❈✭wh✮✿ phV

′ (ws) + γ + µpR = 0
❋❖❈✭wl✮✿ (1− ph)V

′ (wf )− γ + µ = 0

❚❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ st❛t❡s t❤❛t V ′ (w) = −µ
1−ph

✳

▼♦r❡♦✈❡r✱ t❤❡ ❛r❣✉♠❡♥t ✐♥ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛ ❬✶✾✽✼❪ ❛♣♣❧✐❡s ✇✐t❤♦✉t ❝❤❛♥❣❡✿ V (w) ✐s t❤❡ P❛r❡t♦
❢r♦♥t✐❡r✱ ❛♥❞ ❤❡♥❝❡ ♠✉st ❜❡ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✲ ♦t❤❡r✇✐s❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦✉❧❞ s✐♠♣❧② ♦✛❡r t❤❡ ❛❣❡♥t ♠♦r❡ ❛♥❞
❜❡ ❜❡tt❡r ♦✛✳ ■♥ ❢❛❝t✱ ✐t ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣✿ ❢r♦♠ ❋❖❈✭cl✮✱ ♦♥❡ ❤❛s µ = 1−ph

u′(cf )
+γ✱ ✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡

❞✉❡ t♦ u′ > 0✳ ❙✐♥❝❡ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ w✱ ✐t ❢♦❧❧♦✇s t❤❛t ✭P❑✬✮ ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t② ❛❢t❡r ❡✈❡r②
❤✐st♦r②✳

❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ❢r♦♥t✲❧♦❛❞❡❞✿ t❤❡ ❛❣❡♥t✬s ❛✈❡r❛❣❡ ♣❛②♠❡♥t ✐s ❤✐❣❤❡r ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❛♥❞ ❞❡❝r❡❛s❡s ❛s ✐t ❡✈♦❧✈❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❧♦♥❣❡r t❤❡ t✐♠❡ ❤♦r✐③♦♥ ✐s✱ t❤❡ ❧♦✇❡r t❤❡
❡①♣❡❝t❡❞ ♣❛②♠❡♥t ♣❡r ♣❡r✐♦❞ ❜❡❝♦♠❡s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♣r✐♥❝✐♣❛❧ ✇❛♥ts t♦ ♣r♦✈✐❞❡ ✐♥❝❡♥t✐✈❡s ❛t t❤❡ ❧♦✇❡st
❝♦st✳ ❚♦ ❞♦ s♦✱ ❤❡ ✇✐❧❧ s♣r❡❛❞ s❤♦❝❦s ♦✈❡r t✐♠❡ ✲ ✐✳❡✳✱ ♠❛❦❡ t❤❡ ❝♦♥tr❛❝t ❤✐st♦r②✲❞❡♣❡♥❞❡♥t✱ s♦ t❤❛t t❤❡
st❛t❡ ✈❛r✐❛❜❧❡ w s❤♦✉❧❞ ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❆s s❤♦✇♥ ✐♥ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛ ❬✶✾✽✼❪✱ t❤❡ ♣r✐♥❝✐♣❛❧ r❡✇❛r❞s
❛ s✉❝❝❡ss ❜♦t❤ ✐♥ t❤❡ ♣r❡s❡♥t ✭cs > cf ✮ ❛♥❞ ✐♥ t❤❡ ❢✉t✉r❡ ✭ws > w > wf ✮ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ st❛t❡
✈❛r✐❛❜❧❡ ❞❡❝r❡❛s❡s ♦♥ ❛✈❡r❛❣❡✿ ✇❤❡♥ ❝♦♥s✉♠♣t✐♦♥ ❣♦❡s ❞♦✇♥✱ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐♥❝r❡❛s❡s✱
❛❧❧♦✇✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ t♦ ❛❝❤✐❡✈❡ ❛ ❣✐✈❡♥ s♣r❡❛❞ ✐♥ ♣❛②♦✛s ❛❢t❡r s✉❝❝❡ss ❛♥❞ ❢❛✐❧✉r❡ ✇✐t❤ ❛ s♠❛❧❧❡r ❞✐✛❡r❡♥❝❡

✸❚♦ s❡❡ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ♦♣t✐♠❛❧ t♦ ✐♥❞✉❝❡ e = eh ✐♥ ❡✈❡r② ♣❡r✐♦❞✱ ❛ss✉♠❡ t❤❡ ♣r✐♥❝✐♣❛❧ ✇❛♥ts t♦ ✐♥❞✉❝❡ ❧♦✇ ❡✛♦rt ✇❤❡♥
t❤❡ ♣r♦♠✐s❡❞ ✈❛❧✉❡ ✐s w̃✳ ❚❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐s ③❡r♦ ❛♥❞ ❤❡ ♠✉st ❝❤♦♦s❡ ♦♥❧② ♦♥❡ ♣r❡s❡♥t ♣❛②♠❡♥t c ❛♥❞ ♦♥❡
❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ w′✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s V (w̃) = Max

c,w′

[−c+ βV (w′)] s✉❜❥❡❝t t♦ (PK) [u (c) + βw′]− w̃ ≥ 0✳ ■♥

t❤✐s ❝❛s❡ t❤❡ ✇❡❛❦ ✐♥❡q✉❛❧✐t② ♣♦s❡s ♥♦ ♣r♦❜❧❡♠ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ✭■❈✮✳ ❚❤✐s ♣r♦❣r❛♠ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡✳ ▲❡t
µ ❜❡ t❤❡ ♠✉❧t✐♣❧✐❡r ♦❢ t❤❡ ♣r♦♠✐s❡✲❦❡❡♣✐♥❣ ❝♦♥str❛✐♥t❀ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ c ❛♥❞ w ❛r❡✿−1 + µu′ (c) = 0 ❛♥❞
V ′ (w′) + µ = 0✳ ❚❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t V ′ (w̃) = −µ✳

❚❤❡ ✜rst ❧✐♥❡ ✐♠♣❧✐❡s t❤❛t µ > 0 s✐♥❝❡ u′ > 0✳ ❚❤❡♥ V ′ (w′) = V ′ (w̃)✳ ❙✐♥❝❡ V ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱ ✐t ❢♦❧❧♦✇s t❤❛t w′ = w̃✱ s♦
t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ✇✐❧❧ ❜❡ ❢❛❝✐♥❣ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞ ❛♥❞ ✇✐❧❧ ❝❤♦♦s❡ ❧♦✇ ❡✛♦rt ❛❣❛✐♥✱ s♦ t❤❛t ✐t ✐s ♦♣t✐♠❛❧ t♦
❝❤♦♦s❡ ❧♦✇ ❡✛♦rt ✐♥ ❡✈❡r② ♣❡r✐♦❞ ❛❢t❡r✇❛r❞✳ ❇✉t t❤❡♥ ❤✐s ♣r♦✜t ✇✐❧❧ ❜❡ ❧❡ss t❤❛♥ ③❡r♦ ❛s ❤❡ ♠✉st ❣✐✈❡ t❤❡ ❛❣❡♥t str✐❝t❧② ♣♦s✐t✐✈❡
❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧s ✭❞✉❡ t♦ ures > 0 ❛♥❞ t❤❡ ❢❛❝t t❤❛t u (0) = 0✮✳ ❇✉t t❤✐s ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧ ❛s ✐t ✇❛s ❛ss✉♠❡❞ t❤❡ ♣r✐♥❝✐♣❛❧
♠❛❦❡s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦✜t ✉♥❞❡r ❤✐❣❤ ❡✛♦rt ❛❢t❡r ❛♥② ❤✐st♦r② ✲ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❤❡ ✇♦✉❧❞ ❜❡ str✐❝t❧② ❜❡tt❡r ♦✛ ❜② ♦✛❡r✐♥❣ t❤❡
♦♣t✐♠❛❧ st❛t✐❝ ❝♦♥tr❛❝t✳

✹❋♦r ❞❡t❛✐❧s✱ s❡❡ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪ ✭❝❤❛♣t❡r ✽✮ ❛♥❞ ❙t♦❦❡② ❡t ❛❧✳ ❬✶✾✽✾❪✳



✐♥ ❝♦♥s✉♠♣t✐♦♥✳ ◆♦t✐❝❡ t❤❛t ✉♥❞❡r s✉❝❤ ❛ ❢r♦♥t✲❧♦❛❞❡❞ ❝♦♥tr❛❝t✱ t❤❡ ❛❣❡♥t ✇♦✉❧❞ ❧✐❦❡ t♦ s❛✈❡ ♣❛rt ♦❢ ❤✐s
❣❛✐♥s❀ ✐❢ ❛❧❧♦✇❡❞ t♦ ❞♦ s♦✱ t❤✐s ✇♦✉❧❞ ❛✛❡❝t ✐♥❝❡♥t✐✈❡s ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ■ ❛ss✉♠❡ t❤❡ t❤❡ ❛❣❡♥t ❝♦♥s✉♠❡s
✐♠♠❡❞✐❛t❡❧② t❤❡ tr❛♥s❢❡r ❤❡ r❡❝❡✐✈❡s ❢r♦♠ t❤❡ ♣r✐♥❝✐♣❛❧✺✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛ ❬✶✾✽✼❪✿ ❈♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s t♦ t❤❡ ❛❣❡♥t ❞❡❝r❡❛s❡ ♦♥ ❛✈❡r❛❣❡ ❛♥❞
❞✐✈❡r❣❡ t♦ ♠✐♥✉s ✐♥✜♥✐t②✳

Pr♦♦❢✳ ❋❖❈✭cs✮ ❛♥❞ ❋❖❈✭ws✮ ✐♠♣❧② t❤❛t V ′ (ws)u
′ (cs) = −1✱ ✇❤✐❧❡ ❋❖❈✭cf ✮ ❛♥❞ ❋❖❈✭wf ✮ ✐♠♣❧② V ′ (wf )u

′ (cf ) =
−1✳ ❚❤❡♥✿

u′(cf )
u′(cs)

= V ′(ws)
V ′(wf )

✳

■❢ wf ≥ ws✱ ✐t ❢♦❧❧♦✇s t❤❛t cf ≥ cs ✭s✐♥❝❡ V ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡✮✱ ✇❤✐❝❤ ✐s ♥♦t
✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ✲ ❤❡♥❝❡ ♦♥❡ ♠✉st ❤❛✈❡ ws > wf ✳

■♥ ♦r❞❡r t♦ s❡❡ t❤❛t ws > w > wf ✱ s♦❧✈❡ ❢♦r γ ✐♥ ❋❖❈✭wf ✮ ❛♥❞ ❋❖❈✭ws✮ t♦ ❣❡t (1− ph)V
′ (wf ) + µ =

−phV
′ (ws)− µpR✳ ❘❡❛rr❛♥❣✐♥❣✱ ♦♥❡ ❤❛s✿

(1− ph)V
′ (wf ) + phV

′ (ws) = −µpR − µ

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s s✐♠♣❧② t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ❀ ❧❛❜❡❧ ✐t E [V ′ (w̃)]✱
✐♥ ✇❤✐❝❤ w̃ ✐s t❤❡ ♥❡①t✲♣❡r✐♦❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✭t❤✐s ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛s ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❛❧✐③❡❞
♦✉t♣✉t✮✳ ❯s✐♥❣ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ ✭V ′ (w) = −µ

1−ph
✮✱ t❤❡ ♣r❡✈✐♦✉s ❧✐♥❡ ❜❡❝♦♠❡s✿

E [V ′ (w̃)] = V ′ (w)

❚❤✐s ✐s s✐♠♣❧② t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② ❢♦r V ′ ✜rst ✐❞❡♥t✐✜❡❞ ✐♥ ❙♣❡❛r ❛♥❞ ❙r✐✈❛st❛✈❛ ❬✶✾✽✼❪✳ ❚♦❣❡t❤❡r
✇✐t❤ ws > wf ✱ ✐t ✐♠♣❧✐❡s t❤❛t V ′ (ws) < V ′ (w) < V ′ (wf )✳ ❚❤❡ ❝♦♥❝❛✈✐t② ♦❢ V t❤❡♥ ✐♠♣❧✐❡s ws > w > wf ✳

▲❛st❧②✱ V ′ < 0 ✐♠♣❧✐❡s t❤❛t V ′ ✐s ❛ ♥♦♥✲♣♦s✐t✐✈❡ ♠❛rt✐♥❣❛❧❡✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧②✳ ❙✐♥❝❡ wf ✐s
✉♥❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♠❛❞❡ ✐♥ ▲❥✉♥❣q✈✐st ❛♥❞ ❙❛r❣❡♥t ✭✷✵✵✹✱ ♣✳ ✻✼✵✮ ❛♣♣❧✐❡s✿ ✐❢ V ′

❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ❧✐♠✐t✱ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ❛❧s♦ ❝♦♥✈❡r❣❡ ✲ t❤❡ ♣r✐♥❝✐♣❛❧ ❞♦❡s ♥♦t s♣r❡❛❞ ❝♦♥t✐♥✉❛t✐♦♥
✈❛❧✉❡s ❡✈❡♥ ✇❤❡♥ t❤❡ ❝♦st ♦❢ ❞♦✐♥❣ s♦ ✐s ✈❡r② ❧♦✇✳ ❍❡♥❝❡ w ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ ♠✐♥✉s ✐♥✜♥✐t②✳ �

▲❡t wN ❞❡♥♦t❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ w ❛❢t❡r N ♣❡r✐♦❞s✳ Pr♦♣♦s✐t✐♦♥ ✶ ✐♠♣❧✐❡s t❤❛t wN ❣♦❡s t♦ ♠✐♥✉s
✐♥✜♥✐t② ❛s N → ∞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ ❜✉t ❢♦r N = 1 t❤❡r❡ ✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐t
✇✐❧❧ ✐♥❝r❡❛s❡✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s s✐❧❡♥t ❛❜♦✉t t❤❡ s❤♦rt✲t❡r♠ ❜❡❤❛✈✐♦r ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s✱ ✐✳❡✳✱
1 < N < ∞✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ r❡s✉❧t✱ ■ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥✐t✐❛❧❧② t❤❡ ✈❛❧✉❡ ♦❢ N ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
♦❜s❡r✈✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ✐s ❤✐❣❤❡st✿ N = 2✳

❋♦r t❤❡ ♥❡①t r❡s✉❧ts✱ ■ ❝♦♥s✐❞❡r t❤❡ ❧♦❣❛r✐t❤♠✐❝ ✉t✐❧✐t② ♣r❡s❡♥t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
❯♥❞❡r t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❛❣❡♥t✬s ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠♣t✐♦♥ ❛t x ✐s ❡q✉❛❧ t♦ 1 + rx✱
✇❤✐❝❤ ✐s ❧✐♥❡❛r ✐♥ x✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♠❛rt✐♥❣❛❧❡ ♣r♦♣❡rt② E [V ′ (w̃)] = V ′ (w) ✐❞❡♥t✐✜❡❞ ❛❜♦✈❡✱ ✇❤✐❝❤ ❢♦❧❧♦✇s
❢♦r♠ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐s ❝❛st ✐♥ t❡r♠s ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s✱ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛ ❜❛s✐❝
r❡s✉❧t ❢♦✉♥❞ ✐♥ ✜♥✐t❡✲❤♦r✐③♦♥ r❡♣❡❛t❡❞ ♠♦r❛❧ ❤❛③❛r❞ ♣r♦❜❧❡♠s✿ ♥❛♠❡❧②✱ t❤❡ ❛❣❡♥t✬s ✐♥✈❡rs❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t②
♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐s ❛❧s♦ ❛ ♠❛rt✐♥❣❛❧❡✱ ✇❤✐❝❤ r❡❛❞s 1 + rx = E [1 + rx̃] ✐♥ t❤❡ ♣r❡s❡♥t s❡tt✐♥❣ ❢♦r s♦♠❡ ❧❡✈❡❧
♦❢ ❝✉rr❡♥t ❝♦♥s✉♠♣t✐♦♥ x ❛♥❞ ❛ r❛♥❞♦♠ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞ x̃✳ ❚❤✐s r❡❞✉❝❡s t♦
x = E [x̃]✱ ✐♠♣❧②✐♥❣ t❤❛t ❝♦♥s✉♠♣t✐♦♥ ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❚❤❡ ❝♦♥❝❛✈✐t② ♦❢ u t❤❡♥ ✐♠♣❧✐❡s t❤❛t u (x) ✐s ❛
s✉♣❡r✲♠❛rt✐♥❣❛❧❡✻✱ ❛♥❞ ❞❡❝r❡❛s❡s ♦♥ ❛✈❡r❛❣❡ t♦✇❛r❞s ♠✐♥✉s ✐♥✜♥✐t②✱ ✇❤✐❧❡ ❝♦♥s✉♠♣t✐♦♥ ❝♦♥✈❡r❣❡s t♦ ✐ts
❧♦✇❡r ❜♦✉♥❞ −1

r
✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t✱ ✉♥❞❡r t❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ r ✐s ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞

✇✐t❤ t❤❡ ❛❣❡♥t✬s ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥✼✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ■ ✇✐❧❧ ✐♥t❡r♣r❡t ❛ ❤✐❣❤❡r r ❛s ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ r✐s❦
❛✈❡rs✐♦♥✽✳

✺■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❛❣❡♥t ❤❛s ♥♦ ❛❝❝❡ss t♦ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ♦r t♦ ❛♥② t②♣❡ ♦❢ s❛✈✐♥❣ t❡❝❤♥♦❧♦❣②✳
✻❙❡❡ ▲❡♠♠❛ ✺✳✶ ✐♥ ❱❛r❛❞❤❛♥ ❬✶✾✾✾❪✳
✼❲❤❡♥ t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ✐s ③❡r♦✱ t❤❡ ❛❣❡♥t✬s ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥ ✐s ❡q✉❛❧ t♦ r✿

−u”(0)
u′(0)

= r
✽❚❤❡ r❡s✉❧ts ❜❛s❡❞ ♦♥ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛r❡ ♥♦t s♣❡❝✐✜❝ t♦ t❤✐s ♥♦t❡✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✱ ✐♥❝❧✉❞✐♥❣ ❛

❝♦♠♣❧❡t❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t✐♠❡ ♣❛tt❡r♥s ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✉t✐❧✐t②✱ s❡❡ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪ ✭❝❤❛♣t❡r ✽✱ ♣❛❣❡s ✸✸✻✲✸✹✶✮✳



❚❤❡ ♥❡①t ❧❡♠♠❛ ❝♦♠♣✉t❡s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❛❢t❡r t✇♦ ♣❡r✐♦❞s ❛♥❞ ✐ts
❞r✐❢ts ❛❢t❡r ❛ s✉❝❝❡ss ♦r ❛ ❢❛✐❧✉r❡✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧✬s
✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❞♦♥❡ t❤r♦✉❣❤ ❛ ❣✉❡ss✲❛♥❞✲✈❡r✐❢② ❛♣♣r♦❛❝❤ t❤❛t st❛rts ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠
V (w) = α − 1

β
exp (βw + γ) ❢♦r s♦♠❡ r❡❛❧ ♣❛r❛♠❡t❡rs α✱ β ❛♥❞ γ t❤❛t ♠❛② ❜❡ ❢♦✉♥❞ ✉s✐♥❣ t❤❡ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥s✾✳

▲❡♠♠❛ ✶✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✳

✭✶✮ ❚❤❡ ✉♣✇❛r❞ ❥✉♠♣ ✐♥ t❤❡ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐♥ ❝❛s❡ ♦❢ s✉❝❝❡ss ✐s K − 1
r(1−β) ln

(

eX+e−X

2

)

✳

✭✷✮ ❚❤❡ ❞♦✇♥✇❛r❞ ❥✉♠♣ ✐♥ t❤❡ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡ ✐s −K− 1
r(1−β) ln

(

eX+e−X

2

)

✳

✭✸✮ ❚❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ w ❛❢t❡r t✇♦ ♣❡r✐♦❞s ✐s wE
2 = w − β(1+β)

2r(1−β) ln
(

eX+e−X

2

)

✳

✐♥ ✇❤✐❝❤ X = r (1− β)K

Pr♦♦❢✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪ ✭❝❤❛♣t❡r 8✱ s❡❝t✐♦♥ 8.2.6✮✳ �

❖♥❡ ♠❛② s❡❡ ✐♠♠❡❞✐❛t❡❧② t❤❛t wE
2 < w✱ ❛s ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳

❚❤❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ✐♥ t❤❡ ❝✉rr❡♥t s❡t✉♣ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❞❡❝r❡❛s❡s ✐♥ ❛❧❧ ❜✉t ♦♥❡
❝♦♥t✐♥❣❡♥❝② ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❛❣❡♥t ✐s s✉✣❝✐❡♥t❧② r✐s❦ ❛✈❡rs❡✳ ◆❛♠❡❧②✱ w ♦♥❧② ✐♥❝r❡❛s❡s ❛❢t❡r ❛ s❡q✉❡♥❝❡ ♦❢
t✇♦ s✉❝❝❡ss❡s❀ ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❢❛✐❧✉r❡✱ ❡✐t❤❡r ✐♥ t❤❡ ✜rst ♦r ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ w ❞❡❝r❡❛s❡s✳

▲❡♠♠❛ ✷✳ ❚❤❡r❡ ✐s ❛ ❝✉t♦✛ ✈❛❧✉❡ r s✉❝❤ t❤❛t ❢♦r ❛❧❧ r > r✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ w2 ✐s ❤✐❣❤❡r t❤❛♥ w ✐❢
❛♥❞ ♦♥❧② ✐❢ ♦✉t♣✉t ✐s ❤✐❣❤ ✐♥ ❜♦t❤ ♣❡r✐♦❞s✳

Pr♦♦❢✳ ❚❤❡ ✧✐❢✧ ♣❛rt ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ 1✳ ❚♦ ♣r♦✈❡ t❤❡ ✏❡❧s❡ ✐❢✑ ♣❛rt✱ st❛rt ❜② ❞❡✜♥✐♥❣

F (r)
.
= β

(

K − 1
r(1−β) ln

(

eX+e−X

2

))

+ β2
(

−K − 1
r(1−β) ln

(

eX+e−X

2

))

✿ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ 1✱ t❤✐s ✐s t❤❡

❛❣❡♥t✬s ❢✉t✉r❡ ❣❛✐♥✱ ✐♥ t❡r♠s ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ❢♦r t✇♦ ♣❡r✐♦❞s✱ t❤❛t ❝♦♠❡s ❢r♦♠ ❛ ❝✉rr❡♥t s✉❝❝❡ss
❢♦❧❧♦✇❡❞ ❜② ❛ ❢❛✐❧✉r❡✳ ❚❤✐s ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ❣❛✐♥ ✇❤❡♥ s✉❝❝❡ss ❛♥❞ ❢❛✐❧✉r❡ ❛r❡ r❡✈❡rs❡❞ ❜❡❝❛✉s❡ β < 1❀

❤❡♥❝❡ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t F (r) < 0✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t β
(

−K − 1
r(1−β) ln

(

eX+e−X

2

))

+

β2
(

K − 1
r(1−β) ln

(

eX+e−X

2

))

< 0✳

❉❡✜♥❡ ❛❧s♦ f (r)
.
= 1

r(1−β) ln
(

eX+e−X

2

)

❀ ❤❡♥❝❡ F (r) = β [K − f (r)] + β2 [−K − f (r)]✳ ▲✬❍♦s♣✐t❛❧✬s r✉❧❡

✐♠♣❧✐❡s lim
r→0

f (r) = 0 ❛♥❞ lim
r→∞

f (r) = K✳ ■t ❢♦❧❧♦✇s t❤❛t lim
r→0

F (r) = βK − β2K = Kβ (1− β) > 0 ❛♥❞

lim
r→∞

F (r) = −β2K < 0✳ ❙✐♥❝❡ F (r) ✐s ❝♦♥t✐♥✉♦✉s✱ ♦♥❡ ♠❛② ❛♣♣❧② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ t♦

❡st❛❜❧✐s❤ t❤❛t t❤❡r❡ ✐s ❛ t❤r❡s❤♦❧❞ s✉❝❤ t❤❛t F (r) = 0✳ ❆♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t s❤♦✇s t❤❛t f ′ ❜❡❝♦♠❡s
str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦ ❢♦r r ❤✐❣❤ ❡♥♦✉❣❤❀ ❤❡♥❝❡✱ F ′ ❜❡❝♦♠❡s str✐❝t❧② ♥❡❣❛t✐✈❡ ❛♥❞
❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✳

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❤✐❣❤❡st ✈❛❧✉❡ r s✉❝❤ t❤❛t F (r) = 0 ✐s ✜♥✐t❡ ❛♥❞ F ❞♦❡s ♥♦t ❜❡❝♦♠❡ ♣♦s✐t✐✈❡ ❛❜♦✈❡ ✐t✳ ■❢
t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✈❛❧✉❡ ♦❢ r s✉❝❤ t❤❛t F (r) = 0✱ t❛❦❡ t❤✐s ❛s r✳ ■❢ t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ✈❛❧✉❡s ♦❢ r t❤❛t s♦❧✈❡
F (r) = 0✱ t❤❡♥ t❛❦❡ t❤❡ ❤✐❣❤❡st ♦♥❡ ❛s r✱ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ❛r❣✉♠❡♥t✳ �

■t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ t✇♦ ♣❡r✐♦❞s✱ w ✇✐❧❧ ❞❡❝r❡❛s❡ ❡①❝❡♣t ✐♥ ♦♥❡ ♦♥❧② ❝❛s❡✱ ✇❤✐❝❤ ❧✐♠✐ts
s❡✈❡r❡❧② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐t ✇✐❧❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s❤♦rt✲r✉♥ ✐♥ s♣✐t❡ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳ ❚❤✐s ✐s s✉♠♠❛r✐③❡❞
✐♥ ♣r♦♣♦s✐t✐♦♥ 2✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ r ✐s ❤✐❣❤ ❡♥♦✉❣❤✱ t❤❡♥ ✐♥ ❡✈❡r② s❡q✉❡♥❝❡ ♦❢ t✇♦ ♣❡r✐♦❞s✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ w ♦♥❧②
✐♥❝r❡❛s❡s ✐❢ t❤❡ ❛❣❡♥t ✐s s✉❝❝❡ss❢✉❧ ✐♥ ❜♦t❤ ♦❢ t❤❡♠✱ ❛♥❞ ❞❡❝r❡❛s❡s ✐♥ ❛❧❧ ♦t❤❡r ❝♦♥t✐♥❣❡♥❝✐❡s✳

■♥ t❤❡ ❝✉rr❡♥t s❡t✉♣✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s ✇✐❧❧ ♦❝❝✉r ✐s p2h = 1
4 ✳ ❊✈❡♥ ✐❢ t❤✐s ✐s ♥♦♥✲♥❡❣❧✐❣✐❜❧❡✱ t❤❡

❡①♣❡❝t❡❞ ✈❛❧✉❡ w2 ✐s st✐❧❧ s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ w ❞✉❡ t♦ t❤❡ r❡str✐❝t✐♦♥ ✐❞❡♥t✐✜❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ 2✳ ❚❤✐s
❛r❣✉♠❡♥t ♠❛② ❜❡ ✐♥❞❡✜♥✐t❡❧② ❡①t❡♥❞❡❞ ❢♦r N > 2 ❛s ❧♦♥❣ ❛s ♦♥❡ ❝❤♦♦s❡s r ❛❝❝♦r❞✐♥❣❧②✳

✾❆❣❛✐♥✱ t❤❡ r❡❛❞❡r ♠❛② r❡❢❡r t♦ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ❬✷✵✵✷❪✱ ♣❛❣❡s ✸✸✻✲✸✸✾✱ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs✳



❈♦r♦❧❧❛r② ✶✳ ■❢ r ✐s ❤✐❣❤ ❡♥♦✉❣❤✱ t❤❡♥ ✐♥ ❡✈❡r② s❡q✉❡♥❝❡ ♦❢ N ♣❡r✐♦❞s✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ w ✐♥❝r❡❛s❡s
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛❣❡♥t ✐s s✉❝❝❡ss❢✉❧ ✐♥ ❛❧❧ ♣❡r✐♦❞s✱ ❛♥❞ ❞❡❝r❡❛s❡s ✐♥ ❛❧❧ ♦t❤❡r ❝♦♥t✐♥❣❡♥❝✐❡s✳

❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s ✇✐❧❧ ❤❛♣♣❡♥ ✐s pN ✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s N ✐♥❝r❡❛s❡s✳ ■♥ t❤❡ ❝✉rr❡♥t s❡tt✐♥❣✱
ph = 0.5 ❛♥❞ pN ❜❡❝♦♠❡s 3% ❛❢t❡r 5 ♣❡r✐♦❞s ❛♥❞ ♦♥❧② 0.1% ❛❢t❡r 10 ♣❡r✐♦❞s✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t
✐s ✈❡r② ❢r♦♥t✲❧♦❛❞❡❞✿ t❤❡ ♣r✐♥❝✐♣❛❧ r❡✇❛r❞s t❤❡ ❛❣❡♥t ❢♦r ❛ s✉❝❝❡ss ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❛♥❞ t❤❡♥ ❞r✐✈❡s ❤✐♠ q✉✐❝❦❧② ✐♥t♦ ❛ r❡❣✐♦♥ ✇✐t❤ ❧♦✇ ✉t✐❧✐t② ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❤✐❣❤ ♠❛r❣✐♥❛❧ ✉t✐❧✐t②✱ ❞❡❝r❡❛s✐♥❣
t❤❡ ❝♦st ♦❢ ♣r♦✈✐❞✐♥❣ ✐♥❝❡♥t✐✈❡ t♦ ✇♦r❦ ❤❛r❞✳ ❲❤❡♥ ❡✛♦rt ✐s ❡ss❡♥t✐❛❧ ❛♥❞ t❤❡ ❛❣❡♥t✬s r✐s❦ ❛✈❡rs✐♦♥ ✐s ❤✐❣❤✱
t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✐s ♠♦r❡ t✐❧t❡❞ t♦✇❛r❞s ❝✉rr❡♥t r❡✇❛r❞s✳ ❋♦r ♣r❛❝t✐❝❛❧ t❡r♠s✱ t❤❡ ✐♠♠✐s❡r❛t✐♦♥ r❡s✉❧t ✐s
❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❡✈❡♥ ✐♥ t❤❡ s❤♦rt✲r✉♥ ✐♥ t❤✐s s❡tt✐♥❣✳

❚♦ ❣r❛s♣ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ ❈♦r♦❧❧❛r② ✶✱ ❝♦♥s✐❞❡r ❛s ❛ ❜❡♥❝❤♠❛r❦ t❤❡ ❡q✉✐❧✐❜r✐✉♠
✇❤❡♥ t❤❡ ❛❣❡♥t ✐s r✐s❦✲♥❡✉tr❛❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ♠❛② ❜❡ ♠❛❞❡ st❛t✐♦♥❛r② ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ ❛♥❞ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦ w0✿ ✐t ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ t♦ ✉s❡
❝✉rr❡♥t ♣❛②♠❡♥ts t♦ ♣r♦✈✐❞❡ r❡✇❛r❞s ❛♥❞ ♣✉♥✐s❤♠❡♥ts✶✵✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝✉rr❡♥t ♣❛②♠❡♥ts ❛♥❞ ❝♦♥t✐♥✉❛t✐♦♥
✈❛❧✉❡s ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ❛t ❛ r❛t❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r β✳ ❚❤✐s ❤❛♣♣❡♥s ❜❡❝❛✉s❡ t❤❡r❡ ✐s
♥♦ tr❛❞❡♦✛ ❜❡t✇❡❡♥ ✐♥❝❡♥t✐✈❡s ❛♥❞ ✐♥s✉r❛♥❝❡✳

❆s t❤❡ ❛❣❡♥t✬s ❧❡✈❡❧ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐♥❝r❡❛s❡s✱ t❤✐s tr❛❞❡♦✛ ❞❡✈❡❧♦♣s✱ ❛♥❞ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ t♦
♦✛❡r ❛ ❤✐st♦r②✲❞❡♣❡♥❞❡♥t ❝♦♥tr❛❝t s♦ ❛s t♦ ♠❛❦❡ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ✐♥❝❡♥t✐✈❡s ❝❤❡❛♣❡r✿ t❤❡ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡
❣❛♠❡ ❛❧❧♦✇s t❤❡ ♣r✐♥❝✐♣❛❧ t♦ s♣r❡❛❞ t❤❡ ❛❣❡♥t✬s r❡✇❛r❞s ❛♥❞ ♣✉♥✐s❤♠❡♥ts ♦✈❡r t✐♠❡✱ s♦ t❤❛t t❤❡ ❛❣❡♥t ❜❡❛rs
♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r✐s❦ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐s ❡✛♦rt ✐♥ ❛♥② ❣✐✈❡♥ ♣❡r✐♦❞✳ ❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ t❤✐s ✐♠♣❧✐❡s
t❤❛t ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ❞❡❝r❡❛s❡ ♦♥ ❛✈❡r❛❣❡ ❛♥❞ ❞r✐❢t t♦✇❛r❞s ♠✐♥✉s ✐♥✜♥✐t②✱ s♦ t❤❛t t❤❡ ❝♦♥tr❛❝t ❜❡❝♦♠❡s
❢r♦♥t✲❧♦❛❞❡❞✳

❚❤✐s ❤❛s ❛♥ ✐♠♣❧✐❝❛t✐♦♥ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❡✈❡♥ ✐♥ t❤❡ s❤♦rt r✉♥✱ ✐✳❡✳✱ ❢♦r ❛ ♥✉♠❜❡r ♦❢
♣❡r✐♦❞s N < ∞✳ ❋♦r ❛♥② ❣✐✈❡♥ r❛♥❣❡ ♦❢ N ♣❡r✐♦❞s✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❞❡❝r❡❛s❡s
✇❤❡♥ t❤❡ ❛❣❡♥t ❜❡❝♦♠❡s ♠♦r❡ r✐s❦ ❛✈❡rs❡✶✶✳ ❙✐♥❝❡ ✐t ✐s ♦♣t✐♠❛❧ t♦ ✐♠♣❧❡♠❡♥t ❤✐❣❤ ❡✛♦rt ✐♥ ❡✈❡r② ♣❡r✐♦❞✱ t❤❡
♣r♦❜❛❜✐❧✐t✐❡s ♦❢ s✉❝❝❡ss ❛♥❞ ❢❛✐❧✉r❡ ❛r❡ ❡①♦❣❡♥♦✉s ✇❤❡♥ ✐t ❝♦♠❡s t♦ t❤❡ ❞❡❝✐s✐♦♥ ❛❜♦✉t ❝✉rr❡♥t ❛♥❞ ❢✉t✉r❡
♣❛②♠❡♥ts✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ♥❡❡❞s t♦ ❞❡❝r❡❛s❡ t❤❡ ❡①♣❡❝t❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❜② ❛❝t✉❛❧❧② r❡❞✉❝✐♥❣
t❤✐s ✈❛❧✉❡ ✐♥ ❛t ❧❡❛st s♦♠❡ ❝♦♥t✐♥❣❡♥❝✐❡s✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ❤❡ ♠✐❣❤t ❛❝❤✐❡✈❡ t❤❛t ✇✐t❤ ❛ r❡❞✉❝t✐♦♥ ❢♦r s♦♠❡ ✭♦r
❛❧❧✮ ❝♦♥t✐♥❣❡♥❝✐❡s ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ s✐❣♥ ♦❢ E(wN − w0) ❛❢t❡r ❛♥② s❡q✉❡♥❝❡ s✉❝❝❡ss❡s ❛♥❞ ❢❛✐❧✉r❡s✿ t❤❛t
✐s✱ t❤❡ ♣r✐♥❝✐♣❛❧ ♠✐❣❤t ✐♠♣❧❡♠❡♥t ❛ ❧♦✇❡r ❡①♣❡❝t❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡
❞r✐❢t ✭✇❤❡t❤❡r ✉♣✇❛r❞ ♦r ❞♦✇♥✇❛r❞✮ ✐♥ ❛♥② ❝♦♥t✐♥❣❡♥❝②✳

■❢ t❤✐s ✇❡r❡ t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ✐♠♠✐s❡r❛t✐♦♥ r❡s✉❧t ✇♦✉❧❞ ♥♦t ❜❡ ❛ r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ s❤♦rt✲
r✉♥✳ ❚❤❡ ♣r♦♣❡rt② ✐❞❡♥t✐✜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ 2✱ ❤♦✇❡✈❡r✱ s❤♦✇s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❞♦❡s ♥♦t ❧✐♠✐t ❤✐♠s❡❧❢ t♦
s✉❝❤ ❝❤❛♥❣❡s✿ ❤❡ ❛❧s♦ ❛❧t❡rs t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ❢♦r s♦♠❡ s❡q✉❡♥❝❡s✱ ❛♥❞ ❞♦❡s s♦ t♦ ♠❛①✐♠✉♠ ❡①t❡♥t
✇❤❡♥ t❤❡ ❛❣❡♥t✬s ❧❡✈❡❧ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐s ❤✐❣❤ ❡♥♦✉❣❤✿ t❤❡♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ❞❡❝r❡❛s❡s ❢♦r ❛❧❧ ❜✉t ♦♥❡
s❡q✉❡♥❝❡ ♦❢ ♦✉t❝♦♠❡s ✲ ♥❛♠❡❧②✱ ✐❢ t❤❡ ❛❣❡♥ts ❤✐ts ♦♥❧② s✉❝❝❡ss❡s ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ N ♣❡r✐♦❞s✳ ❆s ❛ r❡s✉❧t✱ t❤❡
✐♠♠✐s❡r❛t✐♦♥ r❡s✉❧t✱ ❛♥ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt②✱ ❜❡❝♦♠❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ s❤♦rt✲r✉♥ ❜❡❤❛✈✐♦r ♦❢
t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✇❤❡♥ t❤❡ ❛❣❡♥t ✐s ✈❡r② r✐s❦✲❛✈❡rs❡✳

✹✳ ❋✐♥❛❧ ❘❡♠❛r❦s

❚❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❧♦♥❣✲t❡r♠ ♣r♦♣❡rt② ♦❢ ✐♠♠✐s❡r❛t✐♦♥ ♥❡❛r❧② ❤♦❧❞s ✐♥ t❤❡
s❤♦rt✲r✉♥✳ ■♥ ♣r❛❝t✐❝❛❧ t❡r♠s✱ t❤✐s ♠❡❛♥s t❤❛t ❝♦♥tr❛❝ts ❛r❡ ✈❡r② ❢r♦♥t✲❧♦❛❞❡❞✿ t❤❡ r❡✇❛r❞ ❢♦r s✉❝❝❡ss ✐s
♣r♦✈✐❞❡❞ ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡ ❜② t❤❡ ♣r✐♥❝✐♣❛❧✳ ❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥❡✈❡r t❤❡ ❛❣❡♥t ✐s s✉✣❝✐❡♥t❧② r✐s❦ ❛✈❡rs❡✱
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss ✐s ❡q✉❛❧ t♦ ③❡r♦ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡✛♦rt✱ ❛♥❞ ♦✉t♣✉t ✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡ ✐s ❡q✉❛❧ t♦
③❡r♦✳

❋✉t✉r❡ r❡s❡❛r❝❤ s❤♦✉❧❞ ❛✐♠ ❛t ❡st❛❜❧✐s❤✐♥❣ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♥♦t❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♦♥❡ s❤♦✉❧❞
❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ❛♥❞ t❡❝❤♥♦❧♦❣✐❡s t♦ ❡st❛❜❧✐s❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢
♦❜s❡r✈✐♥❣ ❛♥ ✐♥❝r❡❛s❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐♥ t❤❡ s❤♦rt✲r✉♥✳

✶✵❋♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ st❛t✐♦♥❛r✐t② ✉♥❞❡r r✐s❦ ♥❡✉tr❛❧✐t② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡❧❛t✐♦♥❛❧ ❝♦♥tr❛❝ts✱ s❡❡ ▲❡✈✐♥ ❬✷✵✵✸❪✳
✶✶❖t❤❡r✇✐s❡✱ t❤❡ ❡①♣❡❝t❡❞ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ✐♥❝r❡❛s❡ ❢♦r ♣❡r✐♦❞s n > N ✱ ❜✉t t❤✐s ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡ ❛s ✐t

✇♦✉❧❞ ✈✐♦❧❛t❡ Pr♦♣♦s✐t✐♦♥ 1✳



❘❡❢❡r❡♥❝❡s

❆❜r❡✉✱ ❉✳✱ P❡❛r❝❡✱ ❉✳✱ ❛♥❞ ❙t❛❝❝❤❡tt✐✱ ❊✳ ✭✶✾✾✵✮ ✧❚♦✇❛r❞ ❛ t❤❡♦r② ♦❢ ❞✐s❝♦✉♥t❡❞ r❡♣❡❛t❡❞ ❣❛♠❡s ✇✐t❤
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