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Abstract

This paper examines the rise of indeterminacy when public investment fiscal rules are implemented. The framework
employed by our analysis is the standard endogenous growth model with productive public capital. The government
can choose to invest in infrastructure according to two different rules; one by simply indexing investment to a fixed
proportion of output and another by indexing to taxes. For both scenarios we examine the existence of global and local
mdeterminacy and state the differences in dynamics of the two cases
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1. Introduction

A lot of progress has been made in the area afthretheory since the introduction of
productive public capital in growth models by Arrewd Kurz (1970). Growth theory gained
new interest, as the long standing puzzling macoaaic questionwhy economies keep on
growing’, was about to be answered. The theoretical supponnbounded economic growth
of nations came from human capital accumulationn &omer (1986) and Lucas (1988), and
from the presence of productive public servicesnaarro (1990), Barro and Sala-i-Martin
(1992).

Barro (1990) took up the approach of Arrow and K(t970) and developed an
endogenous growth framework taking into accountkarred budget for the government,
allowing the economy to be always on its balanaesvth path. In later work Futagami et al.
(1993) developed a model where public capital, tasks affects positively the marginal
product of private capital. They also showed tlagitional dynamic manner that leads the
economy from given initial conditions to a pathesidogenous long run growth.

The introduction of public capital as key determmihaf long run growth initiated a
debate that produced empirical support, but alg@ism’. Today's extensive use of fiscal
rules shows that public investment in productivdligucapital is more than a theoretical
possibility. As Ghosh and Nolan (2007, pp 634) cantn"More and more countries are
adopting fiscal rules. They may become an import@ature of the macroeconomic
landscape in the same way as central bank indepeadkeas emerged as a dominant
institutional arrangement for monetary policy asraa increasing number of countries”.

Stemming from the work of Futagami et al. (1993réhhas been a lot of attention in
the literature on the transitional dynamics of egefmus growth models. Among other
interesting issues regarding the dynamics of thaedels, our attention is drawn to the
phenomenon of indeterminacy. The introduction ofemalities in production has been
examined for this phenomenon as in, for exampleCalyallero and Lyons (1992), Benhabib
and Farmer (1994), Benhabib and Perli (1994), Boldnd Rostichini (1994), Xie (1994),
Bond et al. (1996), Palivos et al. (2003), Park &hdippopoulos (2004). As Palivos et al.
(2003) state, indeterminacy could answer Lucas98)uestion “Why would two different
countries, such as South Korea and the Philippwésse initial conditions were so close,
differ so much in their later performance?”. Theyplain that in presence of (local)
indeterminacy this could occur, since there areammmore saddlepaths that lead to long run
growth, corresponding to different paths of constiomp and investment. Also (global)
indeterminacy can be recognized as multiple balgmowth paths, where given the initial
conditions of the economy, i.e. per capita stockagital and consumption, can transit to a
higher or lower long run growth path.

From the aforementioned literature we combine twements. First, we take into
account that the presence of public capital coutmlygce indeterminacy, and second, the
increasing tendency of policy makers to use fistdé$. We consider these facts to
investigate the phenomenon of indeterminacy unueptesence of public investment rules.
Two simple rules of public investment are used nneadogenous growth framework and
their properties are investigated, regarding inueitgacy. The analysis is kept in the
framework of Greiner and Semmler (2000), Ghosh Bimlirmouras (2004). Greiner and
Semmler (2000) analyze growth properties of fisoéds under different budgetary regimes,
while Ghosh and Mourmouras (2004) extent the fortoestudy the welfare properties of
fiscal rules under different budgetary regimes. filles of public investment we used in this

! Aschauer (1989), Munnell (1992), Holtz-Eakin (1998Yyans and Karras (1994), Gramlich (1994) andnSttral. (1997).
2 Recently, there was a decision by the EU leadeBe(@®mber 2011) to add into law at consitutionaauivalent level, the
implementation of strict fiscal rules.
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paper are similar to those in Devereux and Lové®%19. 237), indexing public investment
with output and the second indexing public investmeith government revenues from
taxation, this is the indexation used in the goldde of public finance regime implemented
by Germany and the UK.

2. The Model

We consider a decentralized closed economy witketlsectors; the household, a
representative firm and the government. In the ébaokl sector (unique household), the aim
is to maximize its discounted infinite sum of uids arising from current and future
consumption, subject to the household flow budgestraint

maxU C ()= j:’ e u(C(t) dt= j: é”ti(i—: d (1)
and subject to
W(1) = (- )@ () + reW(D)— C(9 (2)

where, C(t) is the household consumption at titnep > 0 is the subjective discount rate the

household uses to calculate the present valuetofefuwitilities, o > 0 is the inverse of the
intertemporal elasticity of substitutioWyV(t) denotes household wealth at tinhe while

W(t) denotes the change of wealth over time. Wealtthéssum of assets the household
holds, in this model physical capitdl(t) and government bond®(t), so wealth is
W(t) = K(t)+ B(t). The household incurs income taxes at a constam 7, and is
compensated for its labor with wage at rai¢), and receives rent from firms for his (non
depreciating) physical capital at raté), while government bonds also paff) .

The current value Hamiltonian corresponding togdheve maximization is:

C t 1-o
H =S - e+ rewo - c) ©
Where, q(t) the shadow value of wealth. The necessary optiynadinditions are:
q(t) =C(Y™~ (4)
q(t) = a()(p—A—-7)r(t)) (5)
W(t) = @-7)(r{OW(t)+ o (9)— C(9 (6)
These conditions are also sufficient if the follagicondition holds.
lime W) =0 (7)
Dropping the time index for simplicity, we deritlee following differential equations:
%: @d-7r-p (8)
o
W o, C
= —(1- y_= 9
W @-7)(r+ W) W ©)

The aggregate production technology of the econen¥(K, G) = K"*G*, whereG
is the aggregate productive public capital, whishainon-rival and non-excludable good,
1-a, a, are the private and public capital shares ingraduction function respectively,
with O<a< 1. Profit maximization of the representative comipeti firm yields the wage
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rate, o(t) = aK2G?, and interest rate; t (3 {a K)*G?, where total factor productivity is

assumed to be unity.

In contrast with Greiner and Semmler (2000), Gharsth Mourmouras (2004), we do
not take into account different budgetary reginves,only allow the government to borrow
through its dynamic budget constraint, which adyua a more relaxed regime than the
others consideredhe government's budget is further simplified byleding non productive
government spending, and lump sum taxes:

B=rB-T+ I, (20)
Where, aggregate taxes afe=7(w+rW)=r7(w+ r(K+ B), while |, stands for public

investment. We employ two simple public investmares. The first as in Devereux and
Love (1995, p. 237) where public investment is astant percentage of aggregate output:

lo =G =y Y(K G =y K*G (11a)
where the index i2>y, > 0, and a similar rule to those of Greiner and Semif26é00, p.

367) and Ghosh and Mourmouras (2004, p. 628), whebdic investment claims a constant
rate of aggregate taxes:

l. =G =y, T =y {0+ (K + B)) (11b)
, Wherey, >0. For convenience we will refer to the first rulg( 11a), as Fiscal Rule of

public investment indexed to Output (FRO) and te second (eq. 11b), as Fiscal Rule of
public investment indexed to Taxes (FRT).

3. The Economy’s Dynamic Representation

The conditions obtained from household and firmaximization problem, together
with the government’s dynamic budget constrainiseat rule of public investment and the
application of algebraic rules return a set of dgitadifferential equations that completely
describes this economy. Since we consider twordifiiepublic investment rules there are two
different differential systems. The first one, WsFFRO, is the following:

C (@-r)(-a)K’G—p
C o

(12)

%:—Ka(—GaK+CKa+V/OGaK)/ K (13)

g:((l—a)BGa K= (aG K +(1- G K* (B K)i+y, GKI/ E  (14)

g: w,GK-/ G (15)

The second system, where public investment follBRRS, is:

C_ Q-7)1-a)K?G* -p
C o

12}

E:—Ka(—GaK—i-CKa—i- BGry, — aBGry; + 1y, G K/ K (16)

10
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B _ G K *(tK(py 1)+ (a-1)B(r —ry; — 1)) 17)
B B
E _(aG’K"*+(1- G K *(B+ K)oy, (18)
G G

One can observe that only the growth rate of comsion remains in the same form
for the two systems (eq. 15 and eq. 18). Given #hdifferent rule of public investment
applies in each case, there is a different path |d#zls the economy to balanced growth.
Furthermore, these paths also lead to a diffearel lof balanced growth that has different
transitional dynamics to long run growth. The tipsh of public investment affects the way
that public debt is accumulated and economy widedyetion; this in turn affects the
accumulation of household wealth; which finally eaffs the household’s optimal
consumption path and hence private investment isipll capital, regarding the public
investment rule in use.

These two systems exhibit long run growth, or aasyic path of balanced growth,
which means that all endogenous variables are ggwat the same ratey, i.e.

C/C: k/Kz B/B: G/G:y. We can now reduce the dimension of the systemsducing
the following auxiliary variablesc= C/K, b= B/ K and g = G/ K, where the growth rate of
the new variables along the balanced growth path & follows:

é/c= C/C— K/K: .t/b: B/ B- I% K= g{ G é G yé k=0. Following the practice of

Greiner and Semmler (2000), we can obtain a thieeertsional system of differential
equations that exhibits steady state, instead @Enba growth. A stationarity point of the
following systems corresponds to a balanced grgath of the initial systems. For the case
of FRO we get the reduced form of the system:

C_ ptCot+@(o+atr—a-oy,-1)

) (19)
c O
é: —bc+ g (alz-1)- (1+ Bl -y, )) 20
b b
%:—C—{— ga’l(g(l//o —1)+l//o) (21)
While for the case of FRT the reduced form of th&tew is:
é__p—Ca+ga(a—l+a+r—8r+((a—1)tvn//T_1)) 22)
c B o
ézbc_ P+ Ha a+r)+1+ B((al) b-ry;) 23)
b b
9_cg- g'(g+(HaD)-1)A+ dryy) o0
9 g

These two dynamic systems completely describe thardics and steady state of the
economy.
3.1. Global Indeterminacy

For the case of FRO the system (eq. 19, 20, 21pobmobtain a unique steady state
in space of economic intereR*. We reduce the system (eq. 19, 20, 21) to theofawotion

11
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of g and obtain-3 =29+ 9 (Ha-1+7(= A+ Vo 1o gerivative ofd with respect to
g

g o9
d% _ a-2 1\ _
g is dg :_(a Do (agr-1) GWO), which is always negative for all>a> 0,
g o
9

1>7>0,0>0,1>y,>0in R?, soif there existg’, such as>=0, theng is unique.
g

Corollary 1 The system corresponding to the case of FRO (eq@@nd 21) can
obtain only a unique solution, hence a unique bedahgrowth path for the economy so there
is global determinacy

In the case of FRT (eq. 22, 23, 24), numericahestiés within the feasible range of
parameters can show that it can have either un@uaultiple steady states iR™.

Corollary 2 The system corresponding to the case of FRT (eg22and 24)an
either obtain a unique balanced growth path or mpldt (two) for the economy, so global (in-
) determinacy depends on parameter values andethdtris ambiguous.

3.2. Local Indeterminacy

Considering local indeterminacy for the case of F&@ using linearization around
the balanced growth path we obtain the Jacobiamymatthe differential system 19, 20, 21

around the steady stafe’ ,b , g )° which is as follows:

1 0 ag ™ (Lt ar-1)-7+0 o -1) |
O
|, 9wy ag™(ab(r-1)-(b+ ) -wy))
J=|-1 = _
b b
-1 0 g*w2 (a(g* Vo —D+wo)-vo)
The characteristic polynomial of this matrix haseth roots: 4, _9 T ¥o) (E: Vo) which is

positive if 7>y, while the product and sum of the other two roots, and 4,, are:

(a-1)g*’ (ag (r -1)-ow,)
o

from the signs of the trace and determinant ofdheobian matrix in the parametric space:

1>a>0,1>7>0,0>0, 1>y, >0 and giveng >0, that 1, and 4, are both negative.

Corollary 3 The system 19, 20, 21 corresponding to the cab®Gaf has at least two
saddle paths towards the unique balanced growtth mdtthe economy, so there is local
indeterminacy.

Considering local indeterminacy for the case of FR@ using linearization around a
balanced growth path we obtain the Jacobian matrithe differential system 22, 23, 24

around a steady stafe ,b, g )’ which is as follows:

, 1+ 9% (o (I-a)+ g a v, — 1)), respectively. One can see

12
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_1 (L-a)g "y, : ag**(a-l+o+7— a+((a-1)b-1ory,)
o
J_|; 9@ @D -1y, ag™ G+ b(arr— @)+ @+ b)(& V'b- By, )
b*2 b*
1 (-a)g ry, @+ g Jy, §** Cag- (aDb-1(a ag- By, )

We do not report the expression of the determinhmtue to its amplitudé. We calculated it
and be proved (with the help of Mathematica andftimetion Reducd) for the parametric
space:1>a>0, 1>7>0, o021, 12y, >0; and also a reasonable range of values for

g >0 and1l>b" > 0% that the determinant of is negative. This implies two cases, all three

eigenvalues are negative, or two of them are pesdnd one is negative. If we rearrange the
characteristic equation of the Jacobian matrix wan cobtain a form like

~A*+Tr[J]A%+wi+ Def ] =0 . The first coefficient of the characteristic pabynial of the

Jacobian matrix is -1 while the last (fourth) i® tHeterminant ofJ (also negative). By
Descartes’ rule of signs of polynomial equationsr¢ghcannot be enough sign changes of
consecutive coefficients as to obtain more thanregative roots. So f>a>0, 1>7>0,

c>1,1>y. >0, g >0 and1>b >0 then there is only one negative eigenvalue. In the
case ofl>c>0 and 1>y, >0, or o021 and y,; >1 the signs of the eigenvalues are

ambiguous.

Corollary 4 The system 22, 23, 24 corresponding to the caB®dfhas at least one
saddle path towards the unique balanced growth pHththe economy, so there is local
indeterminacy.

4. Concluding Remarks

It is established in the relevant endogenous grdikghature that while productive
public capital can produce long run growth, it ceo generate phenomena as multiple
equilibria and indeterminacy (an interesting analys provided in Benhabib and Farmer,
(1999)). This shows that when indeterminacy is ssué, public policy has a role to play.
Palivos et al. (2003) show that precommitment efgbvernment, to a certain level of public
services can resolve indeterminacy, showing thatipyolicy can act as a selection device
between multiple transition paths. The possibitityselection between one of many equilibria
is also mentioned by Park and Philippopoulos (2004) introducing a learning process.
Furtheremore, Ghosh and Mourmouras (2004) state"thdiscal rule (FR) can be defined as
a permanent constraint on policy in the sense timatfiscal authority is expected to be
committed to it over a long period of time". Thigger is closer to Palivos et al. (2003) as the
fiscal or the public investment rule is consideasdorecommitment.

The implementation of the above rules of publicestiment in an endogenous growth
framework was stimulated by the observation of téredency of countries to adopt fiscal
rules, Ghosh and Nolan (2007). In a less formal meathe results of the previous section
suggest that fiscal authorities can generate on,aweder a theoretical possibility, eliminate
the phenomenon of indeterminacy, by simply selgctire form of the fiscal rule of public
investment and the index associated with it. Wanadioshow as Palivos et al. (2003) a fiscal
policy selection mechanism between different badngrowth paths, or different transition

3 Mathematica file is available upon request
4 We bound the value afs b > 0 because the ratio of public debt to the stockhyral capital is not realistic to be more tha@%0

13
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paths, but we provide the choice between two scheshgublic investment, that produce
significant different dynamic behaviour of the econy.

It should be noted that indeterminacy is a theocaét@nswer to “why fundamentally
similar economies can exhibit the same per captame but grow at different rates, or why
economies with the same growth rate can exhibiediht per capita levels of income” Park
and Philippopoulos (2004). To this point we posguastion: what are the similarities and
differences between different two cases of indefteeicy we studied? The answer comes
directly from the difference of dynamics of any €a&lobal stability, stability with multiple
saddle paths and stability with unique a saddla,pae all cases of indeterminacy that have
similar dynamics since stability is a sink area letihe other cases include subspaces that
resemble a sink. This means that similar economit#ssimilar endowments will not follow
exactly the same transition path towards the stetatg. In this case, there exists a possibility
that one economy can be attracted by one stabielbrand the other economy by a second
stable branch. This can be true in the cases dfaglstability and stability with multiple
saddle paths. In the case of a unique saddle thethlifferences of the transition paths could
be less substantial, but yet prevalent.

Therefore when a policy maker plans to implemempiublic investment fiscal rule
should realize that is about to create a structahainge in the economy. This structural
change will create a new different equilibrium gdor the economy, or even more than one.
While the transition to the new long run growtherawill take place according to the
dynamics that the specification of the fiscal rcéa give rise to.
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