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Abstract

In this paper we examine the optimal taxation problem in a two sector economy with heterogeneous agents. We show
that in a steady state of this economy the optimal capital income tax rate can be different from zero. In this economy
since capital and labour margins are interdependent, any difference in investment goods and consumption goods prices
allows the government to tax capital income in one sector and undo the tax distortion by differential labour income
taxation. This policy serves efficiency purpose as it restores the production efficiency condition.
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1 Introduction.

In this paper we show that in a two sector economy with heterogeneous agents, in a steady state
the optimal capital income tax rate is in general different from zero. This result is due to the
interdependence of capital and labour margins in equilibrium. This interdependence allows the
government to choose an optimal policy that taxes/subsidizes capital income from one sector. This
policy is optimal since it restores the production efficiency condition.

Our model is a two sector neoclassical growth model with a government that finances an exoge-
nous stream of purchases. We consider two sectors that produce consumption goods (consumption
sector, hereafter) and investment goods (investment sector, hereafter), using raw labour and capi-
tal on which government levies distorting flat-rate income taxes. We construct the Ramsey (1927)
problem, i.e. the planner’s problem of determining the optimal settings over time for two labour
income tax rates and two capital income tax rates. Our study extends the important works of Judd
(1985), Chamley (1986), and Atkeson, Chari and Kehoe (1999), all of which discuss the optimality
of zero capital income tax. Chamley (1986) shows that in a steady state of a one sector economy, the
optimal policy is to set the tax rate on capital income equal to zero. Judd (1985) extends this result
by showing that in a one sector economy with heterogeneous agents, unanticipated redistributive
capital taxation has severely limited effectiveness since it depresses wages. We consider a model
which is one of the simplest extensions of Chamley (1986) and Judd’s (1985) models. We show
that in a steady state of our model, the optimal capital income tax rate in the investment sector is
zero but the optimal capital income tax rate in the consumption sector is in general different from
Zero.

We show that in a two sector economy where investment and consumption are produced as
two final goods, capital and labour margins are interdependent, and so is the long run optimal
policy of taxing income from these factors. Due to this interdependence, capital income taxation
in our model can serve the efficiency purpose. We argue that in a steady state since any difference
in the relative price of investment and consumption is associated with a difference in the social
marginal values of investment and consumption, a tax/subsidy on capital income in one sector,
leaving the other capital income tax at a zero rate can undo this difference, which in turns restores
the production efficiency condition. The optimal capital income tax distortions can be undone by
differential labour income taxation.

The optimality of nonzero capital income tax was primarily hinted in Atkeson et al. (1999),
who use a one sector model with heterogeneous agents. Atkeson et al. (1999) impose additional
restrictions on the optimal taxation problem in order to restrict capital income tax rates and labour
income tax rates to be same across all types of agents. These restrictions are (1) in the Ramsey
equilibrium, the intertemporal marginal rate of substitution of consumption across all agent types
must be equal, and (2) the intratemporal marginal rate of substitution between consumption and
labour across all types of agents is equal to the ratio of marginal products of labour. Their paper
argues that zero capital income taxation in the steady state is optimal if these extra constraints (in
particular, 2) do not depend on the capital stock, i.e. if the production function is separable between
capital and labour. In this paper we extend their analysis; we show that in a two sector economy the
interdependence of labour and capital margins in equilibrium explains the long run optimal policy
of taxing/subsidizing capital income, and thus it is not necessary to impose additional restrictions
on the production function in order to derive a more general result.



2 A Decentralized Economy with Heterogeneous Agents.

Time is discrete and runs forever. The two production sectors, the consumption sector and the
investment sector, are indexed by j € {C, X}. There is a finite (integer) number of different classes
of agents and each class is of measure one. The consumption, labour supply and capital stock of the
representative agent in class i are denoted by ¢, né»t and k;-t, respectively. Class i’s utility function
is ! (cﬁ,nit, n?m) but the discount factor 8 € (0,1) is same for all agents!. The agents purchase
consumption and investment goods and supply capital and working time to the firms. Firms return
the rented capital stock next period (net of depreciation), pay unit cost of capital, r;, and wages,
wj. Class ¢ agents are each endowed with one unit of time each period and k(i) > () units of capital

at period 0. The resource constraints are:

ce+ag < fC(ket,ner) (1a)
Top + ot < f7 (kgt, Nt) (1b)
zjp = kjpp1—(1—0)kj; je{C, X}, 6€(0,1) (1c)

where g; = g > 0 is government consumption, ¢; is aggregate private consumption, and x; is
new investment goods?.

The government taxes labour income and capital income at rates T{ per unit and 9{ per unit,
respectively. The government has access to a commitment technology that allows it to commit
itself once and for all to the sequence of tax rates announced at period 0. It makes non-negative
class-specific lump sum transfer TR: > 0. The government’s social welfare function is a non-

negatively weighted average of individual utilities, with the weight o' > 0 on class i, > o' = 1.
i=1
The government’s budget constraints are:
g+ TRt = wacmct + wamtnmt + 9§rctkct + Hfrggtht (2)

N .
In (1) and (2), for z = ¢, ne, N, key kg, Tey Toy TR, let 2z = > 2.
i=1

With competitive pricing, factors are paid their marginal revenue product. Denoting the relative
price of new investment goods as p;, optimality in the production sectors implies ro; = f (t) , wer =

I (&) srae = pefif (t), and war = pifiy (1)

The representative agent in class i chooses allocations {c},n’;, %y, ki, kL +1}:i0 in order to
maximize discounted lifetime utility subject to the following budget constraints:

Ci + Dt (k;it—i—l + ké:t—f—l) <(1-7) wct”f;t + (1 —7%) thn;t + Dt (kétRct + ki:tRIt) + TR% (3)

where Rj; = [(1 — 9%) % +1- 6] Optimality conditions for agent ¢ include transversality

conditions, (3), and:

upe (1) = —ul () (1= 7§) wer (4a)
upe (8) = —ul () (1= 7F) way (4b)
peul (t) = Bul(t+1){(1—051) reipr +pra (1=6)} (4c)
peup (t) = Bul(t+1){(1 =67 1) rerr1 +peyr (1-6)} (4d)

!The utility function is strictly increasing in consumption, decreasing in labour supply, separable in consumption
and labour, linear in labour and satisfies standard regularity conditions.
2The technology f7 (.) satisfies standard regularity conditions (including linear homogeneity).



- A feasible allocation is a sequence {ct,nct,nm,gt,k:ct,kxt,xct,xxt}fio that satisfies equation
(1):
- A price system is a 5-tuple of non-negative bounded sequences {Wet, Wat, Tets Tats Pt b ooos

- A government policy is a 5-tuple of sequences {1§,77,07,07, TR}

Definition 1 (Competitive equilibrium) A competitive equilibrium is a feasible allocation, a
price system, and a government policy, such that (a) given the price system and the government
policy, the allocation solves both sets of the firms’ problems and the agents’ problems, and (b) given
the allocation and the price system, the government policy satisfies the sequence of government
budget constraints (2).

The competitive equilibrium dynamics can be characterized by a system of equations that
include the transversality conditions, optimality conditions in the production sectors, (1), (2) and
for each class of agent 7, (3) and (4).

Notice the interdependence of the capital and labour margins in this two sector economy. From
(4a) and (4b), it is straightforward to show that if the competitive equilibrium has a steady state,
the relative price of new investment goods is determined by p (1 —7%) fZul, = (1 —7°) féul,.
Furthermore, (4c) and (4d) together imply that in a steady state, p(1—60%) fi/ = (1—6°) ff.
These conditions imply that in a steady state of the Ramsey equilibrium the government can only
choose optimal policies that generate allocations which together with the optimal taxes satisfy
(1—=79)1—0%) frfoul, = (1 —7%) (1 —6°) fEf%ul,. Thus the capital and labour income taxes
that can implement the competitive equilibrium allocation will depend on each other.

3 The Ramsey Problem.

We use Chamley’s (1986) approach to the Ramsey problem and derive the conditions that char-
acterize the Ramsey allocation. Then we look for the taxes that can implement these second-best
wedges. We assume that the government chooses after tax returns to maximize welfare, such
that the chosen after tax returns generate an allocation that is implementable in a competitive
equilibrium. Using the linear homogeneity property of the production functions, we rewrite (2) as:

g+ TR = fC (k?ct, nct) + ptfm (kxt, nxt) — Tetket — Totkat — WetNet — WatNat (5)
where 75, = (1 — 0%) rje and wj; = (1 — Ti) Wit

In a model with only one class of agents, given the preset revenue target the Ramsey problem
is the government’s problem of choosing the after tax returns that maximize welfare and generate
allocations and prices that satisfy the ¢ invariant equations (5), (4), and (1). Since there are many
classes of agents, the optimal taxes must generate allocations and prices that satisfy equilibrium
conditions for each class of agents. So here the government’s problem is one in which the govern-
ment chooses allocations to maximize welfare subject to (5), (4), (3), and (1) for all class ¢. The



Lagrangian is:
( N . . . . .
>t (chyniy, k)
-
+0y [f€ (Ket, net) + e f* (Kat, Nat) — Terket — Tathat — WerNet — WatNar — gr — TRy
+d1 [f€ (Kets net) — ¢t — i)
[f

+¢2t r (k:rb nmt) + (1 - (5) (kct + kxt) - kct—l—l - kxt—l—l]
N o N o
B8 ) 3wy [une (8) + ug (8) et ] + 30 by [ung () + g (8) W
L= tz()ﬂ i=1 i=1

N
+ 3ty [ (6) = B (44 1) (P + i (1 )]

N
+ ; wy [l () = Bug, (t + 1) {Farer + pesr (1= 0)}]

N . . . ~ . ~ . . . . .
+ X €l [peRetkly + peRautkly + Wernly + Warnly — ¢ — pekly g — pikhyy + TR
=1

(6)
N S )
where Yt = Z y%’ for y=c, n&nl"kC:kl‘)T‘R’ and wb¢1t7¢2t’ﬂ’it’ﬂét’ﬂét7l[’l’§lt and 8% are La-
i=1
grange multipliers for (5), (1a), (1b&c), (4a), (4b), (4c), (4d) and (3), respectively.

In the Ramsey problem the budget constraint and the first order conditions of each class of
agents are included; thus the social marginal value of an increment in the capital stock depends
now on whose capital stock is augmented. If in equilibrium all classes behave in the same manner,
their unilateral actions determine the social marginal value of capital®.

We examine the Ramsey equilibrium in the general case for all class 7. The Ramsey problem’s
first order conditions with respect to k%, 1, k%, 1, n’, and nl, are:

oy + €ipy = 5{ Ve [ @+ 1) = Tepa] + drepn f (0 +

1) + ¢p1 (1 = 0)
+eiiq [Tetr1 + peya (1 —9) ’ } (7a)
(

]
by +eipr = B { Vip [Prea iy (t—l—tti)lfrzxijlj—;tfital [_flg)]t +1)+1-9] } (7b)
g (1) = et (¥ — €7) — (v + 1) f1 (1) (7c)
Qi (1) = Wor (Y — €1) — (Wype + b1 fr (1) (7d)

Proposition 1 In a steady state the optimal tax rates are given by:

1-0=1 (1-8)=1+ 7 (01-0,0%)

¥ Y+ Py
(177_1) : (177_6): — :
i+ ZES [f (0 + 61) — 6a 3] o+ (=)

3Here we assume that tax rates on capital income and tax rates on labour income do not differ across
classes of agents. Atkeson et al. (1999) solve a similar problem for a one sector economy using the primal ap-
proach. If one solves the current problem using the primal approach and invokes such a restriction, in addi-
tion to the resource and implementability constraints, the Ramsey problem must include additional constraints:
(1) ub (8) ul (¢ +1) = ul (£ ul (t+ 1)3(2) whe ()l () F5, (1) = e () ul (£) 5 (8)5 and (3) b (8) ut (8) pe S, (1) =
Ung () ue (8) pefrs (1) ;3 # ¢. We use Chamley’s (1986) approach where these constraints are incorporated with the
detailed equilibrium conditions for all classes of agents.




Proof. In a steady state, the Ramsey equilibrium allocation is implementable as a competitive
equilibrium allocation. The time invariant versions of (7b) and (4d) are:

¢ + pe’ [1—5(”“—5)]
p

1 = 5(2%1—5) (8b)

8lota-7) 4o (Z+1-)] (5)

Since the optimal taxes generate the allocation that satisfies both (8a) and (8b), the optimal
taxes and the allocation must satisfy ¢, [1 - B (% +1- 6)} = B (ry — ), which together with
(8b) implies:

B (Ty —r2) <<;;2 + ¢> =0 (8¢)

Since <% + w> # 0, it must be that in a steady state the optimal taxes satisfy (7, — ;) =0,

i.e. 0 = 0. Similar steps, starting with the time invariant versions of (7a) and (4c) give:
o) [1 - (1 - 5)] =p W] (Tc - 7:/0) + ¢1rc] (8d)

which, together with 1 = [% +1- 6}, imply

=09 (240) v +on (80

In a steady state, the optimal tax policy must be consistent with the equilibrium price of invest-
ment goods, which is given by p (1 — 7%) fZul , = (1 — 7¢) féu! .. Substituting for the equilibrium
price in (8e) we derive

c (’¢ + ¢1) (1 - TC) ﬁu;tmz
— 6% = . . f
=0 = =) frd, T 0 (1 ) Foui, (B1)

The time invariant versions of (7c) and (4a) together, and the time invariant versions of (7d) and
Y+¢,

(4b) together imply that the optimal labour income tax rates are given by (1 — 7¢) = P )

and (1 —7%) = — L :
abuit ) e (o oy) —au 73]

Substituting these in (8f) we derive (1 —6°) =1+ i (qf)l — gb2f—’§>. [ ]

Proposition 2 In a steady state, the optimal capital income tax rate in the consumption sector
1s zero if and only if the optimal labour income tax rates are equal across sectors. Otherwise the
optimal capital income tax rate in the consumption sector is not zero.

Proof. From proposition 1, in a steady state optimal labour income taxes satisfy:
1—-7% P

— _ 9
L=7¢ 4+ - fo Y

and 7 = 7¢ if and only if i—; = % The optimal capital income tax rate in the consumption

sector is given by (1 —0°) =1+ i (¢1 - ¢2%), and 6 = 0 if and only if i—; = % ]

5



From proposition 2, in a steady state the optimal capital income tax rate in the consumption
sector is nonzero in general, and zero only conditionally. The intuition behind this result can be
drawn from the interdependence of capital and labour margins and the social marginal values of
consumption and investment in this economy. Unlike a one sector model where the final good
is either consumed or invested in capital, here capital is a good produced in a different sector.
This is why equilibrium capital and labour margins are interdependent. It is therefore the initial
allocation of capital across the two sectors that determines the social marginal values of investment
and consumption in a steady state. Due to this interdependence, the equilibrium price of investment
goods depend on the optimal policy of taxing labour income and the equilibrium labour margins. In
addition, from (8f) it is clear that in a steady state the optimal policy of taxing income from capital
and income from labour are also interdependent. Due to this, there exists a unique equilibrium
price of investment goods, or more simply a unique condition explaining the social marginal values
of consumption and investment (i.e. ¢;f° = ¢of2), for which zero capital income tax rate in
the consumption sector is optimal. The zero capital income tax policy is therefore one of many
implementable optimal policies, supported by the optimal policy that involves equal labour income
tax rates across sectors. For any other set of allocations, the government can set a tax/subsidy
on capital income from the consumption sector and can use differential labour income taxation to
undo the tax distortions.

In order to explain to intuition, we simplify the model by assuming u’,. = u’,,, i.e. the marginal

disutility from working in the two sectors is same. We also rewrite the Ramsey optimality condition

62 [L— B (5 +1-0)] = B ry — ) as
0 = B (s = 72) + 63 (fE +1 ) (102)

which assists us in identifying the social marginal value of capital. Equation (10a) states that
a marginal increment of capital in the investment sector increases the quantity of capital by the
amount (fi + 1 — 0), which has social marginal value equal to ¢,. In addition, there is an increase
in tax revenues equal to (r, — 7)), which enables the government to reduce other taxes by the same
amount. Since v is the shadow price of the government’s resources, the reduction of this excess
burden equals v (r, — 7). The sum of the two effects is discounted by 3, and is equal to the social
marginal value of capital in the investment sector, given by ¢,. Since the optimal policy is to set
6 = 0, investment in the investment sector is consistent with the condition 1 = B (f¥ +1 —4),
which characterizes the socially optimal allocation of capital in the investment sector.

Now notice that in a steady state of the Ramsey equilibrium, in (8e), ¢; = % < 0° = 0. This
implies that a zero capital income tax rate in the consumption sector is optimal if and only if
p = %ﬁ, i.e. 6° =0 is optimal if and only if the relative price of investment goods is equal to the
ratio of the social marginal value of investment to the social marginal value of consumption. We
rewrite (8d) as:

Gy = B (re —7c) + d1fi; + 2 (1 —9)] (10b)
If in a steady state of the Ramsey equilibrium, p = i—f and the government taxes capital income
from the consumption sector at a zero rate, (10b) together with p = i—? imply:
P
2

The zero capital income tax policy (for the consumption sector) is optimal only if the resulting
allocations replicate the socially optimal allocation of capital in the consumption sector, for which



1 =p3(ff +1—0) must hold. Together with (10c) this implies that in a steady state if the optimal

policy involves 8¢ = 0, it should generate an allocation that is consistent with % =1, i.e. an
allocation consistent with p = 1.

We now explain the converse, i.e. if in a steady state the price of investment goods and the
price of consumption goods are equal, the optimal policy is to set #° = 0. Say in a steady state
p = 1. From (8e),

(1 =06 (o + 1) = (¥ + ¢1) (10d)

This now defines the steady state optimal capital income tax policy for the consumption sector.
This policy must satisfy:

_ ¢+¢1 c _ e
Ce () e 19
o = B losi{i- (125 ) s a9 (106)

Equations (10e) and (10f) together imply that the steady state optimal policy implements the
socially optimal level of capital if it is consistent with the condition (¢ + ¢;) = (¥» + ¢5). The only
optimal policy that satisfies this condition is to set 8¢ = 0.

If the price of investment goods and the price of consumption goods are not equal, the govern-
ment can implement the optimal policy that taxes/subsidizes capital income in the consumption
sector and taxes labour income from the two sectors at different rates. With uf, = uf,, the com-
petitive equilibrium condition (1 — 7¢) (1 — 6%) fEf5 = (1 —7%) (1 — 6°) fof¥ is consistent with the
production efficiency condition if (1 — 7€) (1 —60%) = (1 — 7%) (1 — 6°). If there is no difference in
the relative price of the two goods, the policy that satisfies the production efficiency condition must
involve ¢ = 0, 7¢ = 7®. This policy is one of many implementable Ramsey policies, and it is the
optimal policy only if p = 1. This recovers the Chamley-Judd result in our setting. For all other

cases, the optimal policy involves (1 — 6°) (1 —7%) = (1 — 7¢) with 7¢ # 7% and 6% = 0.

Let us consider an example. Say the economy is in a steady state with an inefficiently large
production of consumption goods and low production of investment goods, such that investment
goods are more expensive than consumption goods. The long run optimal policy (starting from
that particular steady state) should encourage production of investment goods by setting a tax
on capital income and a higher tax on labour income from the consumption sector. This policy,
supported by a zero capital income tax rate and a lower labour income tax rate in the investment
sector, encourages agents to shift more capital and working hours to the investment sector, which
in turns increases the production of investment goods and minimizes the relative price difference.
This also restores production efficiency.

The Ramsey equilibrium conditions also explain how the distortions of a capital income tax can
be undone. Consider (10b), which states that a marginal increment of capital in the consumption
sector increases the quantity of consumption goods by the amount f;, which has social marginal
value ¢;. This increment is adjusted by capital depreciation in the investment sector, which has
social marginal value ¢4. The aggregate increment in the quantity of available consumption goods
in social marginal value terms is equal to [¢ ff + ¢5 (1 — &)]. The first term is due to an increase
in capital in the consumption sector, while the second terms stands for an indirect increase in
production of consumption goods through an increase in depreciated capital in the investment



sector. This is obvious since in a steady state, with zero capital income tax in the investment
sector it is best to keep depreciated capital in the investment sector. The increased tax revenue,
equal to (r. —7.), enables the government to reduce other taxes by the same amount, and the
reduction of this excess burden equals ¥ (r. — 7). The sum of these effects is discounted, and is
equal to the social marginal value of the available capital.

It is therefore optimal to set zero tax rate on capital income from the consumption sector when
the social marginal value of investment and the social marginal value of consumption are same,
implying in turns that their relative prices are same. Any difference in the social marginal value of
these two is reflected in a relative price difference, which can be undone by the optimal policy that
involves a tax/subsidy to capital income in the consumption sector and differential labour income
tax rates.

4 Conclusion.

We examine optimal income taxation in a two sector economy with heterogeneous agents. We
contribute by showing that in a steady state of this economy, the optimal capital income tax rate
in the consumption sector is in general different from zero. Our analysis shows that any difference in
the social marginal value of investment and the social marginal value of consumption is reflected in
the relative price difference between the same, and such a difference creates an opportunity for the
government to choose the optimal policy that has zero tax on capital income from the investment
sector, a tax/subsidy on capital income from the consumption sector, and different rates of labour
income taxes across sectors.
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