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Abstract

The paper discusses a way in which price uncertainty may affect the extent of idiosyncratic,
uninsurable risks in an incomplete markets economy with nominal assets and thereby affect
output and welfare. Although the returns on these assets are constant and riskfree in nominal
terms, price uncertainty causes their real returns to be stochastic. This affects the ability of
households to diversify their idiosyncratic risks using these assets and consequently the
extent of uninsurable risks in the economy. The paper establishes a relationship between the
volume of trade in nominal assets, the stochastic characteristics of the price shocks and the
covariance between the price and idiosyncratic shocks.
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1 Introduction

The paper points to a new channel through which price uriogrtaffects output. Economists have
long been interested in price and inflation uncertainty &ed effect on output. The last two decade in
particular has seen a substantial growth in studies retatdte measurement and costs of price insta-
bility and monetary policies targeting price stability és&ndres and Hernando (1999) and Woodford
(2005) for surveys). The interest on the issue notwithstapdhere has not been many theoretical at-
tempts to explain the effect of price uncertainty within Byfgeneral equilibrium set up. The present
work attempts to partially fill this gap.

Two features in the present set up creates this channel aéirde - the presence of uninsurable
idiosyncratic risks and nominal assets. Although the nstum these assets are constant in nominal
terms, price shocks cause their real returns to be stochaltie covariance between the stochastic
price level and the idiosyncratic productivity and endowtrghocks determine the extent of uninsur-
able risks in the economy and the volume of trade in these mamgsets. Thus output is affected.

We use an existing dynamic general equilibrium model witoimplete markets, CARA prefer-
ences and normal shocks, developed in a series of recens@ee Angeletos and Calvet (2001,2003),
Calvet (2003) and Athanasoulis (2005)) to prove our pointh@ugh this specification has certain
known limitations, it is mathematically tractible (eqbilium has closed form) and hence useful in
this preliminary attempt to understand an effect of priceantainty. Analyzing this in the more tradi-
tional framework of CRRA preferences is left for future.

Dotsey and Sarte (2000) shows that shocks to real balannesage precautionary effects if agents

face cash in advance constraints and these can positifelit gfowth. The present work is close in



spirit to their work though not in content. The only role mgmays here is as a unit of account (not
medium of exchange) as some assets are denominated in hemitsa Further unlike Dotsey and
Sarte, we are looking at an economy with incomplete markietice uncertainty will have no real

effects within the same set up if markets are complete.

2 The Model

The economy consists of a continuum of househblds|0, 1], living for T periods wherd may be
finite or infinite, and each having a stochastic endowmentt#td denoted bye (labor income).
Further each household has access to a specific and riskyqgiaa technology which uses capital
as an only input. The same good is used for both consumptidinaastment. Capital is not subject
to depreciation. Théth household’s production function is given by, = n'f (k), wheren!" is a
household specific productivity shock akjtis physical capital. The production function satisfies the
usual neoclassical assumptions of concavity and Inadaitammsl

Households are allowed to trade in financial assets and withes of generality we assume that
there are two short term bonds, a real and a nominal one,éddex 0,1 respectively. The amount
purchased of thgth asset by théath household at timeis denoted bﬁfj{t. Asset payoff for theth
asset, at datg measured in units of the consumption good is denoted; bySince the Oth bond is
a real, riskfree bond, we havg; = 1. Since the bond indexed 1 is a nominal bond which pays one

unit of money every period, its real returns dig = =, wherep, is the exogenously given stochastic

1
P

price level.

Assumption 1 All households have identical CARA preferences and maaiggig,_oB'(— % exp(—Aq")).
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whereA is the degree of absolute risk aversi@ithe discount factor and' the level of consumption
of thehth household.
Denoting nomimal asset prices Iy, the datet budget constraint of thiath household in real

terms is given by,

pi
&+ f( +Zodltejt 1=+ (K- +Z) Jt@?t (1)

The model has closed form solution under normality assumstfor all shocks and the assump-

tion of no aggregative risks. Hence,

Assumption 2 (i) (',n") are jointly normal, identically and independently distited over time.
(e8,n{") have the same mean and variance across agents anCqof) =0

(i) dit = |s normal with mean p and varianee.!

We can perform the following OLS decompositions of the igicgatic real shocks on the returns

stream of the risky asset (the nominal bond),

Nt = n+kdy+Af )

e{] = e+Ehd17t+é{‘ (3

wheren =E(nf), e=E(&"), kK" = Cov(nf, dy ) /Var(dy) and&" = Cow(e',dy ) /Var(dyy). Since

1The assumption of normal shocks may seem empirically uistiabut note that normality may be used as an approxi-
mation for many other distributions.



idiosyncratic shocks are identically distributed acragsras and by the properties of the OLS decom-
position,E(f{') = 0, E(&') =0, Var(fi{)) = 04 and Va(&') = 3.

The residualg) and €' represent the non-diversifiable component of the idiostiecrrisks, in
the economy. The variances, V&f) and Vaf&') measure the extent of uninsurable risks. Finally we

assume that idiosyncratic shocks cancel each other outdien
Assumption 3 [, Al = [, & =0.

which ensures that there is no aggregate risks and in facintteguilibrium aggregate output is

deterministic. We end this section by defining a dynamic oetitipe equilibrium for this economy.

Definition 1 A competitive equilibrium for the economy is a sequence divitiual allocations,
({c0, K1, {67 }j=01) and (relative) asset pricegt, ©¢), such that
(i) A household maximixes its intertemporal utility subjeecits budget constraint at each date.

(i) the goods and asset markets clear at each date, that is

L@+ = [l i) +K) @
L& = o ©)

A closed form solution of the dynamic equilibrium exists tbis set up. That and the method of
finding it, is briefly discussed in the Appendix. The inteeelsteader is also referred to the papers

mentioned in the introduction.



3 Price uncertainty, nominal assets and uninsurable risks

In this section we show how price shocks influence the exteohmsurable risks in the economy,
hence the volume of trade in the nominal bond in equilibriumd Bence ouput. The first task is to

characterize the equilibrium demand for the nominal asset.
Proposition 1 The household’s demand for the nominal bond is given by,
0 = —&" K" (k1) (6)

Proof: See proof of Proposition 4 in Appendix.

The household’s demand for the nominal asset depends onhearovariance of the return of the
asset with the idiosyncratic income shocks. In particutaythold long positions in this asset if the
covariances are negative and short positions if the cavegmare positive.

We now try to establish a connection between the stochalsticacteristics of the price shocks
and the extent of uninsurable risks. We start with the folhgarelationships between the variances of
the non-diversifiable risks and the stochastic charatiesisf the nominal asset, which follow from

definitions and OLS decompositions ( 2) and ( 3).

03 = Var(ny) - (k")?Var(=) (7

Tlr

of = Var(e) - (&) var(—) (8)

=R



The following theorem connects%,og to the covariance between price shocks and productivity

and endowment shocks and the variance and expectations fafrther.

Proposition 2

Cov(n}, pt))?
o5 = Var(ny)-— ( V(t R

Var( L) (E(p)?)2 ©)
B COV(eth p))?
% = V&)~ G D) E(p)?7? 10

Proof: Cov(n{, pr) = Cov(nf, 1)

Pt

Using Stein’s Lemma, the right hand side of the above eguaéduces to,

—E((p)?)Cov(ny,

A

= —E((p)*)K"Var(>)

1
Pt
Transposing,

n__ Covni.py)
Var(DE((p)?)

Substituting the above expression fdrinto the right hand side of equation ( 7) and simplifying
gives us equation ( 9). Equation ( 10) is derived using sinsileps. A
Proposition 2 reveals that the values aﬁ, 02 depend (i) on the absolute size of the covari-

ance between the price shocks and the endowment and pragustiocks and (ii) on the product



Var(1)(E(p)?)2. The variance of non-insurable risks increases if @) and Coyn!', pr), di-

1
P
minish in absolute terms. We discuss the implications below

Note that the demand for the risky nominal asset is given by,

9r11¢ = —Eh —K"f (kth+1)

Substituting the values &f' andk" from Theorem 1, we get,

eh _ COV(dq,p[) COV(npapt)
M var(DE((m)?)  Var(2)E((m)?)

f(k.a)

Households borrow or lend using the nominal bond dependpan whether their endowment
and productivity shocks are negatively or positively clated with the price shocks. For households
with both covariance terms positivégt is positive. Such households lend by buying the nominal
bond from other households because when their realizatibng and€! are low, their return& on
the nominal asset is better sinpeis low also. Similarly, for households with both covariateems
negative,e*it is negative. Such households borrow by selling the nomioatitio other households
because when their realizationsrgfande] are low, the real interest they pﬁlon the nominal asset

to other households is low singe is high. Note that when these covariances diminish in absolu

terms, agents use the nominal bond less. The extent of uablsuisks increase as a result.

4 Appendix: Characterizing the dynamic equilibrium

The date Euler equations are,



%u@(cﬁ) = BE(U(C,) (12)
1

%uﬂ(q“) = BEM() 5 ) (12)

up(e) = PBE(UR( )N (k) (13)

Proposition 3 The equilibrium prices of the nominal (risky) and real (figle) bonds are given by

T4t 1

L 14

TrO,t (p[+1) ( )
Iog(%‘) = A% —Yia) + (K — 2Kep1 + Kiy2))

2
+A? /H Var(cf.;) +logB (15)

where Y denotes aggregate output ang, iggregate capital stock, at date t.

Proof. The Euler equation ( 12) for risky assets can be written as,

T
ﬁ“c(cth) = E(U(ct1))E(d1ts1) + CoMug(ctp), i)

Assuming normality ofc for all t (we prove this below) and using Stein’s lemma, the above

expression can be expanded as

Tt p
—Uc (

o o) = E(ul(c,1))E(dygs1) + E(U(cly 1) COV(c], 1), dri11)



whereul,(.) represents the derivative af(.). Dividing the above expression by the Euler equa-

h (~h
tion 1 for the riskfree asset, and noting t 7 u;zi{ﬁ‘“ﬁ = —Awe get,
C\M+1

Tt
Tot

= E(d1t11) —ACOV(cf 1), diri1)
Aggregating over households, and noting that aggregafgubig deterministic, the covariance
term becomes zero and we get the required expression.

To find the equilibrium price of the riskfree asset, we firstleate the definite integr&(uf}(c!", ;))

in Euler equation ( 11). Assuming thgtis N ~ (C,c2), it can be shown that,

o h =2
) = [ ExpAd) e )
2

= Exp(—AE(d) + A7Vart(cth))

Substituting forl(d") = e~A< on the left hand side and f&; (ul(c")) on the right hand side and

simplifying we have,
o
log(~*) = AQ! ~ AE(cl..) + AVar(dl,) +log

We aggregate over households and note that aggregate qotsuquals aggregate ouput minus
investment, both of which are deterministic in equilibriuBubstituting and simplifying gives us the

required expression.

Proposition 4 The optimal consumptior]'és normally distributed at each t and is of the form,

o =awW" - b (16)



where the marginal propensity to consume is given by

1
at:1+ 1 o

A1 Pt
and is deterministic, Wis the wealth or permanent income of the household at datel ttlam

term ' depends on a complex of household specific factors but iendeistic, in particular.

Proof: To derive the optimal consumption rule we defiyjeas the household income at date
from all sources angl’"as the stochastic component of income at date define\j" or wealth as

the current income and present value of future expectedriecd hus,

1
W o= d“+nt“f(kt“)+2)dj,te?,t,1
=
o= e +nPf(k)+dy8l,_y

W = WHMPE ) +MP2EGR ) +... + N EH)

qt+n — Tot Tot+1  TOt4n
! PP Pren

Note thatN{™ is equal to the price at dateof a n period real bond (although not explicitly
included in the model) and is therefore the inverse of thegreal rate on such a bond.

We first assume a finf€. At dateT,
h h ¢ Lh h . h
cf = e} +nif(k})+ki+ %dj,Tej,Tfl
=

Sinceel, n! andd; 1 are normalcl! is normal. Hence equation ( 16) is true for date- 1 with

ar = 1,bl = 0, andW! given by the right hand side. At dafe— 1, for the risky asset
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mr-1 _ E(dy7) — ACov(c},dy 7))
ToT-1

1
= E(dit)—ACov((€} +n7f(k})+Kr + ZOdLTe?,Tfl)vdLT)
=

On simplifying, the demand for the risky asset at date 1 is given by,
e?,Tfl =—&"- th(kQ)

We shall see below that along the dynamic detits deterministic for alt. Henced! 1 _; is non
stochastic.

To derive the demand for the risk free asset, we note thatdfimTd— 1,

Iog(EiT i) Ad_, — AE(c}) + A?Var(cl) +logB

Substituting from the household’s budget constrainbﬁoandc’}_l into the above expression and

simplifying, the demand for the risk free asset at date1l is given by,

1 TT; logB 1 -
h h T g ToT-1
87 1= Tﬂg:f[ﬂl_k Z ejT 1— YQ Var +T_K|09( pT_l)

wherey? is as defined in the text. The demand for the risk free assetteTd- 1 does depend on
yi_, which is stochastic. Thus the demand for the risk free asstbchastic.
Consumption at daté — 1 is found by eliminz:r[ing)'c‘,’T_l from the following definition and sim-

plifying. Thus,

11



=0 PT-1
ThT-1 ToT-1
= y'? 1 (kQ—kal)— ' e?.Tfl_ B,Tfl
- Pr-1
1 THT-1 .
— 2 E
1+TE_‘I_T711 [y!?- 1 prl pT ( T)]
ToT-1 2
Pr_1 1.T-1h hy , 10gB
- 0 +_+—=—Var(cy)+—
l+% [T[O7T7 1.T-1 2 ( T) A
1 TOT-1 PT-1 ,n
——lo : + k 17
A 1090 + ) )

Note thatyf ; + “51=2.prE(¥}) =W{_,, by our previous definitio4'_, is normal since/t

is normal.
We let
ar-1 = TL
m,rp:l 2
s = Pl e
- % log( T;T__ll )+ TIF()),TT__ll kf]

Then, consumption at dafle— 1 can then be written as,

h h h
Cra=ar-Wr 1 —br

12



wherear_; andbf , are non stochastic. Dafe— 1 consumption is thus affine W' , and hence
normal.

At dateT — 2, the price of the risky asset is given by

™ T_
= E(dir-1) - ACoU(c} ;,di7-1))
ThT-2

= E(di7-1)—ACov(ar Wy —bf_y,di7)
Substituting forWP_l, and simplifying and rearranging terms we can express thedd for the
risky asset as,
99,T72 ==—&"—Kk"f (k] ;)

Once again sinck! _, is non-stochastic, the demand for the risky asset is nashastic.

The demand for the riskfree bond can be found to be,

1 mT-2 . TOT-1.,
S, [V R 7L 1 B . —ar_(E(? )+ =2 E
oy T IV _o— (K — kP ) or_p hT-2 r_1(E(F ) — (1)

pr-2
logB 1 TOT-2
A —K|09( P )]

h _
Bor2 =

A
+b} 1+ SVar(ce} ) +

To characterize! ,, we define,

13



lgls

pr—
1+aT—l PT—;
T T-2
h pr_2 TGT-2h h A h logP
2 = & Bi1 o +br +5Var(cr )+ ——
bT 2 a.T 1+TT'§TT22[ T— 1.,.[07_'_72 j,T 2 bT 1 2 (T 1) A
1 ToT-2 Pr—2
——Io : +ar_
9 Psz) T 1T[0T72
ToT- 2 Tf0T 1
W, = Vi 2+ E(_1) pT PrE(¥)

Substituting foreap2 into the definition ot _,, and simplifying and using the above definitions,

equilibrium consumption at dafe— 2 can be expressed as,

h h h
Cro=ar-Wr_,—br,

wherear_, andb! _, are deterministic antM , is normal. Thus? , is affine inW"_, and
normal.

Generalizing, we get proposition 4. The form of the consuompfunction for a finiteT general-
izes toT = o under the assumption of bounded asset prices.

To derive the household’s demand for physiacl capital, edfiae Euler equation ( 13) in the same
way as we did in Proposition above, use Stein's lemma, Ewjeation ( 11) and the affine form of

the optimal consumption rule and simplify. The optimal ceodf capital stock ia given by,

% = /(1) (N — Aaa f(KL)op) oo

Finally, we show that,

14



Proposition 5 Aggregate ouput is deterministic along the equilibriumhpat

Proof: From equation ( 18) it is clear that in equilibriukAis uniform across all households. This
together with the assumption that idiosyncratic proditgtiend endowment shocks cancel each other
gives us the result.

We further note that along the equilibrium path the variasfaensumption, Vaicl') = (a)?(02+

(f("))2a?) is uniform across households also.
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