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Abstract

Recent literature has shown that the magnitude of behavioral heterogeneity of a population
has an impact on the structure of mean demand. This paper investigates the effect of
aggregation on the magnitude of behavioral heterogeneity if we aggregate disjoint
subpopulations. Using the Hildenbrand and Kneip (1999) framework of behavioral
heterogeneity, we show: (i) aggregation cannot decrease the degree of behavioral
heterogeneity; (ii) conditions under which aggregation increases the degree of behavioral
heterogeneity are derived; (iii) aggregation weakly increases the degree of behavioral
heterogeneity.
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1 Introduction

In this note we consider the aggregation of disjoint subpopulations and its effect on
the magnitude of the degree of behavioral heterogeneity as given by Hildenbrand
and Kneip (1999). Similar results might be obtained using the other frameworks
of behavioral heterogeneity. We consider here the Hildenbrand and Kneip (1999)
framework because it directly applies to the Jacobian of mean demand rather to its
Slutsky decomposition terms as in Hildenbrand (1993) and Kneip (1999). Moreover,
their framework is a generalization of Grandmont’s (1992) economy and the degree
of behavioral heterogeneity, as defined by Hildenbrand and Kneip, can only assume
values between zero and one.

Our analysis relates the degree of behavioral heterogeneity of arbitrary com-
posed disjoint subpopulations to the one of the entire population, i.e. we investigate
whether (dis-)aggregation may affect the structural properties of aggregate demand.
This question is important for empirical analysis, since demand systems are often es-
timated using homogenous samples of households. We obtain three results: Firstly,
aggregation never decreases the degree of behavioral heterogeneity. In other words,
the degree of behavioral heterogeneity at the aggregate level is higher than the lowest
degree of behavioral heterogeneity of arbitrary disjoint subpopulation. Secondly, we
show that the degree of behavioral heterogeneity at the aggregate level can be either
greater or smaller than the maximal degree of heterogeneity of all subpopulations.
We derive the conditions for generating behavioral heterogeneity due to aggrega-
tion. Thirdly, and finally, we show that aggregation weakly generates heterogeneity.
In other words, aggregation leads to a higher degree of behavioral heterogeneity
at the aggregate level when compared to the weighted average of arbitrary disjoint
subpopulations. We conclude that a decomposition of a heterogenous population
into homogenous subpopulations might destroy mathematical properties of mean
demand which are induced by behavioral heterogeneity.

We use the model and the notation of Hildenbrand and Kneip (1999).

2 Behavioral Heterogeneity and Aggregation

‘&
Qonsider m = 1,...,k nonempty subpopulations of H with J,,_,H™ = H, where
|J denotes the union of disjoint sets. The disjoint subpopulations are allowed to be
of arbitrary size and arbitrary composition.

Definition 1 Aggregation reduces heterogeneity as measured by vy, if
V(H) < inf,y(H™)

18 true.

Definition 2 Aggregation increases heterogeneity as measured by v, if
Y(H) > sup,,y(H™)

15 true.



Proposition 1 Aggregation cannot reduce the degree of behavioral heterogeneity as

measured by 7y, i.e. for every H and {H™}=1. r such that U;Zle = H it follows

.....

V(H) > inf,y(H™).

k-1
Proof. It suffices to prove the proposition for £ = 2, since H U (Umlem> =H.

Suppose we have two subpopulations m and n and assume without loss of generality
that v(H™) < vy(H™). Then,

¢ == ; m n € h h

I5(p) = #Hm+#Hn#{heH U H"[p € A (w,2")}
1 m yem n yen

T I o) + #H I () (1)

< sup{IJ"(p), I (p)}

for € € [0, 1], where

I (p) ==

v

Zi i € Hlp € A5 (" ),

Applying this inequality gives

1 —5(p) :/0 I (p)de < /0 sup{/{;"(p), ;' (p) }de < 1 —inf{~;7(p), 7;(p)}
& yi(p) = inf{y7(p),7i;(p)}

for all 7,7 and p € (0, 00)!, which proves Proposition 1. B

Note, however, that we can neither infer from Proposition 1 that an expansion
of the population by an additional household does not lead to a decrease in the
index of heterogeneity nor that v(H) < sup,,y(H™) holds. More generally, we ask
whether y(H) > sup,,y7(H™) may occur. We show that this inequality does not
hold in general: because of equation (1) one can infer If;(p) > inf{I7*(p), I} (p)}
(see Figure 1). Therefore

1~ 7(p) = AFU%;AMWﬂ%WUWSPﬂMW@%WB

which is not a unique relation.

The next propositions shed light on this point. Proposition 2 looks at an ex-
pansion of the original population by an additional household, while Proposition 3
considers the general case when aggregating subpopulations of arbitrary size.

The Intruder’s Influence. We are looking at the degree of heterogeneity while
expanding the original population H by one additional household. Let H* = HUH!
where H' consists of one household only, the intruder. Let I denote the set of (i, j, p)
such that y(H) = 1— fo U p)de. Note that I may contain of more than one element.



Proposition 2 Increasing the size of the population by one additional household
leads to v(H™) > ~v(H) if
1)

1 (p) == il o < / [Z.j(p)de for all (i,7,p) € I
ij 0

and

2)
b 1 b <
[, 1t (rggy + ) e ot e

where C'II denotes the complementary set of II.

The first condition ensures that 1 — fol I (p)de > 1— fo ii(p)de for all (i,4,p) €
I'. The intuition is that the inequality is more likely to be sat1sﬁed if the origi-
nal population is homogeneous or if cllj (p) is small, meaning that the variability of
the intruder’s budget share is small at (i,j,p) € I. The second condition ensures
firstly that y(H*) = 1 — [} I (p)de < 1 — 1N Jff )de for all (i,7,p) € CI and
secondly that at least one original element of (i, 7, p) € I remains in this set after
the expansion of the population, i.e. we have the maximal area under the step func-
tion If;(p). Obviously, this condition is likely to be satisfied for large populations.
However the condition is stronger than required because if for all (i,7,p) € CI :
C~~ ) < fo [E~ )de, then fo [{f Yde < fo If~ )de. In those cases we do not require
the seoond condrtlon However we use the stronger version of the second condition.

The first condition is also satisfied if

p;|0p,wi (p, ")
dl ’

¢i;(p) < infheq

meaning that the intruder needs to have less relative variability of the budget share
for (i, 7,p) € I than every household of the original population. In fact, this condi-
tion is stronger than the first one.

Let us prove Proposition 2 and illustrate it with the help of three examples.

Proof. The inequality y(H") > ~(H) corresponds to SUP;.j 5 fo I (p) < surp”pfO
In the Part A we prove the proposition for the strong version of the first condition.
In Part B we show the general result.

A Since G§;(p) is the cumulative distribution function of |s;(p, z")|/d};, we have
for all (4, j,p) € I that G{} (p) > G5;(p) for e € [0,1], if ¢j;(p) < infrenp;|0,p,w) (p, 2")|/d};
and therefore I} (p) — If;(p) < 0. Using the properties of first order stochastic dom-
inance (Lemma 2 in the appendix) leads to % (p) > 7i;(p) for all (i, j p) €. In

i de>f0 Iffr )de for all (i,§,p) € I and all (i, 7,p) € CI we

need the second condition, since 1/(1 + #H) > sup, ;, <f0 I (p)de — fo o de)

for all (¢,5,p) € TUCT.
B One can show that

1.7

order to ensure fo

1 € o Jw] (P!
— (1= I5(p))  if ™2 >
e+ € . 1+#H ( ij dl. =
I (p) — I5(p) = I, (p) h _y
m othnerwise
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In order to obtain

we need

1 /ng(z’) g /’Cij(P) J 1 ( )d
1lde — ]f-e—/ I (p)de | <0
1 + #H 0 0 ! czl.(p) !

and therefore .
1 1
L — IE d <
— (Cm(p) /0 i (p) 6) <0

for all (i, j,p) € Il such that yv(H) = 1— fo i (p)de. Using fo
1/(14 #H) for all (i,,p) € C’E proves the proposition. l

de—fo Ifj p)de >

Z]

Increasing Heterogeneity Due to Aggregation Suppose H = UI;:1H ™ and
let supmv(Hm) =:~v(H"™). In addition, let I be the set of (i, j, p) such that v(H") =

= o 15'@)

Proposition 3 Aggregation increases the degree of behavioral heterogeneity as mea-
sured by v, i.e. Y(H) > sup,,vy(H™), if the following conditions hold:

1)
1 1
/Olfjm(p)deg/o I (p)de

for all (i,3,p) € I andm=1,...,k and

2)
! ! HH — H#H"
I (p)de — D (5)de > T —— T
/0 i (p)de /0 & (p)de > e

for all (i,7,p) € I and for all (1,7,p) € CI such that

1 1
| ez [ 12

Proof. The proof follows the same reasoning as in the proof of Proposition 2.

The first condition implies
1 1
/0 Ii(p)de < /O I (p)de

for all (i,7,p) € I. Let CI = U?_,CI;, where (i,7,p) € CI, if fo ]im Yde <
]%7”( p)de < fo I (p)de and (1,7,p) € CIy if fo Iffn Yde > Iﬁm( )de < fo I (p)de.

i
1 1

/Ii.(ﬁ)deg/ I (p)de

o " o

1 1
/ L (p)de > / I (p)de
o o
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Therefore we have

for all (i, 7,p) € CI, and



for all (i,7,p) € CI,. Thus, the second condition ensures fol I5(p)de > I%(ﬁ)de

for all (i,7,p) € I and all (1,5,p) € ClIh, since sup; ., <f0 5(p) — I (p )de) <

(#H —#H™)/#H for all m,i,j and p € (0,00)". Hence the set of (z,j,p) such that
=1- fol I;de might consist of elements of I, C'Il; and C'll,. W

The first condition of Proposition 3 implies that for all (i, j,p) € I the hetero-
geneity of subpopulation n has to be the lowest. The second condition says that
for subpopulation n the largest expanding area below the step function has to be
smaller than the largest diminishing area minus the largest possible size of variation.
The second condition is more likely to be satisfied if #H" is large compared to the
rest of the population.

Weakly Increasing Heterogeneity. Now, we look at a weaker definition of in-
creasing heterogeneity. Since Proposition 2 and Proposition 3 involve complicated
conditions, this may allow for more intuitive results. We use a concept that compares
the degree of heterogeneity on average.

Definition 3 Aggregation weakly increases heterogeneity, as measured by v, if
k
#H™
H) > ——~(H™

() 2 3 )

18 true.
Before presenting the result by a proposition, we state a lemma.

Lemma 1 For all i,j and p € (0,00)!, v;(p) is an element of a convex set. The

lower bound is inf,, ;i (p) and the upper bound is sup,,i; (p), where all nonempty

subpopulations H™ are disjoint and H = U H™ for every positive integer k <
#H.

Proof. We have to prove that 7;;(p) € [inf, [} (p),sup,,7ij(p)] for all 4,j and
€ (0,00)". For a fixed €, one can infer from the definition of If;(p) that

#Hm em
Z #H ]zy );

which is a convex combination of I"(p) over m = 1,... k. By rearranging, it
follows immediately that

1
€ # Hm €Em
%@:“AI %ﬂ—z 0%@%

which is evidently a convex combination of 1—sup,, fo I¢™(p)de and 1—inf,, fo IS (p)de.
|

Now we ask whether v(H) > anzl(#Hm/#H)'y(Hm) holds. Preliminarily, this
inequality is likely to be satisfied if all y(H™) are very small, which corresponds to
very homogeneous subpopulations, or if v(H) is close to one. The next proposition
provides an unambiguous answer.



Proposition 4 Aggregation weakly generates heterogeneity as measured by .

Before we provide some intuition, let us prove the proposition.

Proof.

: #Hm em
1nfi7j7p7ij(p) Z Supz,],pz ]'j (p)dE
#H™ em
1- Z 4H SUp; j.p Izg (p)de
m=1
k 1
#H™ em
- Z—#H 1 —sup; ;, i I (p)de

— Z#Hm fi.jpij (D)

We remark that the first inequality is due to Lemma 1. B

Intuitively, v(H) is the smallest weighted average over all 777 (p) with respect to
(i,7,p) due to y(H) := inf; ; ,v;;(p), while 3% _ (#H™/#H)~y(H™) is the weighted
average over inf; ;777 (p). Note, the fact that Proposition 4 includes Proposition 1
as a weak increase in heterogeneity rules out a decrease in heterogeneity as defined
in Definition 1.

One can infer that the separation of the entire population into homogeneous
subgroups changes the structural properties of mean demand. Then we have on
average less behavioral heterogeneity and we therefore may lose for example the
monotonicity property of mean demand.

Proposition 1 and Proposition 4 are in accordance with results from Kneip (1999)
for the coefficient of sensitivity, a measure of structural stability of a population.

Vv

3 Conclusion

We derive sufficient conditions for generating behavioral heterogeneity due to ag-
gregation and we show that aggregation weakly generates behavioral heterogeneity.
We conclude that restricting attention to homogeneous subgroups of households
may not allow one to capture the impacts of behavioral heterogeneity on aggregate
values, such as mean demand.

Appendix

Lemma 2 Consider two populations H and H* such that I} (p) — I;(p) < 0 for
given i,j and € € [0,1]. Then we have

%5(P) = %(p) = 0.
Proof. For € € [0, 1] we have
L (p) < I5(p) < Gi5(p) = Gi;(p)-



1(p)

.........

.........

inf{IM(p).I"(p)}
M)

0 i epsilon

Figure 1: [ inf{I5"(p), I (p) }de < 1 — sup{~3(p), 7 (p)}-

|sf; (p,a™)|

a0
so G§;(p) first order stochastically dominates G§;(p). By definition of first order
stochastic dominance one yields

We know that G§;(p) = 1— I;(p) is the camulative distribution function of

/ edG;(p) > / edG; (p)

which is equivalent to
1 —7i5(p) > 1= 755(p)-

If this inequality holds for all p,i,j, one obtains v(H*) > ~(H) by definition of
~v(H). B
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