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Abstract

In this paper we propose an extension of the maximum likelihood seasonal cointegration
procedure developed by Lee (1992) for daily time series. We compute the finite sample
critical values of the associated test statistics in daily seasonal time series.
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� Introduction

The cointegration analysis and the related issue of existence of long�run equi�
librium relationships among macroeconomic variables have often realized from
seasonally adjusted data� As is pointed out in the literature� seasonal adjustment
might lead to mistaken inference on economic relationships� and it causes a sig�
ni�cant loss of valuable information on seasonal behavior in economic time series�
That might imply the non�invertibility of seasonally adjusted series� and then the
impossibility of autoregressive vector representation� and the none detection of
existant cointegration relations�� Therefore� Ghysels et al� ������ and Ericsson
et al� ����	� suggested to use seasonal cointegration from seasonally unadjusted
data to reveal the long�run dynamics�

From the preliminary work of Engle et al� ���
��� a number of seasonal coin�
tegration techniques have been developed by� for example� Hylleberg et al� �������
Engle et al� ������� Joyeux ������ and Cubbada ����
�� An approach based on
the maximum likelihood method was proposed by Lee ������ who extented the
Johansen ���

� procedure to the seasonal case� which allow to analyse the multi�
variate systems� Lee developed tests for cointegration and seasonal cointegration
for nonstationary time series which have unit roots at seasonal frequencies as well
as at the zero frequency� The method is illustrated for time series consisting of
quarterly observations� In this paper we propose an extension of this seasonal
cointegration method to daily data because these data are important for economic
analysis� For instance� the data periods for examining daily data� such as stock
and exchange rate markets will be the �ve days of the week� We also provide the
�nite sample critical values for non�seasonal and seasonal cointegration�

� Seasonal cointegration for daily data

Let xt a n�dimensional vector generated by the following autoregressive vector
model�

xt � ��xt�� � ��xt�� � � � �� �pxt�p � �t

where �t is a n�dimensional white noise vector process with mean zero and
variance matrix �� xt � �x�t� � � � � xnt� are �xed for t � �� and p is lag length�
Since we allow the process xt have unit roots at zero and seasonal frequencies�
the determinant j ��z� j of the matrix polynomial �Ik � ��z � � � � � �pz

p� will
have roots on the unit circle�

�See� for example� Ghysels and Perron ������� Lee and Siklos ������� and Franses and
McAleer �������

�



Assuming that��xt is stationary� the seasonal error correction model �SECM�
is de�ned as�

��xt � ��y��t�� � ��y��t�� � ��y��t��

���y��t�� � ��y��t�� �
p��X
j��

�j��xt�j � �t � �t ���

with

�� � ��� B��

y��t �
�
� �

�X
j��

Bj
�
xt

y��t � ��� B���� 	B cos

�

�
�B��xt

y��t � ��� B���� 	B cos
	�

�
�B��xt

with �t are deterministic components including a combination of an intercept�
trend and seasonal dummy variables� �i and �j �i � �� � � � � � and j � �� � � � � p���
are matrices of parameters� and �t is i�i�d� Nk������ While the regressor y��t
possesses a unit root at the zero frequency and all the seasonal unit roots are
removed� the regressors y��t and y��t maintain complex conjugate roots at the
corresponding frequency ���

�
and ��

�
� respectively� and eliminate the non�seasonal

unit root as well as other complex conjugate roots�
As suggested by Lee ������� we assume that the restrictions ��j�� � � with

j � �� 	 with little e�ect on the test ��j for seasonal cointegration�� and using
the algebraic expression of cos���

�
� and cos���

�
�� we can rewrite the SECM as�

��xt � ��y��t�� � ��y��t�� � ��y��t��

�
p��X
j��

�j��xt�j � �t � �t ���

with

y��t � ���B���� ����
p
���B�	� �B�
xt

y��t � ���B���� ��� �
p
���B�	� �B�
xt

Since the coe�cient matrices �k �k � �� 	� 
� may convey the information con�
cerning the long�run behavior of the series� we need to investigate the properties

�If this restriction is relaxed one cannot apply the estimation method that uses canonical
correlations�

�



of these matrices in order to determinate whether or not the components of xt
are seasonally cointegrated in presence of unit roots at other frequencies� Note
that if the matrix �k has full rank �rank��k��rk�n�� then the series does not
contain unit roots at the corresponding frequency k� If the rank of �k is zero�
seasonal cointegration relationship at that frequency does not exist� Finally� if
� � rk � n� it can be shown that �k � �k	

�

k for suitable n� rk matrices �k and
	k such that 	 �

kyk�t�� is stationary even though y��t�� itself is nonstationary�
The ranks rk� k � �� 	� 
� of the matrices �k � �k	

�

k are determined by se�
quences of test statistics formed from the ordered sequence of conditional canon�
ical correlations �
� � � � � � �
k � � � � � �
n� which are eigenvalues �see Lee� ������

We may consider two variants of likelihood ratio �LR� test statistics� The
trace test statistic�

�k � �T
nX

j�n�k��

ln��� �
j� ���

is formed from the k smallest canonical roots� where T is the number of e�ec�
tive observations� We test the null hypothesis ri � n� k against the alternative
ri � n� k�
Alternatively� the eigenvalues or 
max statistic�


k � �T ln��� �
n�k��� �	�

is calculated from one canonical root� and we test the null hypothesis ri � n�k
against the alternative ri � n� k� �� Note that for k � �� the two statistics are
equivalent� In the rest of the paper� we will focus on the eigenvalues statistics�

k� for convenience�

� Asymptotic distributions and critical values

The asymptotic distributions of the test statistics for the daily seasonal coin�
tegration are derived from those of Johansen ���

�� Lee ������ and Lee and
Siklos ����
�� Tables � to � display the �nite sample critical values of the like�
lihood ratio �LR� statistics for cointegration and seasonal cointegration at each
frequency� zero frequency �
 � �� and seasonal frequencies �
 � 	��� and 
�����
We give the ��� 
� and ��� acceptance regions of the critical values for each
LR statistics� The �nite sample critical values of test statistics were obtained
by using ������ Monte Carlo simulations� for various sample sizes T � ���� ���
and 
��� and for �n � r� � �� � and �� They are based on the regression model
��� with a combination of an intercept� a linear trend and seasonal dummies�
The data generating processes are given by ��xt � �t �t � �� 	� � � � � T � with
�t � i�i�d�N��� Ik�� k � �� � and �� generated using GAUSS �
��

�



As shown by Lee and Siklos ����
�� the distributions at seasonal frequencies are
not a�ected by including intercept and�or trend terms� On the other hand� these
distributions are a�ected when seasonal dummies are included in the regression
model� For the zero frequency� the distribution is una�ected by additional sea�
sonal dummies� but is a�ected by intercept and trend terms�

� Conclusion and future research

In this paper we proposed an extension of the maximum likelihood cointegration
procedure developed by Lee ������ for daily time series� The critical values of
the associated test statistics have been computed for various sample sizes and
levels of seasonal cointegration�
In further research we intend to apply this seasonal cointegration procedure to
daily stock exchange and exchange rate series in order to reveal the existence of
seasonal long�run relationships�
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