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W����, #W5A+W�NAW�� ��# AO, #,���# ���5A+�W�A

Devwudfw

Wklv sdshu dujxhv wkdw wkh lqwhudfwlrq ehwzhhq lqhtxdolw| dqg wkh ghpdqg sdwwhuqv iru jrrgv lv

d srwhqwldo vrxufh ri shuvlvwhqw lqhtxdolw|1 Lqfrph glvwulexwlrq/ lq wkh suhvhqfh ri qrq0krprwkhwlf

suhihuhqfhv/ d�hfw wkh ghpdqg iru jrrgv dqg/ gxh wr gl�huhqfhv lq wkhlu idfwru lqwhqvlwlhv dfurvv

vhfwurv/ lw dowhuv wkh uhwxuq wr idfwruv ri surgxfwlrq dqg wkh lqlwldo glvwulexwlrq ri lqfrph1 Orz

lqhtxdolw| ohdgv wr kljk ghpdqg phglxp vnloohg lqwhqlvlyh jrrgv surylglqj d eulgjh ryhu zklfk

orz vnloo g|qdvwlhv pd| wudqvlwlrq wr wkh kljk0vnloohg vhfwru lq wkh orqj uxq1 Xqghu kljk lqhtxdolw|

krzhyhu/ wkh lqlwldo odfn ri ghpdqg iru phglxp vnloohg oderu euhdfkhv wklv eulgjh iurp sryhuw| wr

survshulw| dqg lqhtxdolw| shuvlvwv1
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Wklv sdshu h{dplqhv d qhz phfkdqlvp wkurxjk zklfk wkh lqfrph glvwulexwlrq lq dq hfrqrp| d�hfwv

kxpdq fdslwdo dffxpxodwlrq dqg jurzwk1 Lw dulvhv iurp g|qdplf lqwhudfwlrq ehwzhhq wkh lqfrph

glvwulexwlrq lq dq hfrqrp| dqg lwv sdwwhuqv ri ghpdqg1 Zkloh wkh lqfrph glvwulexwlrq grhv d�hfw

sdwwhuqv ri ghpdqg +dv kdv ehhq vwxglhg lq vhyhudo sdshuv,/ wkhuh lv dovr d ihhgedfn h�hfw ri ghpdqg

sdwwhuqv rq wkh glvwulexwlrq ri lqfrph wr ydulrxv idfwruv +d srlqw wkdw kdv ehhq ohvv hpskdvl}hg,1 Rxu

dqdo|vlv vkrzv wkdw ghpdqg sdwwhuqv xqghu orzhu lqlwldo lqhtxdolw| udlvh wkh uhwxuqv wr ohvv vnloohg

oderu lq wkh vkruw uxq/ zklfk wkhq fuhdwhv d yluwxrxv f|foh ri juhdwhu ghpdqg/ kljkhu kxpdq fdslwdo

dffxpxodwlrq dqg lqfrph lq wkh orqj uxq dv zhoo1

Wkh olqn ehwzhhq lqfrph lqhtxdolw| dqg jurzwk kdv uhfhlyhg pxfk dwwhqwlrq lq wkh wkhruhwlfdo

olwhudwxuh lq uhfhqw |hduv1 Ehqderx^4<<9` lghqwl�hv wzr eurdg vwudqgv ri wklv olwhudwxuh ~ rqh wkdw

olqnv lqhtxdolw| dqg jurzwk wkurxjk srolwlfdo hfrqrp| dvshfwv ri ghyhorsphqw dqg wkh rwkhu/ wkurxjk

wkh uroh ri fdslwdo pdunhw lpshuihfwlrqv +FPL,1 Rxu vhw xs khuh lv forvhu wr wkh odwwhu dssurdfk/

sduwlfxoduo| wr wkh zrun rq lqhtxdolw| dqg kxpdq fdslwdo dffxpxodwlrq1 Eulh�|/ wkh FPL dssurdfk

h{dplqhv krz wkh odfn ri hdv| dffhvv wr fuhglw fdq d�hfw djjuhjdwh fdslwdo lqyhvwphqw dqg hfrqrplf

jurzwk xqghu kljk lqhtxdolw|1 Lw kdv ehhq vkrzq wkdw hyhq wkrxjk srru idplolhv frxog eh klqghuhg

e| fuhglw frqvwudlqwv lq wkh vkruw uxq/ wkh| frxog vwloo fdwfk xs zlwk ulfkhu idplolhv lq wkh orqj uxq

e| judgxdoo| dffxpxodwlqj +kxpdq, fdslwdo ryhu wlph1� \hw/ vxfk fdwfk xs zloo qrw kdsshq li wkhuh

duh lqglylvlelolwlhv lq wkh lqlwldo ohyho ri lqyhvwphqw qhfhvvdu| wr dftxluh dq| kxpdq fdslwdo1 Wklv lv

ehfdxvh srru idplolhv pd| qhyhu dffxpxodwh hqrxjk wr phhw vxfk d wkuhvkrog12

Glvwlqfw iurp lwv h�hfw rq kxpdq fdslwdo lqyhvwphqw wkurxjk wkh frvw ri ixqgv krzhyhu/ lqfrph

lqhtxdolw| dovr kdv d gluhfw h�hfw rq wkh uhwxuqv wr ydulrxv vnloov/ wkurxjk lwv lpsdfw rq wkh frpsrvlwlrq

ri ghpdqg1 Wkh FPL prghov ghvfulehg deryh ehlqj rqh jrrg prghov/ fdqqrw fdswxuh wkhvh ghpdqg

frpsrvlwlrq h�hfwv ru wkhlu lpsolfdwlrqv iru orqj uxq jurzwk1 Lq wklv sdshu/ zh lqwurgxfh d pxowlsoh0

jrrg prgho zlwk qrq0krprwkhwlf suhihuhqfhv lq wkh FPL iudphzrun wr vwxg| wkhvh ghpdqg h�hfwv1

Hqjho*v odz lpsolhv wkdw dq lqglylgxdo*v lqfrph ohyho pxvw d�hfw klv sdwwhuq ri ghpdqg> d srru

lqglylgxdo lq d ghyhorslqj hfrqrp| zrxog vshqg prvw ri klv lqfrph rq hvvhqwldov vxfk dv irrg1 Exw/ dv

Nlqgohehujhu ^4<;<` srlqwv rxw _Hqjho*v odz dssolhv wr pruh wkdq irrg 11lw lv d jhqhudo odz ri frqvxps0

�A��t TL�?| �t _i4L?t|h@|i_ M) wL�h)d�bH�o�
2A��t TL�?| �t _i4L?t|h@|i_ �? B@*Lh @?_ ~i�h@d�bb�o� ��!i||)d�bb.o @?_ �@?ih�ii @?_ �i�4@?d�bb�o t�L� |�@|c i�i?

��|� }h@_�@* U@T�|@* @UU�4�*@|�L? Mi�?} ui@t�M*ic �?�|�@* �?UL4i �?i^�@*�|) U@? �@�i *L?} h�? igiU|t� W? |�iti 4L_i*tc
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wlrq%1 Dv dq lqglylgxdo*v lqfrph lqfuhdvhv/ vr zrxog klv suhihuhqfh iru jrrgv ri kljkhu txdolw| dqg

vrsklvwlfdwlrq1 Lq rxu vhw xs/ qrq0krprwkhwlflw| wdnhv wkh irup ri juhdwhu suhihuhqfh iru vrsklvwlfdwhg

jrrgv dw kljkhu lqfrph ohyhov1

Wkh surgxfwlrq ri wkhvh gl�huhqw w|shv ri jrrgv uhtxluhv ydulrxv oderu vnloo lqsxwv wkdw duh qrw

shuihfw vxevwlwxwhv1 W|slfdoo|/ jrrgv ri vrsklvwlfdwlrq dqg frpsoh{lw| uhtxluh pruh vnloohg oderu lqsxw

wkdq vlpsohu pdqxidfwxuhv1 Dv d uhvxow/ wkh lqfrph edvhg ghpdqg sdwwhuq ghvfulehg deryh d�hfwv wkh

ghulyhg ghpdqg iru ydulrxv oderu vnloov dv zhoo1 Ulfkhu lqglylgxdov fuhdwh d uhodwlyho| juhdwhu ghpdqg

iru pruh vnloohg oderu wkdq srru ru plggoh lqfrph lqglylgxdov1 Lw iroorzv wkdw d wudqvihu ri lqfrph

iurp d ulfk djhqw wr d srru ru plggoh lqfrph djhqw pxvw lqfuhdvh ghpdqg iru ohvv vnloohg oderu +dw wkh

frvw ri pruh vnloohg oderu,/ dqg d�hfw wkh uhwxuqv wr wkhvh lqsxwv1�

Lq d qxwvkhoo wkhq/ lqwurgxflqj qrq0krprwkhwlf suhihuhqfhv lqwr wkh FPL iudphzrun fuhdwhv d

glvwlqfw qhz phfkdqlvp e| zklfk wkh lqlwldo lqfrph glvwulexwlrq d�hfwv wkh hyroxwlrq ri lqhtxdolw|

dqg orqj uxq jurzwk= Qrw rqo| grhv wkh lqfrph glvwulexwlrq lq dq hfrqrp| d�hfwv lwv frpsrvlwlrq

ri ghpdqg/ wkh frpsrvlwlrq ri ghpdqg d�hfwv wkh glvwulexwlrq ri uhwxuqv dv zhoo1 Jlyhq vxfk qrq0

krprwkhwlflw|/ zh vkrz wkdw kljk lqlwldo lqhtxdolw| fdq wkhuhiruh ghsuhvv kxpdq fdslwdo dffxpodwlrq

dqg uhwdug jurzwk lq d pdqqhu wkdw lv vhoi shushwxdwlqj1

Wr xqghuvwdqg wklv lqwhudfwlrq/ ohw xv fodvvli| jrrgv ghpdqghg lqwr wkuhh eurdg fdwhjrulhv ~ hvvhq0

wldov +olnh irrg,/ vlpsoh pdqxidfwxuhv +vxfk dv elf|fohv ru forwklqj, dqg pruh vrsklvwlfdwhg pdqxidf0

wxuhv +vxfk dv fduv ru frpsxwhuv,1 Wkhvh jrrgv ydu| lq vnloo lqwhqvlw|/ vr frqvlghu wkuhh fruuhvsrqglqj

oderu vnloo ohyhov � xqvnloohg/ phglxp0vnloo dqg kljk0vnloo � rqh iru hdfk fdwhjru| ri jrrgv1 Dftxlulqj

vnloov uhtxluhv dq lqlwldo lqyhvwphqw/ exw lq d w|slfdo ghyhorslqj hfrqrp|/ fdslwdo pdunhw lpshuihfwlrqv

pdnh lw kdug wr rewdlq ordqv iru hgxfdwlrq1 Khqfh djhqwv* vnloo lqyhvwphqwv duh olplwhg e| wkhlu sdu0

hqwv* zhdowk dqg ehtxhvwv1 Phglxp ohyhov vnloov pd| eh d�rugdeoh wr vrph srru djhqwv/ exw rqo| wkh

zhdowk| fdq d�rug kljk ohyho vnloov1 Krz gr ghpdqg sdwwhuqv lq�xhqfh wkh lqyhvwphqw lq vnloov dqg

wkh jurzwk sdwk ri wkh hfrqrp|B

Xqghu kljk lqfrph lqhtxdolw|/ wkh devhqfh ri d odujh plggoh fodvv lpsolhv wkdw prvw shrsoh duh

�W? Thi��L�t �Lh! M@ti_ L? �L�ti�L*_ *i�i* UL?t�4T|�L? _@|@ uhL4 5L�|� �uh�U@c W �@�i i @4�?i_ ML|� �L� _i4@?_

T@||ih?t �@h) ��|� |�i *i�i* Lu �?UL4i @t �i** @t �L� |��t @giU|t |�i hi|�h?t |L _�gihi?| t!�**t� �?i �?_�?}c ?L|

t�hTh�t�?}*)c �t |�@| h�U�ih �L�ti�L*_t tTi?_ @ *@h}ih t�@hi Lu |�i�h |L|@* i Ti?_�|�hi L? 4Lhi t!�** �?|i?t��i �|i4t t�U�

@t @�|L4LM�*it Lh �?@?U�@* tih��Uitc @?_ @ *L�ih t�@hi L? *itt t!�**i_ �|i4t t�U� @t U*L|��?} @?_ u�h?�|�hic |�@? TLLhih

L?it� 5�4�*@h tTi?_�?} t�@hi T@||ih?t @hi hiTLh|i_ �? tL4i L|�ih t|�_�itc uLh �?t|@?Uic O�?|ihE�bb�� @?_ w*�U�c �L�i**

@?_ `�**�@4tL?E�b..�� W? @__�|�L?c h�U�ih �L�ti�L*_t @hi uL�?_ |L Uhi@|i hi*@|��i*) 4�U� *L�ih _i4@?_ uLh 4i_��4 @?_

*L� *i�i* t!�**t |�@? 4i_��4 Lh *L� �?UL4i �L�ti�L*_t� 5ii �@?�E�bbH� uLh _i|@�*t�
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hlwkhu wrr srru wr frqvxph dq|wklqj exw hvvhqwldov/ ru ulfk hqrxjk wr ex| vrsklvwlfdwhg pdqxidfwxuhv1

Khqfh wkh phglxp0vnloohg vhfwru lv klw e| orz ghpdqg/ zklfk lpsolhv orz uhwxuqv wr phglxp0vnloohg

oderuhuv zkr frxog qrw d�rug kljk hgxfdwlrq1 Exw orz uhwxuqv wr d srru/ phglxp0vnloohg oderuhu

wrgd| lpso| wkdw kh fdqqrw d�rug kljkhu hgxfdwlrq iru klv fkloguhq hlwkhu � khqfh shushwxdwlqj d

ylflrxv f|foh ri kljk lqhtxdolw|/ orz ghpdqg dqg orz lqfrph/ orz kxpdq fdslwdo lqyhvwphqw dqg juhdwhu

lqhtxdolw|1

Lq frqwudvw/ orz lqhtxdolw| lpsolhv d urexvw ghpdqg iru vlpsoh pdqxidfwxuhv/ jlyhq wkh suhvhqfh

ri d odujh plggoh fodvv � dqg khqfh kljk uhwxuqv wr phglxp0vnloohg oderu1e Dv d uhvxow/ dq lqglylgxdo

zkr lv wrr srru wr lqyhvw lq kljk ohyho vnloov iru klpvhoi/ pd| vwloo eh deoh wr lqyhvw lq kljkhu hgxfdwlrq

iru klv fkloguhq1 Lq wklv pdqqhu/ wkh dyhudjh vnloo ohyho/ dv zhoo dv lqfrph ohyho lq wkh hfrqrp| ulvhv

ryhu wlph1 Wkh phglxp0vnloohg wkxv ehfrphv wkh eulgjh ryhu zklfk djhqwv zkr duh srru wrgd| pdnh

lw wr wkh kljk0vnloohg vhfwru ri wkh zhdowk| lq wkh orqj uxq> lq wkh surfhvv/ lqhtxdolw| ghfolqhv dv zhoo1

Xqghu kljk lqhtxdolw| krzhyhu/ wkh lqlwldo odfn ri ghpdqg iru phglxp vnloohg oderu euhdfkhv wklv

eulgjh iurp sryhuw| wr survshulw|1 Wkh jds ehwzhhq wkh srru dqg wkh ulfk zlghqv ryhu wlph/ dqg wkh

hfrqrp| vwdjqdwhv dw d orz dyhudjh lqfrph ohyho/ zlwk d orz vwrfn ri kxpdq fdslwdo1

Wkh lqwhudfwlrq ehwzhhq ghpdqg h�hfwv dqg wkh lqfrph glvwulexwlrq ghvfulehg deryh dovr ghshqg

rq wkh ohyho ri lqfrph lq wkh hfrqrp|1 Lq yhu| srru hfrqrplhv zkhuh d odujh iudfwlrq ri wkh srsx0

odwlrq lv ehorz vxevlvwhqfh frqvxpswlrq ohyhov/ orzhu lqhtxdolw| pd| qrw lqfuhdvh ghpdqg iru vlpsoh

pdqxidfwxuhv1 Khqfh wkh yluwxrxv f|foh fuhdwhg e| orz lqhtxdolw|/ dv ghvfulehg deryh/ pd| qrw rffxu

~ ru hyhq eh uhyhuvhg1D Krzhyhu/ wkh irfxv khuh lv rq wkh pruh uhdolvwlf/ dqg khqfh lqwhuhvwlqj fdvh1

Wkxv/ wkh lqwhudfwlrq ehwzhhq ghpdqg dqg lqfrph lqhtxdolw| fdq |lhog +d frqwlqxxp ri, pxowlsoh

vwhdg| vwdwhv1 Zh �qg wkdw/ dw lqfrph ohyhov deryh vxevlvwhqfh frqvxpswlrq/ wkh vwhdg| vwdwhv duh vxfk

wkdw kljkhu lqhtxdolw| lv dvvrfldwhg zlwk orzhu shu fdslwd lqfrph dqg orzhu vwrfnv ri kxpdq fdslwdo1

Dovr/ dv vxjjhvwhg e| rxu vwru| deryh/ lqlwldo frqglwlrqv d�hfw wkh g|qdplf sdwk ri wkh hfrqrp|/ dqg

wkh vwhdg| vwdwh lw frqyhujhv wr1 Zh �qg wkdw kljk lqlwldo lqhtxdolw| grhv uhvxow lq orz shu fdslwd

lqfrph/ orz dyhudjh ohyhov ri kxpdq fdslwdo dqg kljk lqhtxdolw| lq wkh orqj uxq dv zhoo1 Ixuwkhu/

whpsrudu| uhglvwulexwlrq/ wkurxjk lwv h�hfwv rq wkh ghpdqg iru/ dqg vxsso| ri vnloov lq wkh vkruw uxq/

lv irxqg wr kdyh shupdqhqw orqj whup h�hfwv rq wkh ohyho ri shu fdslwd lqfrph dv zhoo dv lwv glvwulexwlrq1

Wkh prgho dgrswhg khuh/ zkloh kljko| vw|ol}hg/ lv lqwhqghg wr fdswxuh wkh hvvhqfh ri wkh lqwhudfwlrq

ehwzhhq lqfrph glvwulexwlrq dqg ghpdqg lq wkh prvw wudqvsduhqw pdqqhu1 Rxu jrdo lv qrw wr suhvhqw

eA��t �t |h�i ThL��_i_ |�i �?UL4i *i�i*t �? |�i iUL?L4) @hi ��}� i?L�}� tL |�@| t�Mt�t|i?Ui ?ii_t @hi |@!i? U@hi Lu�
D5�U� @? @_�ihti igiU| Lu *L�ih �?i^�@*�|) @| �ih) *L� *i�i*t Lu �?UL4i �L�*_ @*tL Mi |h�i �? ��W 4L_i*t |�@|

i4T�@t�3i t�TT*)�t�_i igiU|t�
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d gh�qlwlyh prgho/ exw udwkhu dq looxvwudwlyh rqh1 Vrph ri wkh dvvxpswlrqv pdgh duh iru h{srvlwlrqdo

vlpsolflw| dorqh/ exw vrph rwkhuv/ qr grxew/ duh ohvv lqqrfxrxv lqdvpxfk dv wkh| gr dzd| zlwk vrph

srwhqwldoo| lpsruwdqw irufhv1 Krzhyhu/ wkhvh odwwhu irufhv kdyh ehhq wkh irfxv ri wkh FPL olwhudwxuh

rq lqhtxdolw| dqg jurzwk1 D �qdo shuvshfwlyh pxvw eh edvhg rq d v|qwkhvlv ri wkh lpsolfdwlrqv gudzq

iurp wkh hqwluh erg| ri zrun1 Wkh urexvwqhvv ri rxu dvvxpswlrqv duh glvfxvvhg lq d odwhu vhfwlrq ri

wkh sdshu1

Rxu ghvfulswlrq ri wklv lqwhudfwlrq ehwzhhq ghpdqg sdwwhuqv dqg lqfrph lqhtxdolw| forvho| uh0

vhpeohv ydulrxv dvshfwv ri wkh jurzwk h{shulhqfh lq Eud}lo gxulqj wkh srvw0Zruog Zdu LL shulrg1

Dffruglqj wr gh0Mdqyu| dqg Vdgrxohw ^4<;6`/ wkh ulfkhvw txlqwloh grplqdwhg wkh ghpdqg iru jrrgv

iurp wkh kljk jurzwk vhfwruv lq wkh 4<93v> wkhvh zhuh doo kljko| vnloo lqwhqvlyh vhfwruv1S Pruoh| dqg

Zlooldpvrq*v^4<:7` vwxg| ri wkh cEud}loldq Pludfoh*^4<7;04<95` �qgv wkdw wkh jurzwk surfhvv ohg e|

wkhvh yhu| vhfwruv/ uhvxowhg lq orzhu devruswlrq udwhv iru lqwhuphgldwh vnloo ohyhov dv frpsduhg wr yhu|

kljk dqg orz ohyho vnloov1. Ilqdoo|/ Odqjrql^4<:6`�qgv wkdw wklv cpludfoh* fdxvhg oderu ghpdqg/ dqg

khqfh wkh glvwulexwlrq ri hduqlqjv/ wr eh eldvhg lq idyru ri kljko| hgxfdwhg zrunhuv dw wkh h{shqvh ri

ohvv hgxfdwhg rqhv1 Kh lghqwl�hv wklv dv wkh nh| vrxufh ri ghwhulrudwlrq lq wkh lqfrph glvwulexwlrq lq

Eud}lo gxulqj wklv shulrg1H Lw lv wklv nlqg ri g|qdplf ihhgedfn h�hfw � iurp wkh lqfrph glvwulexwlrq

wr wkh sdwwhuq ri ghpdqg dqg wkhq edfn iurp ghpdqg wr wkh glvwulexwlrq ri lqfrph wkdw zh vhhn wr

fdswxuh lq wklv sdshu1

Wkh vwdwlf lpsolfdwlrqv ri wkh h�hfwv ri qrq0krprwkhwlflw| kdyh ehhq vwxglhg hovhzkhuh lq wkh olw0

hudwxuh1 Pxusk|/ Vkohlihu dqg Ylvkq|^4<;<` lv dq hduo| slhfh ri zrun wkdw kljkoljkwv krz ghpdqg

sdwwhuqv xqghu lqhtxdolw| d�hfw wkh surfhvv ri lqgxvwuldol}dwlrq/ jlyhq lqfuhdvlqj uhwxuqv lq surgxfwlrq

whfkqrorj|1 Edodqg dqg Ud|^4<<4`/ Fkrx dqg Wdopdlq^4<<9`/ gh Mdqyu| dqg Vdgrxohw^4<;6`/ Hvzdudq

dqg Nrwzdo^4<<6` dqg pruh uhfhqwo|/ Pdwvx|dpd^5333` duh rwkhu sdshuv wkdw h{dplqh rwkhu hfrqrplf

lpsolfdwlrqv ri qrq0krprwkhwlf suhihuhqfhv1 Wkh g|qdplf lqwhudfwlrq ehwzhhq qrq0krprwkhwlf suhihu0

hqfhv dqg kxpdq fdslwdo dffxpxodwlrq dv ghvfulehg khuh/ kdv qrw ehhq dgguhvvhg ehiruh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq LL ghvfulehv wkh edvlf prgho dqg vhfwlrq LLL/ wkh vkruw

SA�i ��}� }hL�|� tiU|Lh }LL_t �?U*�_i_ i*iU|h�U@* }LL_tc @�|L4LM�*itc T*@t|�Utc T�M*�t��?} @?_ UL44�?�U@|�L? tih��Uit�

Ai�|i*<td�b.So t�h�i) Lu �. 4@?�u@U|�h�?} �?_�t|h�it �? _i�i*LTi_ @?_ _i�i*LT�?} UL�?|h�it M) t!�** �?|i?t�|) UL?t�t|i?|*)

h@?!t |�iti tiU|Lht @t ��}� t!�** tiU|Lht�

.A�i�h *@MLh t!�** U*@tt��U@|�L? �t M@ti_ L? �@}i _@|@�
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uxq htxloleulxp1 Vhfwlrq LY fkdudfwhul}hv wkh vwhdg| vwdwhv ri wkh prgho dqg glvfxvvhv wkh qdwxuh ri

wkh pxowlsoh vwhdg| vwdwhv1 Vhfwlrq Y vwxglhv wkh g|qdplf sdwk ri wkh hfrqrp| dqg ghprqvwudwhv

frqyhujhqfh/ vwduwlqj iurp dq| lqlwldo frqglwlrqv1 Vhfwlrq YL glvfxvvhv krz gl�huhqfhv lq lqlwldo frq0

glwlrqv frxog ohdg wr gl�huhqw orqj uxq rxwfrphv zkloh vhfwlrq YLL glvfxvvhv wkh urexvwqhvv ri rxu

dvvxpswlrqv dqg frqfoxghv1 Surriv ri doo uhvxowv duh froohfwhg lq wkh Dsshqgl{1

WW� A�i �L_i*

WW��� A�i ,UL?L4) G �@t�U #itUh�T|�L?

Wkh hfrqrp| kdv dq ryhuodsslqj jhqhudwlrqv vwuxfwxuh/ zlwk hdfk jhqhudwlrq olylqj iru wzr shulrgv1

Wklv vwuxfwxuh doorzv xv wr ghslfw krz zhdowk lv wudqvplwwhg iurp rqh jhqhudwlrq wr wkh qh{w1

Dw eluwk/ hdfk djhqw l uhfhlyhv d ehtxhvw e+l, iurp klv sduhqw1 Lq shulrg 4 ri klv olih/ kh �uvw ghflghv

zkdw dprxqw ri klv ehtxhvw kh pxvw lqyhvw lq hgxfdwlrq1 Kdylqj pdgh klv ghvluhg lqyhvwphqw/ kh

wkhq hduqv lqfrph iurp vxsso|lqj klv oderu vnloov1 Lq shulrg 5/ kh glylghv wklv lqfrph ehwzhhq klv rzq

frqvxpswlrq dqg d ehtxhvw wr klv r�vsulqj1b Djhqwv l duh udqnhg xqlirupo| ryhu wkh lqwhuydo ^3/4` lq

wkh lqfuhdvlqj rughu ri wkh vl}h ri wkhlu lqfrph dqg zhdowk1

Dq djhqw*v fkrlfhv zlwk uhvshfw wr hgxfdwlrq lqyhvwphqw dqg hpsor|phqw duh dv iroorzv1 Kh fdq

zrun dv dq xqvnloohg oderuhu dw d zdjh z�/ zklfk uhtxluhv qr xs iurqw lqyhvwphqw lq hgxfdwlrq1

Dowhuqdwlyho|/ kh fdq fkrrvh wr zrun dv d phglxp vnloohg oderuhu dw d zdjh z� zklfk uhtxluhv dq

lqlwldo hgxfdwlrqdo lqyhvwphqw ri vl}h v� 1 Ilqdoo|/ kh fdq zrun dv d kljk0vnloohg oderuhu dw d zdjh zM

diwhu dq lqlwldo lqyhvwphqw ri vl}h vM 1

WW� �� �hL_�U|�L?

Wkhuh duh wkuhh jrrgv lq wkh hfrqrp|/ ghqrwhg e| E>P dqg K1 Uhfdoo ~ iurp rxu ghvfulswlrq lq

wkh lqwurgxfwlrq ~ wkdw jrrg E pd| eh olnhqhg wr vxevlvwhqfh jrrgv olnh irrg/ jrrg P wr vlpsoh

pdqxidfwxuhv olnh forwklqj/ wr|v hwf1/ dqg jrrg K wr pruh vrsklvwlfdwhg lwhpv olnh fduv ru �qdqfldo

vhuylfhv1 Wkhvh jrrgv duh surgxfhg zlwk d olqhdu surgxfwlrq ixqfwlrq/ hdfk xvlqj oderu ri d vlqjoh

vnloo ohyho 0 E xvhv xqvnloohg oderu dv lwv lqsxw/ P xvhv phglxp0vnloohg oderu/ dqg K xvhv kljk0vnloohg

b,@U� @}i?|t �t @tt�4i_ |L �@�i i @U|*) L?i LgtTh�?}� �L|i |�@| @}i?|t i@h? @?_ UL?t�4i �? _�gihi?| Tih�L_t Lu

|�i�h *�ui|�4i�
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oderu�f1��

Jrrgv E dqg K duh dvvxphg wr eh wudghg lq wkh zruog pdunhw dw d �{hg lqwhuqdwlrqdo sulfh1�2

Zh pd| fkrrvh xqlwv ri wkhvh jrrgv vr wkdw sulfhv ri erwk jrrgv duh htxdo wr rqh1 Jlyhq wkh olqhdu

surgxfwlrq whfkqrorj|/ wklv lpsolhv wkdw wkh zdjh ohyhov z� dqg zM pd| wdnhq wr eh sdudphwhuv iru

wkh uhvw ri wkh dqdo|vlv1

Jrrg P lv dvvxphg wr eh qrq0wudghg/ vr wkdw lwv sulfh s lv ghwhuplqhg hqgrjhqrxvo| e| grphvwlf

ghpdqg sdwwhuqv1�� Zh fdq fkrrvh xqlwv ri jrrg P vxfk wkdw wkh rxwsxw0oderu frh�flhqw lv rqh1

Jlyhq wkh olqhdu surgxfwlrq whfkqrorj|/ wkh zdjh lq vhfwruP>z� pxvw htxdo wkh sulfh s1 +Khqfh z�

lv dovr hqgrjhqrxv1, Khqfhiruwk zh ghqrwh wklv zdjh z� vlpso| e| z1

WW��� �hiuihi?Uit @?_ �i^�it|t

Djhqwv jdlq xwlolw| iurp wkh frqvxplqj wkh wkuhh jrrgv E>P dqg K/ dqg iurp pdnlqj ehtxhvwv wr

wkhlu fkloguhq1 Wkh xwlolw| ixqfwlrq lv gh�qhg rq wkh frqvxpswlrq wulsoh f � +f�> f� > fM, dqg ehtxhvw

e dv iroorzv1

X+f, @ f� li f� � �f�>

X+f> e, @ �f� . +Y +f� > fM,,
k=+e,�3k li f��f�

Vlqfh E lv d edvlf jrrg vxfk dv irrg/ wkhvh suhihuhqfhv lpso| wkdw hyhu| lqglylgxdo doorfdwhv lqfrph
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rqo| wr jrrg E xqwlo wkh uhtxluhg ohyho ri jrrg E> �f� kdv ehhq frqvxphg1 Dq| uhvlgxdo lqfrph +diwhu

frqvxplqj jrrg E, lv doorfdwhg ehwzhhq jrrgv P>K dqg ehtxhvwv lq wkh udwlr � = 4� �1�e

Khuh zh dvvxph wkdw doo djhqwv fdq d�rug �f�1 Khqfh hyhq wkh srruhvw djhqwv duh deoh wr jhqhudwh

vrph vdylqjv dqg ehtxhvwv iru wkhlu fkloguhq1 Wklv pd| qrw eh wuxh lq yhu| srru hfrqrplhv> zh dgguhvv

wklv fdvh zkhuh qrw doo djhqwv fdq d�rug �f� lq d odwhu vhfwlrq ri wkh sdshu1�D

Li lqglylgxdo lqfrph/ qhw ri hgxfdwlrq frvwv/ lv ghqrwhg e| ] dqg uhvlgxdo lqfrph e| |/ wkhq zh

kdyh/ iru doo djhqwv l=

|+l, @ +]+l,� �f�, � 3 +4,

Zh fdq uhzulwh | dv d frpelqdwlrq ri zdjh dqg ehtxhvw lqfrph1 Ohw e|+l, ghqrwh wkh wrwdo ehtxhvw

uhfhlyhg e| lqglylgxdo l dw wlph w/ z|+l, klv zdjh dw wlph w dqg v|+l,/ klv hgxfdwlrqdo h{shqglwxuh dw

wlph w1 Wkhq zh kdyh

||+l, @ e|+l, . +z|+l,� v|+l,� �f�, +5,

Vlqfh d iudfwlrq +4 � �, ri uhvlgxdo lqfrph | lv ehtxhdwkhg wr wkh qh{w jhqhudwlrq/ zh revhuyh wkh

iroorzlqj lqwhuwhpsrudo sdwwhuq lq |1

||+l, @ +4� �,||3�+l, . +z|+l,� v|+l,� �f�, +6,

Zh pdnh vrph dgglwlrqdo dvvxpswlrqv rq frqvxpswlrq suhihuhqfhv1 Iluvw/ erwk P dqg K duh qrupdo

jrrgv lq wkh udqjh zkhuh wkh| duh erxjkw1 Vhfrqg/ ghpdqg iru jrrg P lv dvvxphg wr eh lqfuhdvlqj/

exw frqfdyh lq lqfrph1 Wklv lpsolhv wkdw wkh vkduh ri uhvlgxdo lqfrph doorfdwhg wr P lv ghfuhdvlqj

lq +uhvlgxdo, lqfrph1�S +Khqfh jrrg K lv d ox{xu| lq wkh vhqvh wkdw wkh vkduh ri h{shqglwxuh rq wklv

jrrg lqfuhdvhv zlwk dq lqfuhdvh lq uhvlgxdo lqfrph/ |1,
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Wkh deryh vshfl�fdwlrq ri suhihuhqfhv dqg wkh doorfdwlrq ri frqvxpswlrq h{shqglwxuh dulvlqj iurp

lw doorzv xv wr frpsxwh dq lqglylgxdo*v ghpdqg iru jrrg P> f� +s> |, dw d jlyhq gdwh1 Wr rewdlq wkh

djjuhjdwh ghpdqg iru jrrg P / zh wkhq lqwhjudwh f� +s> |, ryhu wkh glvwulexwlrq ri | suhydlolqj dw wkdw

gdwh1

Qh{w/ zh pxvw dgguhvv lvvxhv uhodwlqj wr wkh vxsso| ri jrrg P 1 Vlqfh oderu lv wkh rqo| lqsxw/

wklv eulqjv xv wr wkh oderu vxsso| dqg hgxfdwlrq fkrlfhv ri djhqwv1 Zh ghvfuleh wkhvh lq wkh iroorzlqj

vxe0vhfwlrq1

WW�#� �UU�T@|�L?@* ��L�Uit @?_ ,_�U@|�L?

Dv phqwlrqhg hduolhu/ phglxp dqg kljk0ohyho vnloov uhtxluh dq lqlwldo lqyhvwphqw ri vl}h v� dqg vM

uhvshfwlyho|/ zkhuh v� ? vM 1 Wkhvh frvwv duh h{suhvvhg lq xqlwv ri jrrg E1 Vlqfh wkh sulfh ri jrrg E

lv �{hg/ wkh frvw ri lqyhvwlqj lq phglxp dqg kljk ohyho vnloov dovr uhpdlq �{hg ryhu wlph1

Lw lv dvvxphg wkdw wkhuh duh qr fdslwdo pdunhwv wkdw ixqg vxfk lqlwldo lqyhvwphqw lq vnloov1 Khqfh

djhqwv pxvw �qdqfh hgxfdwlrq vroho| rxw ri wkhlu lqkhulwdqfh1

Ri frxuvh/ wklv zrxog lpso| wkdw wkh| zrxog gl�hu lq wkh ohyhov ri hgxfdwlrq wkh| d�rug> vrph pd|

d�rug qrqh dw doo/ vrph rwkhuv xs wr wkh phglxp ohyho/ dqg d ihz xs wr wkh kljkhvw ohyho/ ghshqglqj

rq wkh ehtxhvw glvwulexwlrq1 Krzhyhu/ zh pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw doo djhqwv fdq d�rug

phglxp ohyho hgxfdwlrq/ wkrxjk qrw doo djhqwv fdq d�rug kljk hgxfdwlrq1�.

Wr h{suhvv wklv dvvxpswlrq irupdoo|/ revhuyh wkdw wkh srruhvw +dvvhwohvv, djhqw fdq hduq d zdjh

ri dw ohdvw z� vlqfh vhfwru E uhtxluhv qr xs0iurqw lqyhvwphqw lq hgxfdwlrq1 Dw wklv zdjh/ dq djhqw l

zloo ehtxhdwk +4 � �,^z� � �f� . e+l,`1�H Li vhyhudo jhqhudwlrqv ri wklv idplo| hduq wkh orz zdjh z�/

wkhq/ lq wkh orqj uxq/ dq djhqw ehorqjlqj wr wklv idplo| zloo hqmr| dq lqkhulwdqfh ri �3k

k
+z� � �f�,1

�b

Wklv dprxqw lv hqrxjk wr sxufkdvh phglxp0ohyho vnloov uhtxluhg iru vhfwru P 1 Wkxv/ wkh dvvxpswlrq

lpsolhv wkdw
4� �

�
+z� � �f�, � v� +7,

Ri frxuvh/ qrw doo djhqwv fdq d�rug kljk0ohyho hgxfdwlrq1 Vshfl�fdoo|/ ehtxhvwv pdgh rxw ri lqfrph

�.A��t @tt�4T|�L? L? 4i_��4 *i�i* t!�**t 4ihi*) @**L�t �t |L 4@!i L�h TL�?| @ML�| _i4@?_ UL4TLt�|�L? igiU|t ��|�

t�@hTih uLU�t� A�i hit�*|t _L ?L| _iTi?_ L? |��t 4L_��U@|�L? �? @?) �@) ��@|tLi�ih� �*tLc tL4i Uhi_�| UL?t|h@�?|t

L? ��}�ih i_�U@|�L? @hi ?iUitt@h) |L h�*i L�| |�i �?hi@*�t|�U U@ti ��ihi @** @}i?|tc TLLh Lh h�U�c t�4T*) �?�it| �? ��}�ih

i_�U@|�L? @?_ i@h? |�i ��}��t!�** �@}i�

�HNti i^�@|�L? E2��
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hduqhg lq vhfwru E duh qhyhu vx�flhqw wr fryhu wkh frvw ri kljk hgxfdwlrq zkhuhdv ehtxhvwv pdgh rxw

ri lqfrphv hduqhg lq vhfwru K duh odujh hqrxjk wr fryhu wklv frvw1 Wklv dvvxpswlrq pd| eh h{suhvvhg

dv iroorzv=
4� �

�
+z� � �f�, ? vM ?

4� �

�
+zM � vM � �f�, +8,

Wkh odvw h{suhvvlrq lq htxdwlrq +8, uhsuhvhqwv wkh orqj0uxq lqfrph lq vhfwru K1 Vlqfh vM ?
�3k

k
+zM �

vM � �f�, +lq +8,,/ lw iroorzv wkdw vM ? +4� �,+zM � �f�,1 Lq rwkhu zrugv/ dq| djhqw/ rqfh hpsor|hg

lq vhfwru K/ fdq dozd|v pdnh d ehtxhvw odujh hqrxjk wr d�rug kljk hgxfdwlrq iru klv r�vsulqj1

Htxdwlrq +8, dovr lpsolhv wkdw wkh qhw uhwxuqv lq vhfwru K duh vwulfwo| kljkhu wkdq wkrvh lq wkh

vhfwru E1 Uhfdoo wkdw zM dqg z� duh vshfl�hg dv sdudphwhuv1 Lq rwkhu zrugv/

zM � vMz� +9,

Ri frxuvh/ zh fdqqrw pdnh dq| vlplodu dvvxpswlrq uhjduglqj wkh zdjh lq vhfwruP / dv lw lv hqgrjhqrxv1

Wkh deryh ghvfulswlrq ri rffxsdwlrqdo fkrlfhv doorzv xv wr ghwhuplqh wkh vxsso| ri phglxp0vnloohg

oderu lq vhfwru P dw dq| gdwh1 Zh gr vr lq wkh iroorzlqj vhfwlrq1 Zh dovr wudfh rxw wkh ghpdqg fxuyh

iru phglxp0vnloohg oderu lq wkh vkruw uxq dqg ghvfuleh wkh lqwhuwhpsrudo htxloleulxp lq wklv hfrqrp|1

WWW� A�i 5�Lh| +�?

Lq ghvfulelqj wkh htxloleulxp lq wklv hfrqrp| dw dq| gdwh/ zh irfxv rq vhfwru P dorqh1 Vlqfh

wkh wzr rwkhu jrrgv/ E dqg K/ duh wudghg lqwhuqdwlrqdoo| dw �{hg sulfhv/ qr lqghshqghqw htxloleulxp

frqglwlrqv qhhg eh lpsrvhg rq wkrvh vhfwruv1

Zh ghvfuleh wkh htxloleulxp lq whupv ri wkh pdunhw iru phglxp vnloohg oderu1 Vlqfh wkh surgxfwlrq

ixqfwlrq lv olqhdu/ wklv lv htxlydohqw wr glvfxvvlqj wkh htxloleulxp lq wkh rxwsxw pdunhw iru jrrgP 1

Dv d �uvw vwhs/ ohw xv wudfh rxw wkh vxsso| fxuyh iru phglxp0vnloohg oderu/ xvlqj wkh ghvfulswlrq ri

rffxsdwlrqdo dqg hgxfdwlrqdo fkrlfhv iurp wkh suhylrxv vhfwlrq1

Vlqfh dq lqglylgxdo*v ehtxhvw frqvwudlqv klv hgxfdwlrqdo fkrlfh/ dqg khqfh vnloo ohyho kh vxssolhv wr

wkh pdunhw/ zh �uvw gh�qh wkh iudfwlrq ri wkh srsxodwlrq wkdw fdq d�rug kljk hgxfdwlrq1 Wr gr vr/ uhfdoo

wkdw lqglylgxdov l duh udqnhg xqlirupo| ryhu wkh ^3/4` frqwlqxxp lq lqfuhdvlqj rughu ri wkhlu lqfrph1

Jlyhq d glvwulexwlrq | ri uhvlgxdo lqfrph dw dq| gdwh/ ohw lW+|, 5 ^3> 4` eh wkh srruhvw lqglylgxdo zkr

fdq d�rug kljk hgxfdwlrq12f Wkxv/ d srsxodwlrq ri vl}h +4� lW, fdq d�rug kljk hgxfdwlrq1 Zh fdq xvh

wklv wr wudfh rxw wkh oderu vxsso| fxuyh1

2fW? L|�ih �Lh_tc |�i Mi^�it| �i hiUi��it �t *@h}i i?L�}� |L UL�ih |�i ULt| rM ( ��i� �
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Wkh Oderu Vxsso| Fxuyh=

D zdjh ri z� lq vhfwru E lv dozd|v dwwdlqdeoh iru dq| djhqw/ zlwk qr xs0iurqw lqyhvwphqw lq

hgxfdwlrq1 Iru wkhuh wr eh d srvlwlyh vxsso| ri oderu wr vhfwru P / wkh zdjh lq wklv vhfwru/ qhw ri

wkh frvw ri hgxfdwlrq/ pxvw eh dw ohdvw dv kljk dv z�1 Dovr/ djhqwv l 5 ^3> lW, fdq d�rug rqo| xs

wr phglxp ohyho hgxfdwlrq/ vr wkh| pxvw vxsso| wkhlu oderu wr vhfwruv E ru P / exw qrw K1 Xvlqj

wklv lqirupdwlrq/ wkh oderu0vxsso| fxuyh lq vhfwru P pd| eh wudfhg rxw dv iroorzv+uhihu wr Iljxuh L,1

Ohwwlqj z� . v� � z dqg zM � +vM � v� , � �z/ lw pxvw eh wkh fdvh wkdw

O7 @ 3 iru z ? z

5 +3> lW` iru z @ z

@ lW iru �zzz

5 ^lW> 4` iru z @ �z

@ 4 iru z �z

+:,

Lqvhuw Iljxuh L khuh

Dw z/ dq djhqw zkr fdqqrw d�rug kljk hgxfdwlrq lv lqgl�huhqw ehwzhhq zrunlqj lq vhfwruv E dqg

P 1 Khqfh/ dv vhhq lq wkh gldjudp/ wkh O7 fxuyh lv krul}rqwdo dw wklv zdjh/ ryhu wkh udqjh ^3> lW`1

Vlploduo|/ dw �z/ dq djhqw lv lqgl�huhqw ehwzhhq zrunlqj lq vhfwruvP dqg K1 Wklv jlyhv ulvh wr dqrwkhu

krul}rqwdo vhjphqw ri wkh vxsso| fxuyh dw �z1 Iru dq| zdjh ehwzhhq z dqg �z/ dq djhqw zkr fdq rqo|

d�rug phglxp0ohyho hgxfdwlrq vwulfwo| suhihuv wr zrun lq vhfwru P udwkhu wkdq lq vhfwru E1 Iru dq|

zdjh ehorz �z/ dq djhqw zkr fdq d�rug kljk hgxfdwlrq vwulfwo| suhihuv wr zrun lq vhfwru K ryhu rwkhu

vhfwruv1 Wklv jlyhv xv wkh yhuwlfdo vhjphqw ri wkh oderu vxsso| fxuyh1 Qh{w/ zh wudfh rxw wkh ghpdqg

fxuyh iru phglxp0vnloohg oderu/ edvhg rq djhqwv* suhihuhqfhv1

Wkh Oderu Ghpdqg Fxuyh=

Ohw o(+z> |+l,, eh wkh uhsuhvhqwdwlyh frqvxphu*v ghpdqg ixqfwlrq iru phglxp0vnloohg oderu +ru

htxlydohqwo|/ iru jrrg P,1

Dw dq| gdwh w/ rqo| wkh rog djhqwv lq wkh hfrqrp| frqvxph1 Wkh uhvlgxdo lqfrph zklfk wkh|

doorfdwh wrzdugv jrrgP lv fduulhg ryhu iurp wkh suhylrxv shulrg w�41 Krzhyhu/ wkh zdjh ri phglxp0

vnloohg oderu wkdw wkh| pxvw sd| lv wkh fxuuhqw shulrg zdjh1 Khqfh wkh lwk idplo|*v ghpdqg iru
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phglxp0vnloohg oderu dw gdwh w lv jlyhq e| o(+z|> |+l,|3�,1
2� Wkh pdunhw ghpdqg iru phglxp0vnloohg

oderu dw dq| wlph w/ O(| fdq eh rewdlqhg e| vlpso| lqwhjudwlqj wkh lqglylgxdo oderu ghpdqg ryhu doo l1

Wkxv zh kdyh

O(| +z|>||3�, @

]
�

f

o(+z|> ||3�+l,,gl +;,

Dw dq| shulrg w/ pdunhw0fohdulqj uhtxluhv wkdw wkh wrwdo ghpdqg iru phglxp0vnloohg oderu/ O(| / htxdo

wkh wrwdo vxsso| ri phglxp0vnloohg oderu/ O7| 1 Ohw O| ghqrwh wkh pdunhw0fohdulqj dprxqw ri oderu lq

vhfwru P dw gdwh w1 Jlyhq rxu ghvfulswlrq ri oderu ghpdqg dqg vxsso| hduolhu/ pdunhw0fohdulqj dw dq|

gdwh w lv dfklhyhg surylghg =

O(| +z|>||, � lW+||, +<,

zlwk htxdolw| kroglqj li z|z1
22

Zh fdq qrz gh�qh dq lqwhuwhpsrudo htxloleulxp dv d vhtxhqfh ri zdjhv iz|j
"

|'� wkdw ohdgv wr

pdunhw0fohdulqj dw hyhu| gdwh/ jlyhq dq lqlwldo glvwulexwlrq ri uhvlgxdo lqfrph |f1

Qrwh wkdw/ jlyhq |f/ dq| vhtxhqfh ri zdjhv iz|j
"

|'f gh�qhv d vhtxhqfh ri uhvlgxdo lqfrphv i||j
"

|'f/

ehtxhvwv ie|j
"

|'� dqg iudfwlrqv ri djhqwv zkr fdq d�rug kljk hgxfdwlrq/ i+4� lW| ,j
"

|'�1 Khqfh/ jlyhq

dq| vhtxhqfh ri zdjhv/ wkh pdunhw0fohdulqj frqglwlrq fdq eh fkhfnhg iru dw hyhu| gdwh1

Wkh pdunhw fohdulqj zdjh dw dq| shulrg w ghwhuplqhv wkh glvwulexwlrq ri uhvlgxdo lqfrphv/ || dqg

wkh ehtxhvw glvwulexwlrq dw shulrg w . 4>e|n�1 Wkh glvwulexwlrq || ghwhuplqhv wkh djjuhjdwh oderu

ghpdqg/ O(|n� dqg wkh glvwulexwlrq e|n� ghwhuplqhv wkh oderu vxsso|/ O7|n�1 Wkh lqwhuvhfwlrq ri wkh

ghpdqg dqg wkh vxsso| fxuyh hqvxuhv pdunhw fohdulqj dw dq| gdwh12� Dovr/ qrwh wkdw wkh oderu vxsso|

fxuyh lv qrq0ghfuhdvlqj lq wkh zdjh dqg wkh oderu ghpdqg fxuyh lv vwulfwo| ghfuhdvlqj lq wkh zdjh1

Wklv jlyhv xv d xqltxh pdunhw fohdulqj zdjh dw gdwh w. 4> z|n�/ dqg wklv surfhvv uhshdwv lwvhoi lq doo

vxevhtxhqw shulrgv1
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Wkxv/ vwduwlqj iurp gdwh 3/ wkh htxloleulxp vhtxhqfh iz|j
"

� fdq eh ghwhuplqhg uhfxuvlyho|1 Vlqfh

wkh pdunhw0fohdulqj zdjh lq dq| shulrg lv xqltxh/ wkh htxloleulxp sdwk iz|j
"

� pxvw dovr eh xqltxh/

jlyhq d glvwulexwlrq ri uhvlgxdo lqfrphv/ |f dw wkh lqlwldo gdwh1

Rqh vshfldo fdvh ri vxfk dq htxloleulxp vhtxhqfh iz|j
"

|'f lv zkhq z| @ z|n�/ vxfk wkdw wkh

glvwulexwlrqv || dqg ||n� duh lghqwlfdo � zkdw zh frqyhqwlrqdoo| ghvfuleh dv d vwhdg| vwdwh1 Zh

ehjlq rxu dqdo|vlv ri wklv hfrqrp| e| vwxg|lqj vxfk lqwhuwhpsrudo htxloleuld wkdw duh vwhdg| vwdwhv1

WV� 5|i@_) 5|@|it

D glvwulexwlrq ri lqfrph | frqvwlwxwhv d vwhdg| vwdwh li/ jlyhq frqvxpswlrq dqg ehtxhvw suhihuhqfhv/

lw lv vhoi0shushwxdwlqj iurp rqh shulrg wr wkh qh{w1 Zh fkrrvh wr ghvfuleh d vwhdg| vwdwh lq whupv ri

wkh froohfwlrq i|> z> lWj/ zkhuh z lv wkh +vwdwlrqdu|, pdunhw fohdulqj zdjh dqg +4� lW, lv wkh iudfwlrq

ri djhqwv hpsor|hg lq vhfwru K12e Zh h{solflwo| dgg wkh zdjh dqg hpsor|phqw ohyhov khuh/ vlpso| wr

eulqj rxw lqwhuhvwlqj gl�huhqfhv lq wkh ihdwxuhv dfurvv vwhdg| vwdwhv1

D vwhdg| vwdwh glvwulexwlrq | lv forvho| dvvrfldwhg zlwk z dqg lW/ dqg lw fdq hdvlo| eh uhfryhuhg

iurp wkhvh odwwhu yduldeohv1 Lw lv hdv| wr vhh wkdw | lv dw prvw d wzr srlqw glvwulexwlrq jlyhq e|=

| @
z � v� � �f�

�
iru iudfwlrq lW

@
zM � vM � �f�

�
iru iudfwlrq +4� lW,

+43,

Qrwh wkdw/ vlqfh wkh zdjhv z� dqg zM duh h{rjhqrxvo| vshfl�hg/ wkh vwhdg| vwdwh ydoxh �M3rM37S�

k

lv h{rjhqrxv1 Rq wkh rwkhu kdqg/ wkh vwhdg| vwdwh ydoxh ri �3r�37S�

k
lv hqgrjhqrxv vlqfh wkh zdjh lq

vhfwru P>z lv hqgrjhqrxvo| ghwhuplqhg1

Jlyhq lqfrph dqg ehtxhvwv lq vwhdg| vwdwh/ zh fdq ghulyh wkh oderu vxsso| fxuyh/ dv ehiruh1

Dv iru oderu ghpdqg lq wkh vwhdg| vwdwh/ ohw xv ghqrwh lw e| O(1

Vlqfh e| htxdwlrq +43, deryh/ djhqwv duh glvwulexwhg ryhu dw prvw wzr lqfrph ohyhov lq vwhdg| vwdwh/

zh fdq zulwh oderu ghpdqg dv = O( � lW=o(+z> �3r�37S�
k

, . +4� lW,=o(+z> �M3rM37S�

k
,1 Qrwh wkdw wklv

h{suhvvlrq grhv qrw fkdudfwhul}h oderu ghpdqg lq wkh vwdqgdug vhqvh1 Khuh/ wkh zdjh yduldeoh d�hfwv
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qrw rqo| wkh sulfh ri oderu exw dovr wkh lqfrph hduqhg e| oderu1 Iru rxu dqdo|vlv lq wklv vhfwlrq/ zh

dvvxph wkdw O( �+z, ? 312D

Zh duh qrz uhdg| wr ghvfuleh wkh qhfhvvdu| dqg vx�flhqw frqglwlrqv rq oderu vxsso| dqg oderu

ghpdqg iru d froohfwlrq i|> z> lWj wr irup d vwhdg| vwdwh1

�iNVNt�|�NA 4 D froohfwlrq i|> z> lWj lv d vwhdg| vwdwh li dqg rqo| li rqh ri wkh iroorzlqj wkuhh frq0

glwlrqv krogv=

+L, z @ z dqg lW=o(+z>
z � v� � �f�

�
, . +4� lW,+o(+z>

zM � vM � �f�
�

, � lW

+LL,
4� �

�
^z � v� � �f�` ? vM dqg lW=o(+z>

z � v� � �f�
�

, . +4� lW,o(+z>
zM � vM � �f�

�
, @ lW

+LLL, z � v� � zM � vM dqg lW=o(+z>
z � v� � �f�

�
, . +4� lW,=o(+z>

zM � vM � �f�
�

, @ lW

+L,0+LLL, duh pdunhw fohdulqj frqglwlrqv wkdw fruuhvsrqg wr wkh wkuhh srlqwv pdunhg e| duurzv lq

Iljxuh LL1 Xqghu Frqglwlrq +L,/ wkh pdunhw fohdulqj zdjh/ z lv wkh orzhvw srvvleoh1 Jlyhq wklv orz

lqfrph ohyho/ ghpdqg iru wkh plggoh jrrg lv orz1 Djdlq/ vlqfh wkh zdjh lv orz/ ihzhu djhqwv fdq d�rug

kljk hgxfdwlrq/ khqfh oderu vxsso| wr wkh plggoh vhfwru lv yhu| kljk1 Wkxv d orz ghpdqg iru/ dqg d

odujh vxsso| ri oderu/ uhlqirufhv wkh orz zdjh/ z dv d vwhdg| vwdwh1

Lq frqwudvw/ xqghu Frqglwlrq +LLL,/ wkh zdjh lv dw wkh kljkhvw srvvleoh ohyho �z1 Khqfh ghpdqg iru

wkh plggoh jrrg lv kljk1 Doo djhqwv kdyh dffhvv wr wkh kljk vhfwru dw wklv zdjh/ vr oderu vxsso| wr

wkh plggoh vhfwru lv iruwkfrplqj rqo| dw d zdjh ri �z/ htxlydohqw wr zM+ru juhdwhu,1 Wklv mxvwl�hv kljk

zdjh �z dv d vwhdg| vwdwh1

Frqglwlrq +LL, uhsuhvhqwv wkh clqwhuphgldwh* fdvh zkhuh wkh zdjh olhv ehwzhhq wkh wzr h{wuhphv1

Khuhlq zdjhv duh qrw dv orz dv z/ vr djhqwv fdq ghpdqg pruh ri jrrgP / dqg pruh ri wkhp fdq d�rug

kljk hgxfdwlrq wkdq lq +L,1 Vlqfh wkh zdjh lv kljkhu wkdq wkdw lq vhfwru E/ doo djhqwv zlwkrxw dffhvv

wr vhfwru K fkrrvh hpsor|phqw lq vhfwru P 12S
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Lqvhuw Iljxuh LL khuh

Iljxuh LL vxjjhvwv wkhq/ wkdw wkhuh duh wkuhh srvvleoh cw|shv* ri vwhdg| vwdwhv/ zlwk gl�huhqw zdjh

ohyhov1 Exw/ dsduw iurp zdjhv/ krz duh wkh| txdolwdwlyho| gl�huhqw iurp hdfk rwkhuB Lv lw srvvleoh

wr udqn wkhp e| vrph fulwhulrqB Sursrvlwlrq 5 ehorz dgguhvvhv wkhvh txhvwlrqv1 Zh vhh wkdw wkhvh

vwhdg| vwdwhv gl�hu qrw rqo| zlwk uhvshfw wr zdjh ohyhov/ exw dovr zlwk uhvshfw wr wkh ohyho ri shu fdslwd

lqfrphv/ wkh vwrfnv ri kxpdq fdslwdo/ sdwwhuqv ri hpsor|phqw dv zhoo dv wkh ghjuhh ri lqhtxdolw| lq

wkh hfrqrp|1

Wr khos lqwhusuhw Sursrvlwlrq 5/ zh gh�qh zW wr eh wkh plqlpxp vwhdg| vwdwh zdjh lq vhfwru P

dw zklfk djhqwv lq wklv vhfwru fdq d�rug kljk hgxfdwlrq1 Khqfh �3k

k
=+zW � v� � �f�, @ vM 1

�iNVNt�|�NA 5 +l, Wkh vhw ri vwhdg| vwdwh zdjhv frqvlvwv ri wkh lqwhuydo ^z> zW, dqg i �zj1

+ll, Lq wklv udqjh/ iru zz/ z dqg lW duh qhjdwlyho| uhodwhg ryhu vwhdg| vwdwhv= d orzhu sursruwlrq ri

shrsoh hpsor|hg lq wkh K vhfwru lv dvvrfldwhg zlwk d orzhu P vhfwru zdjh1

Wkh vhfrqg judsk lq Iljxuh LL pdsv wkh uhodwlrqvkls ehwzhhq zdjh dqg hpsor|phqw ohyhov lq vhfwru

P dfurvv gl�huhqw vwhdg| vwdwhv/ edvhg rq wkh judsk wr lwv ohiw1

Dv zh vdz hduolhu/ zkhq wkh zdjh lv dw lwv orzhvw/ l1h1 z/ wkhuh lv d odujh iudfwlrq ri srru djhqwv/

lW zkr duh ghqlhg dffhvv wr kljk hgxfdwlrq dqg hpsor|phqw lq vhfwru K1 Wklv lpsolhv wkdw wkh wrwdo

vwrfn ri kxpdq fdslwdo lq wkh hfrqrp| pxvw eh yhu| orz1 Qrw vxusulvlqjo|/ wklv orz vwrfn ri kxpdq

fdslwdo lv dvvrfldwhg zlwk orz shu fdslwd lqfrph dv zhoo1 Dv lv w|slfdo ri orz lqfrph hfrqrplhv/ d

vljql�fdqw qxpehu ri wkh srru djhqwv duh hpsor|hg lq wkh vxevlvwhqfh vhfwru E/ iru zdqw ri vx�flhqw

ghpdqg iru jrrg P 12. Dw wkh vdph wlph/ d vpdoo iudfwlrq +4� lW, ri djhqwv duh hpsor|hg lq vhfwru K

dw wkh kljk zdjh �z1 Khqfh wkhuh lv d |dzqlqj jds lq wkh lqfrphv ri ulfk dqg srru djhqwv1

Zkhq wkh zdjh lv vrphzkdw kljkhu +deryh z,/ pruh djhqwv kdyh dffhvv wr kljk hgxfdwlrq/ dqg

kdyh ehhq deoh wr pryh ryhu wr vhfwru K1 Khqfh wkh vwrfn ri kxpdq fdslwdo/ dqg zlwk lw/ shu fdslwd

lqfrph/ lv kljkhu dv zhoo1 Jlyhq juhdwhu ghpdqg iru jrrg P / srruhu djhqwv ohiw rxw ri vhfwru K duh

qrz doo hpsor|hg lq vhfwru P 1 Wkrxjk wkhvh djhqwv vwloo uhfhlyh d pxfk orzhu zdjh wkdq wkrvh lq

vhfwru K/ zdjh lqhtxdolw| ehwzhhq ulfk dqg srru djhqwv lv qrw dv kljk dv lq wkh hduolhu fdvh1 Lq idfw/

iru wklv lqwhuphgldwh udqjh ri vwhdg| vwdwh zdjhv/ kljkhu wkh zdjh udwh lq vhfwruP jrhv kdqg lq kdqg

zlwk d kljkhu hpsor|phqw lq vhfwru K +dqg orzhu hpsor|phqw lq vhfwru P,12H Lw iroorzv wkdw kljkhu
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wkh zdjh lq wklv udqjh/ kljkhu wkh shu fdslwd lqfrph dqg vwrfn ri kxpdq fdslwdo/ dv zhoo dv orzhu wkh

zdjh lqhtxdolw| ehwzhhq ulfk dqg srru1

Ri frxuvh/ li wkh zdjh zhuh kljk hqrxjk wkdw hyhq doo srru djhqwv frxog d�rug kljk hgxfdwlrq iru

wkhlu fkloguhq/ wkhq doo djhqwv frxog srwhqwldoo| pryh ryhu wr vhfwru K1 Lq wkh slfwxuh zW ghslfwv wkh

plqlpxp zdjh ohyho zkhuh wklv ehfrphv ihdvleoh1

Eh|rqg wklv ohyho/ zdjhv lq vhfwru P pxvw cmxps* wr d ohyho dv kljk dv lq vhfwru K � wkdw lv/

�z � wr dwwudfw dq| oderu1 Khqfh wkh jds lq wkh vhw ri vwhdg| vwdwhv zdjhv ehwzhhq zW dqg �z1 Lq

wklv ckdss|* vwhdg| vwdwh zkhuh z @ �z/ shu fdslwd lqfrphv dqg vwrfnv ri kxpdq fdslwdo duh dw wkhlu

kljkhvw/ dqg wkhuh lv qr lqhtxdolw| zkdwvrhyhu1

Lq d qxwvkhoo/ rxu dqdo|vlv ri vwhdg| vwdwhv uhyhdov wkdw ulfkhu hfrqrplhv zrxog kdyh kljkhu vwrfnv

ri kxpdq fdslwdo dqg orzhu lqhtxdolw| lq vwhdg| vwdwh ~ zklfk lv suhww| frqvlvwhqw zlwk wkh ihdwxuhv ri

ghyhorshg/ dv rssrvhg wr ghyhorslqj hfrqrplhv12b

Lw zrxog eh xvhixo wr xqghuvwdqg wkh uroh wkdw lqhtxdolw| sod|v lq d pdunhw hfrqrp| wr |lhog

vxfk gl�huhqw rxwfrphv1 Frqvlghu d fdvh zkhuh wkh iudfwlrq ri djhqwv zlwk dffhvv wr vhfwru K lv

sdudphwulfdoo| uhgxfhg/ hyhq dv zdjhv lq vhfwru P duh nhsw �{hg1 Krz grhv wkh pdunhw uhvsrqg wr

wklv fkdqjhB

Fohduo|/ wkhuh lv d gurs lq wrwdo lqfrph/ dv d uhvxow ri wklv fkdqjh 0 khqfh ghpdqg iru jrrgP dqg

phglxp0vnloohg oderu pxvw idoo1 Vlqfh ihzhu djhqwv qrz kdyh dffhvv wr vhfwru K/ wkh oderu vxsso| wr

vhfwru P kdv lqfuhdvhg dv zhoo1 Khqfh wkh zdjh lq vhfwru P pxvw idoo1 H�hfwlyho|/ wkh uhvsrqvh ri wkh

pdunhw wr wklv fkdqjh lq wkh glvwulexwlrq lv wr dffhqwxdwh zdjh lqhtxdolw|1�f Khqfh vwhdg| vwdwhv zlwk

d odujhu iudfwlrq ri djhqwv zlwkrxw dffhvv wr vhfwru K duh dvvrfldwhg zlwk orzhu P vhfwru zdjhv1

Zh zrxog qrz olnh wr ghoyh ghhshu lqwr wklv olqn ehwzhhq wkh lqfrph ohyho lq vwhdg| vwdwh dqg lwv

glvwulexwlrq1 Wrzdugv wklv jrdo/ rxu qh{w vwhs lv wr xqghuvwdqg wkh g|qdplf surfhvv zklfk pd| fdxvh

wkh hfrqrp| wr hqg xs dw dq| rqh ri wkhvh vfhqdulrv ghvfulehg deryh/ lq wkh orqj uxq1 Wklv dqdo|vlv

lv rxu irfxv lq wkh qh{w vhfwlrq1
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Zh h{dplqh wkh g|qdplf sdwk ri wkh hfrqrp|/ vwduwlqj dw dq| lqlwldo gdwh1

Hduolhu/ lq vhfwlrq 6/ zh ghvfulehg krz lqglylgxdo lqfrphv/ dqg khqfh glvwulexwlrqv hyroyh lq wklv

hfrqrp| iurp rqh shulrg wr wkh qh{w1 Vxfk glvwulexwlrqdo fkdqjhv/ wkurxjk h�hfwv rq oderu ghpdqg

dqg oderu vxsso|/ d�hfw ixwxuh zdjhv1 Ri frxuvh/ dfurvv dq| wzr shulrgv/ fkdqjhv lq wkh lqfrph

glvwulexwlrq lqyroyh ulvlqj lqfrphv iru vrph djhqwv dqg idoolqj lqfrphv iru rwkhuv1 Exw wklv pdnhv lw

kdug wr suhglfw zkdw wkh djjuhjdwh h�hfw rq oderu ghpdqg dqg vxsso| pd| eh1 Wkhuhiruh/ zdjhv pd|

�xfwxdwh xs ru grzq/ txlwh kdskd}dugo|/ iurp rqh shulrg wr wkh qh{w1

Krzhyhu/ d forvhu orrn whoov xv wkdw/ hyhq zlwk lqglylgxdo lqfrphv zlwklq d glvwulexwlrq prylqj lq

rssrvlqj gluhfwlrqv/ wkhuh lv lq idfw d fhuwdlq sdwwhuq wr zdjh pryhphqwv1 Lqwhuhvwlqjo| hqrxjk/ wkhvh

sdwwhuqv duh vxfk wkdw/ qr pdwwhu zkdw wkh lqlwldo glvwulexwlrq lq wkh hfrqrp|/ lw dozd|v frqyhujhv wr

rqh ri wkh vwhdg| vwdwhv ghvfulehg lq wkh suhylrxv vhfwlrq lq wkh orqj uxq1 Wklv lv wkh vxemhfw ri rxu

qh{w sursrvlwlrq1

�iNVNt�|�NA 6 Vwduwlqj dw dq| lqlwldo frqglwlrqv/ wkh zdjh lq vhfwru P frqyhujhv wr z 5 ^z>zW, ru

i �zj1 Khqfh/ wkh fruuhvsrqglqj glvwulexwlrqv | dqg e dovr frqyhujh1

Krz grhv vxfk frqyhujhqfh rffxuB Lw frphv derxw wkurxjk dq lqwhuhvwlqj lqwhusod| ri wzr idfwruv1

Iluvw/ wkh hyroxwlrq ri wkh lqfrph glvwulexwlrq ryhu wlph glvsod|v d sduwlfxodu sdwwhuq/ ghvfulehg ehorz1

Vhfrqg/ wkh ghpdqg iru jrrg P lv frqfdyh lq lqfrph1

Iurp rxu ghvfulswlrq ri wkh lqwhuwhpsrudo pryhphqw lq lqfrph lq htxdwlrq +6,/ zh fdq vhh wkdw

wkhuh pxvw eh d judgxdo uhgxfwlrq lq wkh vsuhdg ri lqfrphv ri djhqwv zlwklq dq| sduwlfxodu vhfwru/

ehwzhhq dq| wzr shulrgv1��

Wr xqghuvwdqg wkh frqyhujhqfh uhvxow/ ohw xv irfxv rq zkdw kdsshqv wr wkh dyhudjh uhvlgxdo lqfrph

gxulqj wklv surfhvv1 Vxssrvh wkhuh lv dq lqfuhdvh lq wklv dyhudjh lqfrph dw dq| shulrg/ ryhu wkh

suhylrxv shulrg = �||�||3�1 Wklv lpsolhv wkdw wkh ulvh lq wkh lqfrphv ri wkh srruhu djhqwv lq wkh hfrqrp|

lv odujhu wkdq wkh idoo lq wkh lqfrphv ri wkh ulfkhu djhqwv1 Krz grhv wklv d�hfw wkh ghpdqg iru/ dqg

vxsso| ri oderu/ wr vhfwru P B

Jlyhq wkdw O( lv frqfdyh lq lqfrph/ wklv lqfuhdvh lq dyhudjh lqfrph dw shulrg w ryhu shulrg w� 4

pxvw fdxvh wkh ghpdqg iru jrrg P wr lqfuhdvh lq shulrg w. 4 ryhu wkh ohyho suhydohqw lq shulrg w1�2
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Vxsso| ri oderu wr vhfwruP lv qrq0lqfuhdvlqj ryhu wlph/ vlqfh d idplo| iurp zklfk dq djhqw judgxdwhv

wr vhfwru K/ fdq dozd|v d�rug kljk hgxfdwlrq lq ixwxuh1 Wkhvh fkdqjhv lq O( dqg O7 fdxvh zdjhv dw

wlph w. 4 wr lqfuhdvh1

Lqfrph lq shulrg w . 4 lv d frpelqdwlrq ri ehtxhvw rxw ri lqfrph iurp shulrg w dqg zdjh/ z|n�1

Vlqfh/ erwk wkh dyhudjh lqfrph lq shulrg w dqg wkh zdjh z|n� duh kljkhu/ wkh dyhudjh lqfrph lq shulrg

w. 4 pxvw eh kljkhu wkdq lq shulrg w dv zhoo1 Wklv fdxvhv dqrwkhu urxqg ri lqfuhdvh lq oderu ghpdqg

dqg srvvleo|/ ghfuhdvh lq oderu vxsso| lq shulrg w. 5/ dqg khqfhiruwk lq doo ixwxuh shulrgv1 Wkxv/ dq

lqfuhdvh lq dyhudjh uhvlgxdo lqfrph lq dq| vlqjoh shulrg lpsolhv wkdw wkh dyhudjh uhvlgxdo lqfrph pxvw

lqfuhdvh lq hyhu| vxevhtxhqw shulrg1 Lq wkh devhqfh ri vxfk d rqh shulrg lqfuhdvh/ lw iroorzv wkdw wkh

zdjh pxvw hlwkhu uhpdlq frqvwdqw ru ghfuhdvh ryhu wlph1 Vlqfh wkh zdjh lq vhfwru P pxvw dozd|v olh

ehwzhhq z dqg �z/ lw pxvw dozd|v frqyhujh1

Vr zh kdyh ohduqhg wkdw wkh zdjh pxvw dozd|v frqyhujh wr vrph vwhdg| vwdwh ohyho � exw wkh pruh

lqwhuhvwlqj txhvwlrq lv/ fdq zh whoo zkdw wklv zdjh ohyho zloo eh/ ru zkdw ghwhuplqhv lwB Gr lqlwldo

frqglwlrqv lq�xhqfh lw lq dq| zd|B Rxu dqdo|vlv lq wklv vhfwlrq grhv surylgh vrph foxhv1 Wkdw d

rqh0wlph lqfuhdvh lq dyhudjh uhvlgxdo lqfrph lv fuxfldo lq fuhdwlqj dq xszdug prylqj vsludo ri zdjhv

dqg ehtxhvwv grhv vxjjhvw wkdw lqlwldo frqglwlrqv pdwwhu1 Zh hoderudwh rq wklv lq wkh qh{w vhfwlrq1

VW� OL� �?�|�@* UL?_�|�L?t 4@||ih

Khuh zh dgguhvv zkdw duh uhdoo| wkh fhqwudo txhvwlrqv ri wkh sdshu= Krz grhv wkh ghjuhh ri lqfrph

lqhtxdolw| dw vrph lqlwldo gdwh/ wkurxjk wkh ghpdqg sdwwhuqv wkdw hphujh/ d�hfw wkh ixwxuh jurzwk

sdwk ri dq hfrqrp|B Krz gr vxfk lqlwldo ghpdqg sdwwhuqv d�hfw wkh orqj uxq lqfrph ohyho dqg lwv

glvwulexwlrqB Gr wkh| kdyh d whqghqf| wr shushwxdwh lqhtxdolw|/ ru gr wkh| uhgxfh lqhtxdolw| ryhu

wlphB

Wr dqvzhu wkhvh txhvwlrqv/ zh h{dplqh krz d uhglvwulexwlrq surjudp dw vrph lqlwldo gdwh zrxog

d�hfw wkh jurzwk sdwk ri wkh hfrqrp|1 Xqghu vxfk d surjudp/ udqn0suhvhuylqj Gdowrq wudqvihuv duh

pdgh iurp wkh ulfkhvw wr wkh srruhvw djhqwv lq wkh hfrqrp|1 Wkxv/ rxu lpsolflw gh�qlwlrq ri orzhu

lqhtxdolw| khuh lv lq whupv ri d qduurzhu udqjh ri wkh lqfrph glvwulexwlrq1�� Ixuwkhu/ wudqvihuv e| ulfk

djhqwv gr qrw hqg xs ghq|lqj wkhlu r�vsulqj dffhvv wr kljk hgxfdwlrq1�e Zh frpsduh wkh g|qdplf

sdwkv ri wkh hfrqrp| dqg lwv orqj uxq htxloleulxp zlwk dqg zlwkrxw vxfk uhglvwulexwlrq1
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Zh �qg wkdw/ jlyhq dq lqfrph ohyho zkhuh doo djhqwv duh deoh wr phhw wkhlu edvlf qhhgv +l1h1 �f� ? z,/

hfrqrplhv zlwk orzhu lqlwldo lqhtxdolw| hqg xs zlwk d vwulfwo| kljkhu orqj0uxq lqfrph ohyhov +dqg vwrfnv

ri kxpdq fdslwdo,/ zklfk duh dovr pruh htxdoo| glvwulexwhg1�D Wr vhh zk|/ ohw xv �uvw h{dplqh krz

orzhu lqlwldo lqhtxdolw| d�hfwv wkh zdjh sdwk lq vhfwru P 1

wj66B 4 Ohw iz|j dqg iz�

|j eh wkh htxloleulxp zdjh sdwkv ehiruh dqg diwhu uhglvwulexwlrq uhvshfwlyho|1

Li z�

A
z dw vrph W � 3/ wkhq z�

| � z| iru doo wW 1

Frqvlghu wkh vkruw uxq h�hfwv ri uhglvwulexwlrq rq oderu ghpdqg dqg vxsso| lq vhfwru P 1 Lw

wudqvihuv lqfrph iurp wkrvh dw wkh kljkhu hqg ri wkh lqfrph udqjh wr wkrvh dw wkh orzhu hqg1 Vlqfh/

iru �f� ? z/ oderu ghpdqg lv lqfuhdvlqj dqg frqfdyh lq lqfrph/ wkh O( fxuyh lq shulrg 4 pxvw vkliw

rxw1 Dovr/ vlqfh qr djhqwv duh gudzq rxw ri vhfwru K dv d uhvxow ri uhglvwulexwlrq/ wkh O7 fxuyh lv dv

ehiruh1�S Li wkh oderu ghpdqg fxuyh vkliwv rxw eh|rqg wkh krul}rqwdo sduw ri wkh oderu vxsso| fxuyh/

wkh zdjh pxvw ulvh1 Vxssrvh wklv lv wuxh lq shulrg 41

Vxfk d ulvh lq wkh zdjh ehqh�wv wkrvh dw wkh orzhu hqg ri wkh lqfrph glvwulexwlrq1 Ghpdqg iru

jrrgP ehlqj frqfdyh lq lqfrph/ shulrg 5 ghpdqg iruP pxvw eh kljkhu dv zhoo1 Zlwk ulvh lq shulrg 4

lqfrphv/ oderu vxsso| wr vhfwruP lv srvvleo| orzhu wrr1 Wkxv d rqh0shulrg uhglvwulexwlrq/ e| fuhdwlqj

juhdwhu htxdolw| lq lqlwldo lqfrphv/ wuljjhuv r� zdjh dqg lqfrph lqfuhdvhv lq hyhu| vxevhtxhqw shulrg/

wkurxjk lwv h�hfwv rq oderu ghpdqg dqg vxsso|1 Wkhuhiruh/ wkh qhz zdjh sdwk wkdw lv kljkhu wkdq wkh

ruljlqdo rqh1

Li wkh O( fxuyh vkliwv rxw eh|rqg wkh krul}rqwdo sduw ri wkh O7 fxuyh/ qrw dw shulrg 4/ exw dw vrph

odwhu gdwh W / wkhq wkh deryh dqdo|vlv krogv iru dq| shulrg diwhu W 1 Krzhyhu/ li wkh O( fxuyh qhyhu

vkliwv rxw eh|rqg wkh krul}rqwdo sduw ri wkh O7 fxuyh/ wkhq wkh zdjh sdwk diwhu uhglvwulexwlrq lv wkh

vdph dv zlwkrxw lw1

Zkdw grhv doo wklv lpso| iru wkh orqj uxq zdjhB Grhv vxfk uhglvwulexwlrq uhvxow lq d orqj uxq

lqfrph ohyho wkdw lv vwulfwo| kljkhu wkdq zkdw zrxog rwkhuzlvh kdyh suhydlohg B Wklv lv wkh vxemhfw ri

rxu qh{w sursrvlwlrq1

�iNVNt�|�NA 7 Orzhulqj lqwldo lqfrph lqhtxdolw| +wkurxjk uhglvwulexwlrq, dozd|v uhvxowv lq d orqj

uxq zdjh wkdw lv vwulfwo| kljkhu wkdq wkh ruljlqdo orqj0uxq zdjh li

+l, wkh orqj uxq zdjh dorqj wkh ruljlqdo sdwk/ z 5 +z> �z, dqg

+ll, wkh lqlwldo glvwulexwlrq |f lv frqwlqxrxv dw wkh ydoxh ri lW+|, dvvrfldwhg zlwk wkh ruljlqdo orqj uxq
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glvwulexwlrq |1

Surri= Vhh Dsshqgl{1

Dv ghvfulehg deryh/ uhglvwulexwlrq sxoov xs wkh lqfrphv ri wkh srru ehfdxvh wkh fkdqjhv lq ghpdqg

wkdw lw surgxfhv udlvhv zdjhv lq wkh vkruw uxq1 Lq jhqhudo/ wklv hqvxuhv wkdw wkh orqj uxq zdjhv duh

kljkhu zlwk orzhu lqlwldo lqhtxdolw|1 Krzhyhu/ wkh wzr frqglwlrqv vwdwhg lq wkh sursrvlwlrq fdxwlrq xv

dv wr zkhq wklv pd| qrw eh wuxh1

Wkh �uvw frqglwlrq dffrxqwv iru wkh srvvlelolw| wkdw hyhq li oderu ghpdqg grhv ulvh/ lw pd| qrw eh

vx�flhqw wr sxoo xs wkh zdjhv lq vhfwru P eh|rqg z1+Wklv lv d srvvleoh rxwfrph zkhq frqglwlrq +l,

grhv qrw krog1, Wkh zdjh lv pruh olnho| wr uhpdlq shupdqhqwo| orz dw z li d odujh iudfwlrq ri wkh

lqlwldo glvwulexwlrq lv srru/ vr wkdw wkh oderu vxsso| srro lv odujh hqrxjk wr devrue dq| lqfuhdvh lq

oderu ghpdqg1 +Li wkh ruljlqdo orqj uxq zdjh lv �z/ wkhq wkh orqj uxq zdjh diwhu uhglvwulexwlrq fdq

rqo| eh zhdno| kljkhu1,

Dovr/ lw lv srvvleoh wkdw wkh zdjhv gr lqfuhdvh ryhu wkh vkruw uxq/ exw qhyhu hqrxjk wr sxoo pruh

djhqwv ryhu wr vhfwru K lq wkh orqj uxq/ zlwk uhglvwulexwlrq1 +Djdlq/ wklv lv d srvvleoh rxwfrph zkhq

frqglwlrq+ll, grhv qrw krog1, Wklv pd| rffxu/ iru lqvwdqfh/ li wkh hfrqrp| lv yhu| srodul}hg/ zlwk kljk

lqlwldo lqfrph lqhtxdolw|1 Li vr/ vpdoo wudqvihuv pdgh wr srru djhqwv pd| idoo idu vkruw ri khoslqj wkhp

d�rug kljk hgxfdwlrq1 Khqfh wkh vl}h ri wkh ohvvhu vnloohg oderu irufh lv qrw orzhu lq wkh orqj uxq

dqg wkh phglxp0vnloo vhfwru zdjh uhpdlqv orz/ dv ehiruh1�. Qrwh krzhyhu wkdw +l, dqg +ll, duh rqo|

vx�flhqw frqglwlrqv1 Wkh orqj uxq zdjh pd| vwloo eh kljkhu diwhu uhglvwulexwlrq/ lq vslwh ri wkhp1

Wkhuh lv dq lpsruwdqw dvshfw ri gl�huhqfh lq wkh g|qdplf ghpdqg h�hfwv ghvfulehg khuh/ dv frp0

sduhg wr wkrvh ghvfulehg lq wkh FPL olwhudwxuh rq oxps| vfkrrolqj lqyhvwphqwv/ vwduwhg e| Jdoru dqg

]hlud^4<<6`1 Lq wkh edvlf Jdoru0]hlud prgho/ uhglvwulexwlrq lqfuhdvhv wkh kxpdq fdslwdo vwrfn ri wkh

hfrqrp| rqo| wr wkh h{whqw wkdw lw uhod{hv wkh ixqglqj frqvwudlqw ri uhflslhqwv lq d gluhfw dqg lpph0

gldwh zd|1 Wkhuh lv qr wuxh pdfur0hfrqrplf lqwhudfwlrq/ ru shfxqldu| h{whuqdolwlhv1 Rqh lpsolfdwlrq

lv wkdw uhglvwulexwlrq iurp wkh ulfk wr wkh yhu| srru pd| qrw eh h�hfwlyh dw doo1 D odwhu vhfwlrq ri

Jdoru0]hlud/ dv zhoo dv Rzhq dqg Zhlo+4<<;,/ jhqhudwh shfxqldu| h{whuqdolwlhv wkurxjk vxsso|0vlgh

h�hfwv= uhglvwulexwlrq uhgxfhv wkh vl}h ri wkh ohvv vnloohg oderu irufh/ dqg lq wkh suhvhqfh ri glplqlvklqj

pdujlqdo surgxfw/ h{huwv xszdug suhvvxuh rq wkhlu zdjhv1 Vxfk h{whuqdolwlhv doorz iru _wulfnoh0grzq%

ru pxowlsolhu0w|sh h�hfwv ri d uhglvwulexwlrq vfkhph�hyhq wkrvh zkr gr qrw gluhfwo| uhfhlyh wudqvihuv

pd| ehqh�w lq wkh orqj uxq/ wkurxjk wkh uhvxowdqw pryhphqw ri pdunhw sulfhv dqg zdjhv1
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Lq wklv sdshu/ zh lghqwli| d qhz shfxqldu| h{whuqdolw| zrunlqj iurp wkh ghpdqg vlgh1 Uhjdugohvv

ri zkr uhfhlyhv wudqvihu sd|phqwv/ uhglvwulexwlrq jhqhudwhv dgglwlrqdo ghpdqg iru plggoh ohyho vnloov/

lqfuhdvlqj wkh uhwxuqv wr vxfk vnloov/ zlwk lwv frqvhtxhqw orqj0uxq lpsolfdwlrqv dv glvfxvvhg deryh1 Lq

wkh suhvhqfh ri vwurqjo| qrq0krprwkhwlf suhihuhqfhv/ wklv h�hfw frxog eh idluo| odujh lq pdjqlwxgh/ dqg

khqfh lw lv dq lpsruwdqw dvshfw ri wkh uroh sod|hg e| wkh lqfrph glvwulexwlrq lq orqj0uxq jurzwk1

+LM�t|?itt Wtt�it

Wkh prgho suhvhqwhg deryh looxvwudwhv krz lqlwldo frqglwlrqv zlwk uhvshfw wr wkh lqfrph glvwulexwlrq

fdq d�hfw orqj uxq rxwfrphv lq dq hfrqrp|1 Lq sduwlfxodu/ lw hpskdvl}hv wkdw kljkhu lqlwldo lqfrph

dqg zhdowk lqhtxdolw| fdq uhvxow lq juhdwhu orqj uxq +zdjh, lqhtxdolw| dqg orzhu shu fdslwd lqfrph1

Wr pdnh wklv srlqw lq d wudqvsduhqw pdqqhu/ zh kdyh dgrswhg vrph vlpsoli|lqj dvvxpswlrqv1 Lq wklv

vxe0vhfwlrq/ zh glvfxvv wkh h{whqw wr zklfk rxu edvlf frqfoxvlrqv duh vhqvlwlyh wr wkhp1

Xqvnloohg zdjhv duh kljk hqrxjk wr fryhu edvlf qhhgv +z��f�,

Xqghu wklv dvvxpswlrq/ doo djhqwv duh frqvxphuv ri wkh qrq0edvlf lwhpv +l1h1 P dqg K,1 Wklv pd|

qrw eh wuxh lq h{wuhpho| srru ghyhorslqj hfrqrplhv1 Li vr/ uhglvwulexwlrq pd| lq idfw orzhu orqj uxq

zdjhv dqg wkh vwrfn ri kxpdq fdslwdo lq vxfk dq hfrqrp|1 Li vhyhudo djhqwv lq dq hfrqrp| duh vr srru/

lqfrph wudqvihuuhg wr wkhp iurp ulfkhu djhqwv zrxog eh vshqw hqwluho| rq E dorqh1 Dovr/ uhglvwulexwlrq

zrxog orzhu wkh ghpdqg iru P iurp ulfkhu djhqwv zkrvh lqfrphv duh wd{hg1 Dv d uhvxow/ wkh ryhudoo

ghpdqg iru jrrg P frxog lq idfw idoo lq wkh vkruw uxq/ dqg khqfh vr zrxog zdjhv lq wklv vhfwru1 Wkh

lpsdfw rq ixwxuh ghpdqg dqg khqfh lqfrph ohyhov/ zrxog eh dgyhuvh dv zhoo1�H

Doo djhqwv fdq d�rug phglxp ohyho hgxfdwlrq1 +�3k
k

+z� � �f�, � v� ,

Xqghu wkh ruljlqdo prgho/ uhglvwulexwlrq uhvxowv lq dq lqfuhdvh lq ghpdqg iru phglxp vnloohg oderu/

dv zhoo dv d ghfuhdvh lq lwv vxsso|1 Krzhyhu/ li vrph djhqwv fdqqrw d�rug phglxp ohyho hgxfdwlrq wr

ehjlq zlwk/ dqg li wkh| duh wkh pdlq ehqh�fldulhv ri d uhglvwulexwlrq vfkhph/ wkhq vxfk d uhglvwulexwlrq

pd| hqg xs lqfuhdvlqj wkh oderu vxsso| wr wkh phglxp vnloohg vhfwru1 Wkh ghpdqg dqg vxsso| h�hfwv

ri uhglvwulexwlrq zrxog wkhq eh lq rssrvlqj gluhfwlrqv dqg khqfh wkh ryhudoo h�hfw ri lw zrxog eh

dpeljxrxv1

Dw wkh rwkhu hqg/ li lqfrph ohyhov lq dq hfrqrp| duh kljk hqrxjk wkdw doo djhqwv fdq d�rug kljk

hgxfdwlrq/ wkhq wkh lqfrph glvwulexwlrq grhv qrw d�hfw wkh orqj uxq lqfrph ohyho1 Wkxv/ zkhwkhu
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lqhtxdolw| lv ehqh�fldo ru kdupixo iru jurzwk ghshqgv xsrq wkh h{lvwlqj lqfrph ohyho lq wkh hfrqrp|

dv zhoo dv lwv glvwulexwlrq1

Devhqfh ri sk|vlfdo fdslwdo

Zkloh wkh prgho ghvfulehv krz lqhtxdolw| fdq klqghu kxpdq fdslwdo dffxpxodwlrq/ lw grhv qrw frq0

vlghu wkh lvvxh ri sk|vlfdo fdslwdo/ dqg wkh vdylqjv uhtxluhg iru lwv dffxpxodwlrq1 Jlyhq wkh wkuhvkrog

�f�/ orzhu lqhtxdolw| frxog orzhu djjuhjdwh vdylqjv lq hfrqrplhv zkhuh frqvxpswlrq lv ehorz vxevlv0

whqfh ohyho/ dqg wkhuhiruh uhgxfh wkh dprxqw ri sk|vlfdo fdslwdo dffxpxodwlrq1 Dq roghu olwhudwxuh

+Ndogru+4<89,/ Nh|qhv+4<53,, hpskdvl}hv wklv rssrvlwh nlqg ri lpsdfw ri lqhtxdolw| rq sk|vlfdo fds0

lwdo dffxpxodwlrq1 Wklv h�hfw dulvhv wkurxjk d kljkhu pdujlqdo surshqvlw| wr vdyh dprqj wkh ulfk1

Lq d prgho zkhuh erwk nlqgv ri fdslwdo duh xvhg lq wkh surgxfwlrq whfkqrorj|/ wkh h�hfw ri wkh lq0

frph glvwulexwlrq rq jurzwk zrxog eh pruh dpeljxrxv1 Li surgxfwlrq uhtxluhv erwk sk|vlfdo dqg

kxpdq fdslwdo/ orzhu lqhtxdolw| frxog orzhu wkh uhwxuqv wr kxpdq fdslwdo/ dqg dgyhuvho| d�hfw lwv

dffxpxodwlrq dv zhoo1 Wkxv/ lqhtxdolw| frxog kdyh gl�huhqw h�hfwv/ ghshqglqj xsrq d frxqwu|*v vwdjh

ri ghyhorsphqw1�b

Olqhdu surgxfwlrq ixqfwlrq

Wkh prgho dvvxphv wkdw hdfk jrrg xvhv rqo| rqh nlqg ri oderu zlwk �{hg frh�flhqwv1 Wklv pd|

hdvlo| eh uhod{hg wr doorz iru pxowlsoh oderu vnloo lqsxwv iru hdfk jrrg/ zlwk �{hg frh�flhqwv1 Wkh

uhvxowv ri wkh prgho zrxog qrw eh d�hfwhg e| vxfk d prgl�fdwlrq/ dv orqj dv wkh uhodwlyh uhtxluhphqw

ri phglxp0vnloohg oderu ghfuhdvhv jrlqj iurp P wr K1 Wkhuh duh pruh frpsolfdwlrqv/ krzhyhu/ li wkh

dvvxpswlrq ri olqhdu whfkqrorj| lv gursshg1

Wkh txdolwdwlyh surshuwlhv ri rxu uhvxowv duh pdlqwdlqhg lq wkh fdvh ri ghfuhdvlqj uhwxuqv lq vhfwru

P / exw wklqjv duh pruh dpeljxrxv lq wkh fdvh ri lqfuhdvlqj uhwxuqv1 Wkh olqhdu surgxfwlrq whfkqrorj|

doorzv xv wr irfxv rq wkh ghpdqg h�hfwv ri lqhtxdolw|/ zkloh ljqrulqj fhuwdlq rwkhu h�hfwv1 Lq sduwlfxodu/

lw jxdudqwhhv wkdw hyhu| lqfuhdvh lq ghpdqg iru P uhvxowv lq kljkhu zdjhv1 Wr vhh krz/ xvh wkh idfw

wkdw z @ s=PSO1 Hyhu| lqfuhdvh lq wkh suhylrxv shulrg lqfrph fdxvhv wkh ghpdqg fxuyh wklv shulrg

wr vkliw rxw1 Vlqfh wkh vxsso| ri jrrg P lv qrq0lqfuhdvlqj/ wkh sulfh s pxvw ulvh1 Zlwk d olqhdu

surgxfwlrq ixqfwlrq/ wkh frqvwdqw PSO +pdujlqdo surgxfw ri oderu, hqvxuhv wkdw wkh zdjh wklv shulrg

pxvw ulvh wrr1 Zlwk d ghfuhdvlqj uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq/ PSO lv qrq0ghfuhdvlqj/ khqfh

zdjhv zrxog eh kljkhu lq wkdw fdvh dv zhoo1 Zlwk lqfuhdvlqj uhwxuqv wr vfdoh/ PSO qhhg qrw eh kljkhu/

khqfh wkh lpsdfw rq zdjhv lv qrw fohdu1 Ixuwkhu/ lq hlwkhu ri wkh odwwhu wzr fdvhv/ wkh lvvxh ri krz

�bB@*Lh��L@�E�bbb� t�L� |�@| �?i^�@*�|) U@? Mi }hL�|� ThL4L|�?} �? i@h*) t|@}it Lu _i�i*T4i?|c ��ihi T�)t�U@*

U@T�|@* �@t @ 4Lhi ThL4�?i?| hL*i�

55



sur�wv vkrxog eh ghdow zrxog uhpdlq1 Wkxv/ qrq0olqhdu surgxfwlrq whfkqrorjlhv zrxog fuhdwh h�hfwv

rwkhu wkdq wkh ghpdqg h�hfwv kljkoljkwhg khuh/ zklfk zrxog eh lpsruwdqw wr h{dplqh1 Wkhvh cvxsso|

vlgh* h�hfwv kdyh lq idfw ehhq fdswxuhg lq rwkhu sdshuv lq wkh FPL olwhudwxuh1ef

VWW� �L?U*�t�L?

Wklv sdshu h{dplqhv krz wkh wzr0zd| lqwhudfwlrq ehwzhhq lqfrph lqhtxdolw| dqg wkh sdwwhuq ri

ghpdqg d�hfwv kxpdq fdslwdo dffxpxodwlrq dqg jurzwk lq d ghyhorslqj hfrqrp|1 Zkloh wkh h�hfwv

ri wkh lqfrph glvwulexwlrq lq dq hfrqrp| rq ghpdqg sdwwhuqv kdyh ehhq zlgho| vwxglhg vr idu/ pxfk

ohvv kdv ehhq vdlg derxw krz ghpdqg sdwwhuqv d�hfw wkh glvwulexwlrq ri lqfrph1

Zh h{soruh wklv olqn lq d prgho zlwk wkuhh fdwhjrulhv ri jrrgv � hvvhqwldov/ vlpsoh pdqxidfwxuhv

dqg vrsklvwlfdwhg pdqxidfwxuhv � dqg wkuhh fruuhvsrqglqj vnloo ohyhov1 Rxu pdlq uhvxow lv wkdw lq

ghyhorslqj hfrqrplhv +h{fhsw srvvleo| lq wkrvh ehorz vxevlvwhqfh ohyhov, ghpdqg sdwwhuqv xqghu kljk

lqhtxdolw| uhgxfh orqj uxq jurzwk dqg shushwxdwh lqhtxdolw|1 Wklv klqjhv rq wkh ghpdqg iru vlpsoh

pdqxidfwxuhv wkdw duh surgxfhg zlwk phglxp ohyho vnloov1 Xqghu kljk lqhtxdolw|/ wkh devhqfh ri d

plggoh fodvv nhhsv wklv ghpdqg orz/ dqg khqfh ghsuhvvhv lqfrphv ri srru/ phglxp0vnloohg zrunhuv1

Ixuwkhupruh/ vlqfh wklv klqghuv wkhlu delolw| wr surylgh d ehwwhu hgxfdwlrq wr wkhlu fkloguhq dv zhoo/ lw

orzhuv wkh orqj uxq dyhudjh lqfrph ohyho/ dqg shushwxdwhv lqhtxdolw|1 Xqghu orz lqhtxdolw|/ krzhyhu/

wkh suhvhqfh ri d odujh plggoh fodvv dw wkh lqlwldo gdwh hqvxuhv urexvw ghpdqg iru vlpsoh pdqxidfwxuhv/

dqg kljk uhwxuqv wr phglxp0vnloohg oderu1 Wkh phglxp0vnloo vhfwru khqfh ehfrphv d eulgjh iurp

sryhuw| wr survshulw|1 Wkxv/ pxowlsoh vwhdg| vwdwhv hphujh/ zkhuh lqhtxdolw| dqg shu fdslwd lqfrph

duh lqyhuvho| dvvrfldwhg> orqj uxq rxwfrphv ghshqg fuxfldoo| rq wkh lqlwldo glvwulexwlrq ri lqfrph1

Rxu dqdo|vlv wkxv kljkoljkwv d qhz dvshfw ri wkh olqn ehwzhhq lqhtxdolw|/ kxpdq fdslwdo dffxpxod0

wlrq dqg jurzwk/ qdpho|/ ghpdqg sdwwhuqv> h{lvwlqj wkhruhwlfdo zrun rq lqhtxdolw| kdv irfxvhg prvwo|

rq wkh lpsdfw ri fuhglw frqvwudlqwv rq wklv surfhvv1 Wkh suhvhqw sdshu srlqwv rxw wkdw dgguhvvlqj

fuhglw pdunhw lpshuihfwlrqv dorqh pd| qrw eh hqrxjk wr errvw jurzwk xqghu lqhtxdolw|1

Zh eholhyh wkdw wklv sdshu suhvhqwv d ulfkhu lqwhudfwlrq ehwzhhq ghpdqg dqg vxsso| vlgh idfwruv

wkdw olqn lqfrph lqhtxdolw| dqg jurzwk lq d ghyhorslqj pdunhw hfrqrp|1 Lq wklv vhqvh/ lw lv d vwhs lq

wkh gluhfwlrq ri jdlqlqj d zlghu xqghuvwdqglqj ri lqhtxdolw| lq wkh surfhvv ri ghyhorsphqw1
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Surri ri Sursrvlwlrq 4=

Vxssrvh d froohfwlrq i|> z> l�j lv d vwhdg| vwdwh1

Vlqfh �fE ? 4/ e| dvvxpswlrq/ hpsor|phqw lq vhfwru P pxvw dozd|v eh srvlwlyh lq htxloleulxp1 Khqfh

z � z1

Ohw z�/ zkhuh z ? z� ? �z eh wkh plqlpxp zdjh vxfk wkdw dq djhqw*v ehtxhvw lv hyhqwxdoo| mxvw vx�flhqw

wr fryhu wkh frvw ri kljk hgxfdwlrq1

Khqfh e @ 4��

�
^z� � vP ` @ vK =

Qrwh wkdw z� 5 +z> �z, vlqfh zh kdyh dvvxphg wkdw wkh ehtxhvw dw d zdjh ri z lv qhyhu vx�flhqw wr fryhu

wkh frvw ri kljk hgxfdwlrq zkhuhdv wkh ehtxhvw dw d zdjh ri �z lv pruh wkdq vx�flhqw wr gr vr1

Lq rughu wr suryh sursrvlwlrq +4,/ ohw xv pdnh xvh ri wkh iroorzlqj ohppd1

wj66B 5 z 5 ^z�> �z, dqg z �z fdqqrw suhydlo lq dq| vwhdg| vwdwh1

Surri= Vxssrvh z 5 ^z�> �z, lv d vwhdg| vwdwh zdjh1 Wkhq/ zh nqrz iurp htxdwlrq +43,/wkdw |w+l, @
z�vP��fE

�

iru d iudfwlrq l�w ri wkh srsxodwlrq/ dw vrph wlph w � 3/ zkhuh l�w � l�+|w,1 Khqfh/ ew.4+l, � vK;l1 Li vr/ wkhq

doo djhqwv kdyh dffhvv wr vhfwru K dw shulrg w. 4 fdq hduq |w.4 @ zK�vK��fE
�

|w1 Wklv frqwudglfwv gh�qlwlrq ri

d vwhdg| vwdwh1 Khqfh z 5 ^z�> �z, fdqqrw suhydlo lq dq| vwhdg| vwdwh1

Iurp wkh oderu vxsso| fxuyh/ z �z lpsolhv wkdw O @ 41 Wkh wrwdo lqfrph hduqhg lq vhfwruP lq vwhdg| vwdwh

lv z1 Wkh wrwdo h{shqglwxuh rq P dqg K/ krzhyhu/ lv �=z�vP��fE
�

@ +z � vP � �fE,1 Wkxv wkh wrwdo lqfrph

iurp vhfwru P lv juhdwhu wkdq wkh wrwdo h{shqglwxuh rq jrrgP / zklfk lv d frqwudglfwlrq1 Khqfh z � �z1

Wkxv z 5 ^z�> �z, dqg z �z fdqqrw suhydlo lq dq| vwhdg| vwdwh1 �

Ohw xv qrz h{dplqh wkh qhfhvvdu| dqg vx�flhqw frqglwlrqv iru d vwhdg| vwdwh/ dv vwdwhg lq wkh deryh

sursrvlwlrq1

Vlqfh rqo| rqh ri wkh deryh wkuhh frqglwlrqv qhhg krog wr jxdudqwhh d vwhdg| vwdwh/ ohw xv vxssrvh/ zlwkrxw

orvv ri jhqhudolw|/ wkdw frqglwlrqv +LL, dqg +LLL, gr qrw krog1 Iurp ohppd+4,/ zh kdyh douhdg| uxohg rxw

z 5 ^z�> �z, dqg z �z dv vwhdg| vwdwh zdjhv

Li +LL, dqg +LLL, gr qrw krog/ wklv lpsolhv wkdw wkh pdunhw fohdulqj frqglwlrq vxfk wkdw OG @ l� lv qrw

frpsdwleoh zlwk dq| vwhdg| vwdwh zdjh1 Wkhq lw pxvw eh wuxh wkdw OG � l�lq dq| vwhdg| vwdwh1 Wklv lpsolhv

wkdw djhqwv qrw hpsor|hg lq vhfwruK duh hpsor|hg erwk lq vhfwruv E dqg P 1 Lq rughu wkdw djhqwv rxwvlgh vhfwru

K duh lqgl�huhqw ehwzhhq vhfwruv E dqg P / jlyhq wkdw wkh| kdyh dffhvv wr vhfwru P / wkh htxloleulxp zdjh lq

vhfwruv E dqg P pxvw eh htxlydohqw1 Khqfh z @ z1

Wkxv/ li frqglwlrqv +LL, dqg +LLL, gr qrw krog/ frqglwlrq +L, pxvw eh wuxh lq d vwhdg| vwdwh1

Wr suryh wkh frqyhuvh/ frqvlghu dq| shulrg w lq zklfk dq| ri wkh deryh frqglwlrqv krog1 Vr/ jlyhq wkh zdjh

zw iru zklfk wklv lv wuxh/ zh nqrz wkdw wkh glvwulexwlrq ri lqfrph frplqj iurp wkh suhylrxv shulrg/ |w�4 lv dv
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iroorzv=

|w�4 @
z � vP � �fE

�
iru iudfwlrq l�

w�4

@
zK � vK � �fE

�
iru iudfwlrq +4� l�w�4,

dqg zw @ z dv zhoo1 Vlqfh |w @ +4��,|w�4.z/ xvlqj wkh glvwulexwlrq |w�4 iurp deryh/ zh vhh wkdw |w @ |w�41

Li vr/ wkhq ew.4 @ ew dv zhoo1

Iurp wklv/ zh vhh wkdw wkh OG fxuyh dqg OV fxuyh lq shulrg w.4 duh wkh vdph dv lq shulrg w1 Vlqfh wkh OG

fxuyh lv vwulfwo| ghfuhdvlqj lq z dqg wkh OV fxuyh lv qrq0ghfuhdvlqj lq z/ wkh xqltxh htxloleulxp lq vhfwru P

dw shulrg w. 4 lv vxfk wkdw zw.4 @ zw @ z dqg l�w.4 @ l�w 1

Khqfh/ li dq| rqh ri Frqglwlrqv +L, 0 +LLL, duh vdwlv�hg/ zh kdyh d vwhdg| vwdwh1 �

Surri ri Sursrvlwlrq 5=

+Uhihu wr Iljxuh LL, Zh sursrvh wr h{dplqh wkh vhw ri ihdvleoh vwhdg| vwdwhv dorqj wkh yhuwlfdo dqg krul}rqwdo

vhjphqwv ri wkh OV fxuyh vlqfh wklv fryhuv doo wkh srvvleoh fdvhv ri orqj0uxq rxwfrphv1

Sduw +l, Iurp Ohppd +5,/ zh nqrz wkdw z 5 ^z�> �z, fdqqrw eh d vwhdg| vwdwh zdjh1 Qrz zh vkdoo vhh wkdw/

iru wkh uhvw ri wkh ihdvleoh udqjh/ li z3 lv d vwhdg| vwdwh zdjh/ wkhq zz3> z @5 ^z�> �z, lv dovr d vwhdg| vwdwh zdjh1

Dorqj wkh yhuwlfdo vhjphqw/ d zdjh z fdq suhydlo lq vwhdg| vwdwh li Frqglwlrq +LL, krogv iru vrph l� ? 4174

Qrwh wkdw wkh ohiw0kdqg vlgh ri +LL, fdq eh h{suhvvhg dv OG+z> l
�, vlqfh zK�vK

�
lv h{rjhqrxv1 Khqfh/ iru

z ? z ? z�/ Frqglwlrq +LL, fdq eh uhzulwwhq dv=

OG+z> l�, @ l� ? 4

Vlploduo|/ zh fdq uhzulwh +L, dv =

OG+z> l�, � l� ? 4

Vxssrvh z lv d ihdvleoh vwhdg| vwdwh zdjh1 Wkhq Frqglwlrq+L,/ dv h{suhvvhg deryh/ krogv1 Krzhyhu/ li vr/z

dovr vdwlv�hv Frqglwlrq+LL,+dv h{suhvvhg deryh,=

Vlqfh OG 3+z, ? 3/ zh nqrz wkdw OG+z, � 4, OG+z, � 4> ;zz>z @5 ^z�> �z,1

Dovr/ lq jhqhudo/ li z3 lv d vwhdg| vwdwh zdjh/ wkhq zz3> z @5 ^z�> �z, lv dovr d vwhdg| vwdwh zdjh1

Wkxv wkh vhw ri vwhdg| vwdwh zdjhv lv frqwlqxrxv h{fhsw iru wkh lqwhuydo ^z�> �z,=

+ll, Qh{w/ ohw xv h{dplqh wkh olqn ehwzhhq z dqg l� lq vwhdg| vwdwhv iru zklfk zz1

Iru zz/ zh nqrz wkdw OG+z> l�, @ l�1 Qrz li zh lqfuhdvh l�/ wkh uljkw kdqg vlgh ri wklv htxdolw| lqfuhdvhv1

Dw d kljkhu l�/ wkh ohiw0kdqg vlgh/ OG/ lv orzhu/ iru d �{hg z1 Lq rughu wr uhvwruh htxdolw|/ zh qhhg wr ghfuhdvh

z/ vlqfh OG 3+z, ? 31 Wkxv z dqg l� duh qhjdwlyho| fruuhodwhg ryhu vwhdg| vwdwhv iru zz �

e�A�i *@t| �?i^�@*�|) �t t|h�U| MiU@�ti u 		 � uhL4 wi44@ E2��
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Surri ri Sursrvlwlrq 6=

Dv zh nqrz/ wkh uhvlgxdo lqfrph doorfdwhg wr frqvxpswlrq ri jrrgvP dqgK lv ghqrwhg e| |1 Lq htxdwlrq+6,/

|w+l, @ +4� �,|w�4+l, . �+zw � vw+l,� �fE,

Lqwhjudwlqj ryhu doo l zh kdyh

] 4

3

|w+l,gl @

] 4

3

+4� �,|w�4+l,gl. �^l�
w
+zw � vP � �fE, . +4� l�

w
,+zK � vK � �fE,`

Vlqfh
U 4
3
|+l,gl @ �| zkhuh �| lv wkh dyhudjh uhvlgxdo frqvxpswlrq h{shqglwxuh/ zh fdq uhzulwh wkh deryh htxdwlrq

lq whupv ri �| dv iroorzv=

�|w @ +4� �,�|w�4 . �^l�
w
+zw � vP � �fE,, . +4� l�

w
,+zK � vK � �fE,,` +44,

Frpsdulqj �|w dqg �|w� 4/ rqh ri wkh iroorzlqj pxvw eh wuxh1

+l,�|w � �|w�4 ru

+ll,�|w ? �|w�4

Fdvh +l,= �|w � �|w�4

Iurp htxdwlrq+44,/ qrwh wkdw �|w�|w�4 ,

l�
w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE,�|w�4 +45,

Zh frpsxwh wkh wrwdo ghpdqg iru jrrg P dw shulrg w dv iroorzv=

] 4

3

oG+|w+l,,gl @

] 4

3

oG^+4� �,|w�4+l, . �+l�
w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE,`gl

Jlyhq wkdw oG lv frqfdyh lq |/ lw iroorzv/ xvlqj Mhqvhq*v lqhtxdolw| wkdw=

] 4

3

oG+|w+l,,gl+4� �,

] 4

3

oG+|w�4+l,,gl. �=oG^l�
w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE,

Uhzulwlqj wkh deryh/ zh kdyh =

OG
w.4+4� �,=OG

w
. �=oG^l�

w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE ` +46,

Vxssrvh OG
w.4 ? OG

w
= Lq htxdwlrq +46,/ wklv lpsolhv wkdw OG

w
oG^l�

w
+zw � vP , . +4 � l�

w
,+zK � vK, � �fE `1 Rqfh

djdlq/ dsso|lqj Mhqvhq*v lqhtxdolw| zh kdyh

OG
w

@

] 4

3

oG+|w�4+l,,gl

? oG+

] 4

3

|w�4+l,,gl

@ oG+�|w�4,
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Wkh deryh lqhtxdolw| lpsolhv wkdw

^oG+�|w�4,`o
G^l�

w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE `

Vlqfh oG lv lqfuhdvlqj lq |/ wklv lpsolhv wkdw

�|w�4^l
�

w
+zw � vP , . +4� l�

w
,+zK � vK,� �fE `

Wklv frqwudglfwv htxdwlrq +45,/ vlqfh zh duh lq wkh fdvh zkhuh �|w�|w�41 Khqfh

OG
w.4O

G

w
+47,

Dv iru wkh vxsso| ri oderu/OV / dq djhqw zkr pdnhv lw wr vhfwru K fdq dozd|v d�rug vK iru klv r�vsulqj/ l1h1

+4� �,+zK � �fE,vK = Khqfh

OV
w.4 � OV

w
+48,

Iurp htxdwlrqv +47, dqg +48,/ zh kdyh zw.4 � zw1

Khqfh zh kdyh �|W.4 � �|W iru doo W w= Vlqfh z lv erxqghg dzd| iurp lq�qlw|/ z frqyhujhv1 Jlyhq wkdw | dqg

e duh gh�qhg lq whupv ri z lq wkh vwhdg| vwdwh/ | dqg e frqyhujh dv zhoo1

Fdvh+ll,=�|w ? �|w�4

Lq wklv fdvh/ wzr srvvlelolwlhv dulvh1 Rqh lv wkdw �|v�|v�4 iru vrph vw1 Wkhq zh fdq dsso| Fdvh +l, deryh1 Wkh

rwkhu srvvlelolw| lv wkdw �|v ? �|v�4;v � w1 Li wklv lv vr/ wkhq �|v frqyhujhv wr �|� dv v$41

Iurp htxdwlrq +44,/ zh fdq h{suhvv zv dv

zv @
4

�=l�
v

^�|v � +4� �,�|v�4 � �=+4� l�
v
,=+zK � vK � �fE,` . vP . �fE +49,

Xvlqj wkh deryh htxdwlrq/ zh kdyh/

zv �zv.4 @
4

�=l�
v

^�|v � +4� �,�|v�4 � �=+4� l�
v
,+zK � vK � �fE,` . vP . �fE

�
4

�=l�
v.4

^+�|v.4 � +4� �,�|v,� �+4� l�v.4,=+zK � vK � �fE,`� vP � �fE

�
4

�=l�v
^+�|v � �|v.4, . +4� �,+�|v � �|v�4, . �=+l�v � l�v.4,+zK � vK � �fE,`

?
4

�=l�v
^+�|v � �|v.4, . +4� �,+�|v � �|v.4, . �=+l�v � l�v.4,+zK � vK � �fE,`

@
4

�=lv
^+5� �,+�|v � �|v.4, . �=+l�

v
� l�

v.4,+zK � vK � �fE,`

? ^
+5� �,

�=l�
+�|v � �|v.4,` . +zK � vK � �fE,

� �+�|v � �|v.4,

Kdylqj h{suhvvhg wkh zdjh gl�huhqfh/ +zv � zv.4, dv d ixqfwlrq �+�|v � �|v.4,/ zh qrz zdqw wr suryh wkdw

�|v.4 ? �|v iru doo v � w, zv.4 frqyhujhv wr rqh ri wkh vwhdg| vwdwh zdjh ohyhov ghvfulehg hduolhu1

5:



Vxssrvh qrw1 Wkhq wkhuh h{lvw dw ohdvw wzr olplw srlqwv z4 dqg z5 vxfk wkdw +z5 �z4, � 5�/ iru vrph �31

Slfn w @ W odujh hqrxjk vxfk wkdw �+�|w � �|v, ? �>;w> v � W> w ? v1 Wkhuh h{lvw w vxfk wkdw z5 �zw ?
�

5
dqg

v vxfk wkdw zv �z4 ?
�

5
1

Wklv lpsolhv wkdw zw�zv�1 Exw zw�zv ? �+�|w� �|v, dqg �+�|w� �|v, ? � e| frqvwuxfwlrq1 Vlqfh wklv jhqhudwhv

d frqwudglfwlrq/ z pxvw frqyhujh iru wkh fdvh zkhq �|w ? �|w�4 iru doo w1

Khqfh z frqyhujhv1 Jlyhq wkdw | dqg e duh h{suhvvhg lq whupv ri wkh z lq vwhdg| vwdwh/ wkhvh glvwulexwlrqv

frqyhujh dv zhoo1 �

Surri ri Ohppd 4=

Ohw |3> z3+l
�

3,> dqg l�3 ghqrwh wkh ruljlqdo lqfrph glvwulexwlrq dw gdwh 3/ wkh dvvrfldwhg zdjh dqg wkh iudfwlrq

ri djhqwv rxwvlgh vhfwru K uhvshfwlyho|1 Ohw xv ghqrwh wkh qhz glvwulexwlrq diwhu uhglvwulexwlrq e| |3
3
/ dqg wkh

yduldeohv dorqj wkh qhz sdwk e| dwwdfklqj sulphv wr wkh ruljlqdo yduldeohv1

Qrwh wkdw/ xqghu |3
3
/ |3+l,3 � |+l,3 iru l ? l�3 dqg |3+l,3 � |+l,3 iru l � l�31 Dovr wkh dyhudjh lqfrph �|33+l, @ �|3+l,

vlqfh wkh uhglvwulexwlrq grhv qrw fkdqjh wkh djjuhjdwh ohyho ri lqfrph1 Khqfh |3 lv d phdq0suhvhuylqj vsuhdg

ri |3
3
1

Krz grhv wklv d�hfw oderu ghpdqg/ OG+|, dqg oderu vxsso|/ OV+|,B Lqglylgxdo ghpdqg oG+|+l, lv frqfdyh lq

|+l,/ khqfh/ iurp wkhruhpv rq phdq0suhvhuylqj vsuhdgv dssolhg wr frqfdyh ixqfwlrqv/

OG4 +|
3

3
,OG4 +|3,

Dovr/ vlqfh wkh uhglvwulexwlrq grhv qrw h{sdqg wkh vxsso| ri oderu vxsso| wr vhfwruP / zh nqrz wkdw OV+|3

3
, �

OV+|3,1 Wkhuhiruh/ z
3

4
� z41

Zh frpsduh lqfrph glvwulexwlrqv |3

4
dqg |41 Iru wklv/ �uvw frqvlghu wkh dyhudjh lqfrph1

�|3
4
+l, @ +4� �,�|3

3
+l, .z3

4
� vP � �fE

� +4� �,�|3+l, .z4 � vP � �fE

@ �|4+l,

+l, Wkxv/ d kljkhu zdjh z3

4
lq shulrg 4/ dorqj wkh qhz sdwk lpsolhv d kljkhu dyhudjh lqfrph dorqj wkh qhz sdwk1

+ll, Dovr/ glvwulexwlrqv |4 dqg |3

4
furvv rqo| rqfh1 Wklv lv wuxh ehfdxvh/ jlyhq wkh uhglvwulexwlrq dw w @ 3> |3

4
+l, �

|4+l, iru doo l ? l�
3
dqg |3

4
+l, � |4+l, iru doo l � l�

3
1

+l, dqg +ll,/ wdnhq wrjhwkhu/ lpso| wkdw |3

4
grplqdwhv |4 lq d vhfrqg0rughu vwrfkdvwlf vhqvh1

Dv lq shulrg 4/ zh kdyh OG
5
+|3

4
,OG

5
+|4, lq shulrg 51 Vlqfh wkhuh kdv ehhq dq lqfuhdvh lq lqfrphv dw wkh

orzhu hqg ri wkh glvwulexwlrq/ zh dovr kdyh OV
5
+|3

4
, � OV

5
+|4,1 Wkhuhiruh/ rqfh djdlq/ z

3

5
� z51

Uhfxuvlyho|/ wklv dujxphqw krogv lq hyhu| vxevhtxhqw shulrg dv zhoo vr wkdw wkh hqwluh zdjh sdwk diwhu

uhglvwulexwlrq olhv deryh wkh ruljlqdo zdjh sdwk/ iru dq| �qlwh wlph shulrg175 �

e2Wu ��

A�A uLh |�i �ht| |�4i @| tL4i A�c |�i? |�i @ML�i @?@*)t�t �L*_t uhL4 A L?�@h_t�
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Surri ri Sursrvlwlrq 7=

Zh ghqrwh wkh ruljlqdo dqg wkh qhz orqj uxq glvwulexwlrqv e| | dqg |3 uhvshfwlyho|1

Frqglwlrq +l, vd|v wkdw lq wkh orqj uxq/ OG lqwhuvhfwv OV dorqj wkh odwwhu*v yhuwlfdo vhjphqw1 Iurp Ohppd 4/

wkh orqj uxq ghpdqg O3G � OG dqg z3 � z1 Ohw xv vhh krz frqglwlrqv +l, dqg +ll, wrjhwkhu jxdudqwhh vwulfw

lqhtxdolw| zlwk uhvshfw wr orqj uxq zdjhv1

l�+|, lv wkh pdujlqdo djhqw lq wkh ruljlqdo orqj uxq glvwulexwlrq | zkr pdnhv lw wr vhfwru K1 Lw pxvw eh wuxh

wkdw kh furvvhv ryhu wr vhfwru K lq �qlwh wlph1 Wklv lv ehfdxvh/ dw vrph w @ � vx�flhqwo| odujh/ wkh ehtxhvw

ri wkh odvw lqiud0pdujlqdo djhqw lv duelwudulo| forvh wr wkh vwhdg| vwdwh ehtxhvw ohyho � dqg khqfh vwulfwo| ehorz

vK 1

Ohw djhqw l�+|, furvv ryhu wr vhfwru K dw gdwh W / dorqj wkh ruljlqdo sdwk1 +Khqfh qr djhqwv pryh wr vhfwru K

diwhu W 1, Wkhq klv ehtxhvw dw gdwh W> eW +l
�+|,, @ vK 1 Wkdw kh furvvhv ryhu dw wlph W lpsolhv wkdw zdjhv pxvw

kdyh lqfuhdvhg +iru klv sduhqw, lq shulrg W � 41 Wkhuhiruh/ zW�4z/ l1h1 O
G

W�4
lqwhuvhfwv OV

W�4
dorqj wkh odwwhu*v

yhuwlfdo vhjphqw1

Vlqfh O3G

W�4
OG
W�4

iurp Ohppd 4/ zh nqrz wkdw z3

W�4
zW�41 Vxssrvh wkh pdujlqdo djhqw l�+|, pryhv ryhu

wr vhfwru K rqo| dw shulrg W dorqj wkh qhz sdwk +dqg qrw hduolhu,1 z3

W�4
zW�4 lpsolhv wkdw wkh ehtxhvw kh

uhfhlyhv dw gdwh W dorqj wkh qhz sdwk/ e3
W
vK 1 Zkhq Frqglwlrq+ll, krogv/ frqwlqxlw| durxqg l�+|, lpsolhv wkdw

e3
W
+al, � vK / iru l 5 âl> l�,/ iru vrph al ? l�+|, dv zhoo1 Khqfh l 5 ^al> l�, wrr pxvw pryh wr vhfwru K dw shulrg W /

dorqj wkh qhz sdwk1

Khqfh/ lq wkh orqj uxq l�+|3, ? l�+|,1 Iurp Sursrvlwlrq 5/ lw iroorzv wkdw z3z lq wkh orqj uxq1 �

Uhihuhqfhv

� Djklrq/ Sklolssh/ dqg Erowrq/ Sdwulfn/ _D Wkhru| ri Wulfnoh Grzq Jurzwk dqg Ghyhorsphqw%0Uhylhz

ri Hfrqrplf Vwxglhv/ 97+4<<:,/ 48404:5

� Dqguhrql/ Mdphv _Jlylqj zlwk Lpsxuh Dowuxlvp= Dssolfdwlrqv wr Fkdulw| dqg Ulfdugldq Htxlydohqfh% 0

Mrxuqdo ri Srolwlfdo Hfrqrp| <: +4<;<,/ 477:0478;

� Edodqg/ Mhdq0Pdulh/ dqg Ud|/ Gheudm/ _Zk| grhv Dvvhw Lqhtxdolw| d�hfw Xqhpsor|phqwB D Vwxg| ri

wkh Ghpdqg Frpsrvlwlrq Sureohp% 0 Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 68 +4<<4,/ 5:80636

� Edqhumhh/ Deklmlw Y1/ dqg Qhzpdq/ Dqguhz I1/ _Rffxsdwlrqdo Fkrlfh dqg wkh Surfhvv ri Ghyhorsphqw%/

Mrxuqdo ri Srolwlfdo Hfrqrp| 434+4<<6,/ 5:705<;

� Edqhumhh/ Deklmlw Y1/ dqg Dqguhz I1 Qhzpdq/ _Ulvn ehdulqj dqg wkh wkhru| ri Lqfrph Glvwulexwlrq%/

Uhylhz ri Hfrqrplf Vwxglhv/ 8; +4<<4,/ 5440568

� Ehqderx/ Urodqg/ _Lqhtxdolw| dqg Jurzwk%/ QEHU Pdfurhfrqrplfv Dqqxdo/ +4<<9, 440:7

5<



� Fduqr|/ Pduwlq lq frooderudwlrq zlwk Orer Mrvh dqg Wrohgr/ Doohmdqgur dqg Yhoorvr/ Mdftxhv Fdq Hg0

xfdwlrqdo Srolf| htxdol}h Lqfrph Glvwulexwlrq lq Odwlq DphulfdB 0 Vd{rq Krxvh/ Lqwhuqdwlrqdo Oderu

Rujdqlvdwlrq/ +4<:<,

� Frshodqg/ Euldq/ dqg Nrwzdo/ Dvkrn/ _Surgxfw Txdolw| dqg wkh Wkhru| ri Frpsdudwlyh Dgydqwdjh%/

Hxurshdq Hfrqrplf Uhylhz/ 73 +4<<9,/ 4:7804:93

� Wdopdlq/Jdeulho dqg Fkrx/Fklhq0Ix/ Uhglvwulexwlrq dqg Jurzwk= Sduhwr Lpsuryhphqwv Mrxuqdo ri Hfr0

qrplf Jurzwk/ 4+7,/ +4<<9,/ sdjhv 83805611

� Ghlqlqjhu/ Nodxv/ dqg Vtxluh/ O|q/ _Qhz zd|v ri orrnlqj dw rog lvvxhv= lqhtxdolw| dqg jurzwk%/ Mrxuqdo

ri Ghyhorsphqw Hfrqrplfv/ 43: +4<<;,/ 58<05;:

� gh Mdqyu|/ Dodlq/ dqg Vdgrxohw/ Holvdehwk/ _Vrfldo Duwlfxodwlrq dv d Frqglwlrq iru Htxlwdeoh Jurzwk%/

Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 46+4<;6,/ 5:80636

� Hvzdudq/ Pxnhvk/ dqg Nrwzdo/ Dvkrn/ _D Wkhru| ri Uhdo Zdjh Jurzwk lq OGFv%/ Mrxuqdo ri Ghyhors0

phqw Hfrqrplfv/ 75 +4<<6,/ 576059<

� Jdoru/ Rghg dqg Prdy/ Rphu/ %Iurp Sk|vlfdo wr Kxpdq Fdslwdo Dffxpxodwlrq Lqhtxdolw| lq wkh Surfhvv

ri Ghyhorsphqw% Eurzq Xqlyhuvlw|/ Ghsw1 ri Hfrqrplfv/ Zrunlqj Sdshu <<05:/ +4<<<,

� Jdoru/ Rghg/ dqg ]hlud/ Mrvhsk/ _Lqfrph Glvwulexwlrq dqg Pdfurhfrqrplfv%/Uhylhz ri Hfrqrplf Vwxglhv/

93 +4<<6,/ 68085

� Jroglq/ Fodxgld dqg Pdujr/ Urehuw/ _Wkh Zdjh Vwuxfwxuh lq wkh Xqlwhg Vwdwhv dw Plg0Fhqwxu|%/Txdu0

whuo| Mrxuqdo ri Hfrqrplfv/ 43: +4<<5,/ 4067

� Kxqwhu/ Olqgd/ _Wkh frqwulexwlrq ri qrq0krprwkhwlf suhihuhqfhv wr wudgh%/ Mrxuqdo ri Lqwhuqdwlrqdo Hfr0

qrplfv/ 63 +4<<4,/ 678068;

� Ndogru/ Qlfkrodv/ _Dowhuqdwlyh wkhrulhv ri Glvwulexwlrq%/ Uhylhz ri Hfrqrplf Vwxglhv/ 56 +4<8:,/ ;60433

� Nh|qhv/ Mrkq Pd|qdug/ _Wkh Hfrqrplf Frqvhtxhqfhv ri Shdfh%/PdfPloodq dqg Fr1/ 4<53

� Nlqgohehujhu/ Fkduohv/Hfrqrplf Odzv dqg Hfrqrplf Klvwru|+Fdpeulgjh/ Hqjodqg= Fdpeulgjh Xqlyhuvlw|

Suhvv/ 4<;<,

� Odqjrql/ Fduorv/ D glvwulexfdr gd uhqgd h ghvhqyroylphqwr hfrqrplfr gr Eudvlo +Ulr gh Mdqhlur = Hglwrud

h{suhvvdr h fxowxud/ 4<:6,

� Orxu|/ Johqq F1/_Lqwhujhqhudwlrqdo Wudqvihuv dqg wkh Glvwulexwlrq ri Hduqlqjv%/Hfrqrphwulfd/ 7< +4<;4,/

;760;9:

� Ooxfk/F1/ Srzhoo/D1/ dqg Zlooldpv/U1/ Sdwwhuqv lq Krxvhkrog Ghpdqg dqg Vdylqj +Zdvklqjwrq G1F1

Sxeolvkhg iru wkh Zruog Edqn e| R{irug Xqlyhuvlw| Suhvv/ +4<::,
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� Pdql/ Dqdqgl/ _Wkh Lpsdfw ri Lqfrph Glvwulexwlrq dqg Ghpdqg Frpsrvlwlrq rq Hfrqrplf Ghyhorsphqw%

SkG1 Glvvhuwdwlrq/ Ervwrq Xqlyhuvlw|/ Pd| 4<<;

� Pdqnlz/ Q1 Juhjru|/ Urphu/ Gdylg/ dqg Zhlo/ Gdylg/ _D Frqwulexwlrq wr wkh Hpslulfv ri Hfrqrplf

Jurzwk%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43:+4<<5,/ 73:076:

� Pdwvx|dpd/ Nlplqrul/ _Wkh Ulvh ri Pdvv Frqvxpswlrq Vrflhwlhv% ~ Fhqwhu iru Pdwkhpdwlfdo Vwxglhv lq

Hfrqrplfv dqg Pdqdjhphqw Vflhqfh/ Nhoorjj Judgxdwh Vfkrro ri Pdqdjhphqw/ Qruwkzhvwhuq Xqlyhuvlw|/

Glvfxvvlrq sdshu qr1 45;< +5333,

� Pruoh|/ Vdpxho dqg Zlooldpvrq/ Mh�uh|/ _Ghpdqg/ Glvwulexwlrq dqg Hpsor|phqw/ Wkh Fdvh ri Eud}lo%/

Hfrqrplf Ghyhorsphqw dqg Fxowxudo Fkdqjh/ +4<:7,/ 66093

� Pxusk|/ Nhylq M1/ Vkohlihu/ Dqguhl/ dqg Ylvkq|/ Urehuw Z1 = _Lqfrph Glvwulexwlrq/ Pdunhw Vl}h dqg

Lqgxvwuldol}dwlrq%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 436 +4<;<,/ 86:0897

� Rzhq/ Dqq dqg Zhlo/ Gdylg/ _Lqwhujhqhudwlrqdo Hduqlqjv Prelolw|/ Lqhtxdolw| dqg Jurzwk% Mrxuqdo ri

Prqhwdu| Hfrqrplfv/74+4,/ +4<<;,/ sdjhv :40437

� Slnhww|/ Wkrpdv/ _Wkh G|qdplfv ri wkh Zhdowk Glvwulexwlrq dqg wkh Lqwhuhvw Udwh zlwk Fuhglw Udwlrqlqj%/

Uhylhz ri Hfrqrplf Vwxglhv/ 97/ 4:604;<

� Vkohlihu/ Dqguhl dqg Ylvkq|/ Urehuw/ _Txdolw| dqg Wudgh%/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ ; +4<<8,/

4048

� Whlwho/ Vlprq/ _Oderu Krprjhqhlw|/ Vnloo Lqwhqvlw| dqg Idfwru Uhyhuvdov 0 dq Lqwhuqdwlrqdo Frpsdulvrq%/

Mrxuqdo ri Ghyhorsphqw Hfrqrplfv 6 +4<:9,/ 6880699

� ]zhlpxoohu/ Mrvhi/ _Vfkxpshwhuldq Hqwuhsuhqhxuv phhw Hqjho*v Odz= Wkh Lpsdfw ri Lqhtxdolw| rq Lqqrydwlrq0

Gulyhq Jurzwk1% +Fhqwuh iru Hfrqrplf Srolf| Uhvhdufk +FHSU, Glvfxvvlrq Sdshu Qr14;;3/+4<<;,
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FIGURE I: The Single Period Equilibrium
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FIGURE II:  Characteristics of Steady States


