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Abstract

We consider the problem of ranking sets of objects, the members of which are mutually
compatible. Assuming that each object is either good or bad, we axiomatically characterize a
cardinality—based rule which arises naturally in this dichotomous setting.
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1 Introduction

In this paper we consider the problem of ranking sets of objects the members
of which are mutually compatible. Situations for which such a ranking can
be of use include matching, choice of assemblies, election of new members
of a committee, group identification and coalition formation. Very often in
these situations the a priori information one has about a decision maker’s
opinion is simple: it takes the form of a partition of the set of all objects into
“good” and “bad” items.

For example, if the set of objects is a set of individuals, the set of good
objects can consist of all individuals who share a given property or who are
qualified for a job (cf. Kasher and Rubinstein (1997), Samet and Schmeidler
(2003)). Accordingly, in this case the set of bad objects will include all
individuals who do not have this property or who are not qualified. Or, in a
slightly different context, the set of good objects can contain all candidates
who deserve to become new society members according to the opinion of
some society founder (cf. Berga et al. (2003)), while the set of bad objects
will consist of all candidates who do not deserve this grace. Notice that the
specification of good and bad objects in these contexts implies homogeneity
and full substitutability of the objects within a particular group.

Given such a dichotomous setting, the question we ask in the present pa-
per is the following: how can one extend in a meaningful way this rudimen-
tary information about one’s opinion over the single objects to an ordering
on the power set of the set of objects? We answer this question by present-
ing an axiomatic characterization of what we call the symmetric difference
rule. According to this rule, a set of objects C' is considered to be better
than another set of objects D if and only if the cardinality of the symmet-
ric difference between C' and the set of all good objects is smaller than the
cardinality of the symmetric difference between D and the set of all good
objects.

It is not difficult to see that the symmetric difference rule induces a unique
additive separable preference relation over the set of all groups of objects,
the set of all good objects being its top and the set of all bad objects being
its bottom. Having this in mind, our result can be interpreted as a charac-
terization of a subclass of the class of separable preferences, the latter being
commonly used as a primitive in the analysis of voting situations (cf. Bar-
bera et al. (1991), Ju (2003)) and coalition formation games (cf. Burani and
Zwicker (2003)). On the other hand, this paper contributes to the problem



of ranking sets of objects in general. Especially, it can be seen as a trans-
lation of the purely cardinality-based freedom ranking of opportunity sets
(cf. Pattanaik and Xu (1990)) to the context of ranking sets of objects the
members of which are mutually compatible (cf. Barbera et al. (2003)).

2 Definitions and axioms

Throughout the paper, let X be a nonempty finite set of objects. These
objects may be for example candidates considered for membership in a club,
possible coalitional partners, bills considered for adoption by a legislature,
etc. We assume that each object is either good or bad, and that there is at
least one good object and at least one bad object. We denote by G the set
of all good objects in X, and by B the set of all bad objects in X. Notice
that B = X \ G.

In what follows, the set of all subsets of X will be denoted by X. The
elements of X' are the (alternative) groups of objects an agent may be con-
fronted with. The question arises how this agent ranks sets consisting on
different numbers of good and bad items based on his partition {G, B} of X.
Consequently, the problem to be analyzed in this paper is how to establish a
reflexive, transitive and complete binary relation = on X. For all C, D € X,
C > D is to be interpreted as “C' is at least as good as D”. The asymmetric
and symmetric factors of = will be denoted by > (“is better than”) and ~
(“is as good as”), respectively.

Let P be the set of all reflexive, transitive and complete binary relations
on X. As an element of P, we define the binary relation >, based on the
symmetric difference with G as follows. For all C, D € X,

C=,D<|CAG <|DAG.

According to = ,, if C' and D contain the same number of good objects, C'
will be at least as good as D if and only if the number of bad objects in C' is
less than the corresponding number for D. Analogously, if C' and D contain
the same number of bad objects, C' will be at least as good as D if and only
if the number of good objects in C' is weakly greater than the corresponding
number for D. Finally, if C' and D have different numbers of good and bad
objects, the rule adds the number of bad objects in C' (D) to the number of
good objects which are not in C' (D) in order to produce a comparison.



We introduce now the following three axioms a binary relation =€ P may
satisfy:

Perfect Dichotomy (PD) iff, forall C, D € X, allz € CNG, and ally € B\ D,
C=zD<«s C\{z} =z DUy}

Good Influence (GINF) iff, for all C, D € X, all x € G\ C,
C~D=CU{z} > D.

Bad Influence (BINF) iff, for all C, D € X, all x € B\ D,
C~D=C»DuU{zx}.

Perfect dichotomy states that “being good” and “not being bad” have the
same meaning for the decision maker, i.e. the “marginal rate of substitution”
between good and bad objects is —1. According to this axiom, if a set of
objects C' is at least as good as another set of objects D, then substracting
a good object from C' and adding a bad object to D do not change the
comparison of the sets.

Good influence requires that if two sets of objects are indifferent, adding
a good object to one of them makes that set strictly better. This axiom was
introduced by Barbera et al. (1991) and, more explicitly, by Fishburn (1992).
The interpretation of our last axiom, bad influence, is analogous.

3 Characterization result

In proving our characterization result we shall make use of the following three
lemmas.

Lemma 1 If =€ P satisfies GINF and PD, then it also satisfies BINF.

Proof. We have to prove that for all C, D € X and for all z € B\ D, C ~ D
implies C' > DU {z}.

Take C, D and z as above. We distinguish the following two possibilities:

(1) CNG #0. Let x € CNG. Then C ~ D =pp C\ {2} ~ DU
{Z} =ane C = DU {Z}

(Q)CQB Let z € G. ThenCND:>G[NFCU{£E}>-D:>pDC>'
DuU{z}.

From these two cases we conclude that > satisfies BINF. m

Remark 1 Similarly, one can show that BINF and PD imply GINF.



As mentioned in the Introduction, there are contexts in which the specifi-
cation of good and bad objects implies homogeneity and full substitutability
of the objects within a particular group. Our next lemma relates those con-
texts to perfect dichotomy.

Lemma 2 If =€ P satisfies PD, then, for all C' € X,
(1) C ~ (C\{z})U{y} forall z € CNG and y € G\ C;
(2) C ~ (C\{z})U{y} forall z € CNB and y € B\ C.

Proof. We show only (1). The proof of (2) is similar.

Suppose C' € X is such that CNG # QP and G\ C # 0. Let z € CNG
and y € G\ C, and let z € B. Notice that such a z exists by assumption.
We distinguish the following two cases:

(lLa) z€ C. Then C = C & CU{y} = C\{z} & (CU{y}) \ {=} = C.
Moreover, (CU{y}) \ {z} = (CU{y}) \{z} & CU{y} = (CU{y})\
{z,2} & C = (CU{y}) \ {z}. Hence, C' ~ (C'\ {z}) U{y}.

(Lb) 2¢ C. Then C = C = C\ {z} = CU{z} & (C\ {z})) U{y} = C
and (C\ {z}) U{y} = (C\{z}) U{y} & C\{a} = (C\{z}) U{y. 2} &
C = (C\ {z}) U{y}. Therefore, C ~ (C\{z})U{y}. m
Remark 2 Notice that, by transitivity of = and the repeated use of Lemma
2, PD guarantees that the decision maker will be indifferent between any two

sets consisting either of the same number of (possibly different) good objects
or of the same number of (possibly different) bad objects.

Lemma 3 Suppose =€ P satisfies PD. If C,D € X are such that C C D
and D\ C ={z,y} with x € G and y € B, then C' ~ D.

Proof. Take C, D € X as above. Then C' U{z} = D\ {y} and C U {y} =
D\ {z}. Hence, CU{z} ~ D\ {y} and CU{y} ~ D\ {x} by reflexivity of
>. From PD, we have C' = D and D = C and, therefore, C ~ D. m

We are now ready for our characterization result.
Theorem 1 A binary relation =€ P satisfies PD and GINF if and only if
Z=a-

Proof. 1t is straightforward to verify that >, satisfies both axioms. In what
follows we show that if a binary relation >& P satisfies PD and GINF, then
> is uniquely determined.

For each m € {0,1,...,|G|} and for each n € {1,...,|B|}, define the
families G,,, and B,, as follows:

Gmn ={Gmn CG: |Gyl =m}, B,={B, C B:|B,| =n}.
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Notice that, in view of Remark 2, the decision maker is indifferent between
any two sets in the family G, for each m € {0, 1,...,|G|}, and that he is also
indifferent between any two sets in the family 5,, for each n € {1,...,|B|}.

Moreover, by transitivity of > and by the repeated use of GINF and BINF
(via Lemma 1), we have the following ranking for each G,, € G,, and each
B,eB,:

Consider now a set C' € X with |[C NG| =k >1and |[CNB|=1> 1.
Without loss of generality, let CNG = {c{,...,c¢}} and CNB = {c},...,}.
If £ > [, then, by transitivity of > and by the repeated use of Lemma 3,

we have C' ~ C\ {d{,....d.,d,...,c} € Gooy. If | > k, then, by the same

argument, we have C' ~ C'\ {cﬁ’, G e .,c,ﬁ} cB_;. m

Remark 3 In view of Remark 1, it follows from the proof of Theorem 1 that
> 18 characterized by PD and BINF as well.
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