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Abstract

This paper explores the Rawlsian welfare implications of endogenous transfers in a three- player- system where one
player fights the other two bilaterally. Though such transfers can be welfare improving under certain conditions
(explicitly mentioned in the paper), Rawlsian welfare maximization cannot be achieved endogenously via transfers.
The welfare maximizing distribution is stable i.e immune to endogenous transfers.
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happened if3i,j € §3¢t;; >0and aj(ti j) = 1. The redistributed endowment vector is
denoted as {X;}; es . If tij = a;; = 0V i,j then we conclude that (X} es = (X} es . Since we
only consider rational transfers (defined in the next section) which are transfers leading to
pareto improvement for both sender and receiver we shall supress the acceptance decisions,
for notational simplicity.

Stage II: C decides to allocate his resources in the two conflicts. Let us say that the resource
allocated in the contest against k € {4, B} is given by X;.. C’s optimization problem is given

by: 5 3% Tc = Xsfiif_s . Wpge + XA):;;_A Wae St Xpe+ Xae = Xc (1)
Solving the optimization problem will yield the optimal conflict resource allocations by C in
both the conflicts i.e. {Xic}keqapy - We solve the two - stage game using backward induction.
Players choose transfer of conflict-resources in stage 1, followed by resource allocation (to
the two contests against A and B) by C in stage 2. The subgame perfect Nash equilibrium
(SPNE), will be denoted by ({t;;"}j=1V i,j € S, j # i and {X¢y }keapy)

Definitions:

Transfer — susceptible endowment vector: A conflict resource endowment vector {X;}; cs is
called transfer susceptible if there exists a transfer between two agents i and j that leads to an
improvement in payoffs of both the agents or in the payoff of one agent keeping the other’s

payoff fixed i.e. in the SPNE 3 4,j €S 3 ¢t;" >0, a]’f‘(t{“j) =1

Transfer — resistant endowment vector: A conflict resource endowment vector {X,}; s is
called transfer resistant if no transfer between any pair of agents is rational i.e in the SPNE
tij:ajiZOVi,j € S.

Rawlsian Welfare: The Rawlsian social welfare function (henceforth simply referred to as
Rawlsian welfare) is a social welfare function that uses as its measure of social welfare the
utility of the worst - off member of the society. In the three - player system described in the
paper the (post — conflict) Rawlsian welfare of the system is given by min{m,, mg, 7}.

Remark 1:

a. Since any conflict resource endowment vector can be normalized it makes perfect
sense to consider normalized endowment vectors only without loss of generality.

b. Though the acceptance decision has been mentioned in the characterization of the
equilibrium it is actually implicit since the paper deals with rational transfers which
has the idea of acceptance implicitly embedded.

3. Results and Discussion:

Lemma 1: C engages in a contest with both A and B if and only if a € (—:A;B , \/_1;_;;,4
— 4B AAB

Proof: It is provided in the Appendix.



YxaXp 1-xa )
1-xp ~ Vxaxp
will henceforth be called a ‘one — fight endowment vector’. Lemma 1 essentially looks into
the participation constraints of C in the two contests. Hence for any given a € (0,0) a
conflict — resource endowment vector is either a ‘one — fight endowment vector’ or a ‘two —
fight endowment vector’.

Any normalized conflict resource endowment vector (x4, Xg, X¢) Where a & (

Remark 2: The economic intuition behind Lemma 1 is the following. Given a normalized
conflict resource endowment vector (x4, xg, X¢) if @ = ’W—BC is large enough (i.e. wgc is
AC

significantly larger than w,) the marginal benefit to C from allocating conflict resources in
the conflict against B easily outweighs the marginal benefit from allocating resource in the
conflict against A and hence C chooses to fight B alone. An exactly opposite argument holds

ifa = ’? is small enough. Another way to look at the condition is that keeping the
AC

geometric mean of x4 and xj fixed if either one is increased the length of the interval

(\/XAXB 1-x4
1-xp ’ VXAXB

X, and xg increases the interval in which W—BC must lie in order incentivize C to engage in
AC

) shrinks i.e. keeping the geometric mean fixed as the difference between

contests with both A and B, shrinks.

. .. Vxaxg 1-
Remark 3: Though it may appear that the condition « € (ﬂ, i) that ensures that a
1-Xxp = VXaXB
normalized conflict resource endowment vector (x4, X5, X¢) is a ‘two — fight endowment
vector’ is independent of x , that is not true since Y.pe(ap,c; Xt = 1 since x, = —
= Xat+Xp+ Xc

Vte {A B,C}.
Lemma 2: Given any a € (0, o)

I The one fight endowment vectors are transfer- resistant.

ii. No endogenous transfer leads to a transition from a two — fight endowment vector

to a one — fight endowment vector.

Proof: The proof is provided in the Appendix.

Remark 4: Lemma 2 rests on the economic rationale that given a particular a € (0, ) (i.e.
for a given relative prize ratio %) if the conflict resource endowment vector is such that C
AC

only fights with one of the two (i.e. either A or B and not both) then the one C is fighting
with, has no incentive to make a transfer to the other because that incentivizes C further to
fight the transferer and moreover the transfer reduces the conflict resources of the transferer,
thereby reducing his equilibrium payoff. And that renders the ‘one fight endowment vectors’
transfer resistant.



Since the paper deals with exploring the welfare implications of the endogenous transfers of
conflict resources, we will henceforth be more interested in the ‘two fight endowment
vectors’ given any a € (0, ).

Lemma 3: [fa € (—'1“?3 =X

syt m_) the equilibrium payoffs are given by:

Xgwpc+ X4 XBWBcW4
gt = c N8 SBBeRAC = [ xga? + VXpXp A Wac
Xat+ Xpt+ Xc

« _ XaWact VX4 XpWBcWac _
= = [x4 + Vauxg al.wyc

XA+ Xp+ Xc

Ty

_ / XpWac+ X4 Wa0)* _
T[C* —_ (WBC + WAC) - H:E+X—C £ - [1 + CZZ - (XB(X + XA)Z]. WAC

Proof: The Proof is provided in the Appendix.

Lemma 4:

If a e (AL ﬂ)then

1-xp ’ VXAXB
I. In SPNE t;; =0V j € {A,B}andt,c =0V i € {A,B}.
i. Any pre-conflict resource endowment vector ( Xa, Xg , Xc) satisfying the condition
Xp < 0X, is necessarily transfer — resistant.
iii. Any pre-conflict resource endowment vector (X, Xp , X¢) satisfying the condition
Xp > 06X, is transfer — susceptible. In the SPNE tg, = a,p > 0.
iv. If Xg > 60X, optimal transfer §* = %. The post transfer conflict resource

endowment vector (X,, Xg, X¢) satisfies Xg = 60X,

whereezz.(%)+1+2. /X—B /1+?=2a2+1+2a\/a2+1
Ac Ac Ac

Proof: The Proof is provided in the Appendix.

Lemma 3 and Lemma 4 point out the conditions under which the conflict resource
endowment vector is transfer — susceptible and how much transfer happens in equilibrium
and between which pair of players. What remains to be seen is the Rawlsian welfare
implications of these transfers in equilibrium. Propositions 1,2 and 3 provide insight into
those questions.

Remark 5: It is interesting to note that the endogenous transfers happen from B to A (i.e.

between the two corner players) only when the ratio of conflict resource allocations (i.e. X:B
- A

with Xp >X,) is beyond a threshold (6) and the threshold and the threshold is an increasing

function of the relative prize %. In order to gain further economic insight into this result let
Ac



us first understand why endogenous transfers happen in a SPNE in the first place. When B
transfers a unit of conflict resource to A that incentivizes C to divert more resources from the
conflict against B to the conflict against A. At the same time now, B has one unit of conflict
resource less which he can employ against C. Hence, we have two opposing effects. The first

effect increases B’s payoff while the second effect brings it down. It turns out that when ;(_—B >
A

6 the marginal benefit of endogenous transfer to B due to the diversion of conflict resource of
C to the contest against A outweighs the marginal loss that accrues to B due lowered conflict
resource (post transfer). The threshold 8 being an increasing function of the relative prize

WB < is intuitively obvious. A higher xs < makes the second effect (as described above) far more
Ac Ac

important than the first. Hence the ratio of conflict resource allocations i.e. ;(_—B , above which
A

it is rational for B to make a transfer to A becomes higher.

Remark 6: C (who is the central player) has no incentive to make any endogenous transfers
to any other player ever. The simple reason is that the first effect (i.e. increased benefit due to
diverted resources) is not applicable for C since he is engaged in a conflict with both A and B.

Lemma 5: There exists @ = 0.58 such that 0a? > 1Va>a andBa? <1Va<a.

Proof: Since 8 = 2a? + 1+ 2 ava? + 1, 8a? is clearly an increasing function of 6.
Hence 8a? = 1has a unique root @. Solving @ = 0.58.. ]

Proposition 1:

VXaxp 1- A1-x4

Given that a« € (——, —=) and xg > 0x4 , an endogenous transfer leads to an

1-xp " Vxaxp
improvement in Rawlsian welfare lf
mln{—[l—xc M+Voaj, — [1—xc]0a +V6 a], [+ a? —ﬁ[l—

xc](1+ \/5&)2} >min{x, + a\/xAxB, Xg.a?+ axyxg , (1 +a?— (Vx,+
avxp)?)}

Proof: The result follows directly from Lemma 3 and Lemma 4 ]

Proposition 1 provides the condition under which the endogenous conflict — resource transfer
will be Rawlsian welfare improving. From policy perspective, it provides insight into when it
is useful to impose legal sanctions on transfers. The next two propositions look into the
Rawlsian welfare maximizing conflict resource endowment vector — whether it can be
achieved via endogenous transfers and whether the welfare - maximizing endowment vector
(achieved by external redistributive intervention) is transfer — susceptible.

Proposition 2: The Rawlsian welfare maximizing conflict resource endowment vector (x, ,
Xg ,X() is given by:



le

. 2 .
I. Xy =2 —andxg = X; = if & = V2. In this case, the maximum Rawlsian
ac+2

welfare = wy
ii Xg >iandx*=x*=
) B = 24241 4 ¢
welfare = wyc. a? = wg

iii. xj{=1(1+az),x§=%(1+a12)andxc—1——(a+ +2)

1-xp

ifa < T In this case, the maximum Rawlsian

Wac +WBc

ifa € ( 5 V2 ) In this case, the maximum Rawlsian welfare = .

Proof: a > V2 implies wg, > 2w,.. Clearly the Rawlsian welfare is maximized when C
does not fight A and has equal amount of conflict resources as B. C does not fight Aif « >
1-x4
\/XAXB'
alive, the Rawlsian welfare maximizing equilibrium will be characterized by n,* = mp* =

x* _ Wac+Wpc

¢ :T which in turn happens only if x, = % 1+ a?),xz = % (1 + %) and x; =

This leads to (i). (ii) can be proved exactly analogously. If both the ‘battlefields’ are

1-— - (a t = + 2) But the necessary condition for both battlefields being alive implies

VxAxB 1 x4 a (1+a?) sa—ad
a e (———, Leq € in the Rawlsian welfare maximizin
(1—x3 ) ! (g a2 ) G g

equilibrium) which holds true if a € (ﬁ , \/_ 2 ). Hence the proof for (iii)). =

Proposition 2 clearly characterizes the Rawlsian welfare maximizing outcomes for the three

1 1 .
cases i.e. =2¢ > 2, “BC < Zand ZEE € (=, 2). In the first two cases the Rawlsian welfare
wac wac 2 Wac 2

maximizing outcomes consist of ‘one fight endowment vectors’ while it is a ‘two fight
endowment vector’ in the last case. The economic rationale is obvious from the proof of the
proposition.

Proposition 3:

A The Rawlsian welfare maximizing conflict resource endowment vector is
necessarily transfer — resistant
il. No strictly positive endogenous transfer leads to the Rawlsian welfare maximizing

endowment vector.

Proof: If a € [O, %] U

allocations are ‘one fight endowment vector’s and by Lemma 2 they are transfer resistant and

V2, 00) the Rawlsian welfare maximizing conflict resource

no strictly positive endogenous transfer(s) leads to them. If a € ( NeL V2 ) the Rawlsian
welfare conflict resource allocation is given in (iii) of Proposition 2. And B - % = giz >0
A

only if & < & = 0.58 (using Lemma 5). And 0.58 € (0 T) Thus 2 < 6 fora € (wﬁ)
which implies the transfer resistance of the conflict resource allocatlon. Also, any endogenous

transfer will lead to a post — transfer endowment vector where ;C—f = 6. Since the Rawlsian
A

welfare maximizing endowment vector has 28 — < 0, it cannot be reached via a a strictly
A
positive rational transfer. [ ]



Remark 7: If a € [O, %] Le. if % < % then clearly it is Rawlsian welfare maximizing if C
AC

engages in the conflict A alone which is ensured by the conflict resource allocation to B being
higher than a threshold and given this A and C should have the same endowment of conflict
resources (yielding accrual of equal shares of wy to A and C) for Rawlsian welfare
maximization. Given an endowment vector of this kind, A of course does not have an
incentive to transfer any resource to B because that will only increase C’s disincentive to
fight B (and C is not fighting B already). B too will not transfer any resource to A because he
is getting the whole of wg which is the maximum he can get anyway and a transfer to A
might increase C’s incentive to fight B (if B becomes sufficiently weak post — transfer). Thus,
we see that this ‘one-fight endowment vector’ is transfer — resistant. An exactly symmetric

argument holds if a € [\/Z 00) 1.€. % > 2. No transfer can lead to a transition from a ‘two
AC

— fight endowment vector’ to a ‘one-fight endowment vector’ since such a transfer is clearly
not rational. Hence the above -mentioned one-fight endowment vectors are not only transfer

resistant they are also unattainable via a rational transfer. If ¢ € (é, \/f) the Rawlsian

welfare maximizing endowment vector has i—B = % <OVae (iz, \/Z) (by Lemma 5).
A

Since a rational transfer takes place from B to A if and only if Xg > 60X, (i.e.xz > 0x,) and
the optimal transfer is given by &§* = % (which makes Xg = 0X, (i.e. x5 = 0x,) in the

post — transfer endowment) hence the Rawlsian welfare maximizing endowment vector is
transfer resistant and also unattainable via rational transfers.

4. Concluding Remarks:

The paper throws light on two key findings. Firstly, though endogenous transfers of conflict —
resources between players can lead to Rawlsian welfare improvement, welfare maximization
necessarily requires external intervention. Secondly the Rawlsian welfare maximizing
conflict resource allocation is transfer — resistant i.e. stable and immune to endogenous
transfers. These results have the following economic implications: The Rawlsian welfare
changes due to the transfers can be thought of as ‘invisible hand’ effects since the transfers
happen endogenously. The paper shows that the Rawlsian welfare optimum cannot be
reached via these ‘invisible hand’ effects and thereby insinuating towards the need of external
intervention. Also, once the optimum conflict resource allocation is achieved it is immune to
any endogenous transfer, thereby lending it stability. A generalization of this analysis for all
possible networks of bilateral contests is left for future work.
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Appendix

Proof of Lemma 1:

Using (1)
onc wgc XB 1 XA
= —=— (1) + — ) 2

0Xca (Xcp+Xp)? D) (X4 +Xca)? Wac 2)

. om wgc XB w w Xc+ Xg)% (xc+xp)?

im C:_BC_BZ( 1)+ Ac<00r sc o, (Xct Xp)” _ (Xc+ Xp) (3)
Xca—00Xca (Xc+Xp) wac Xa XB XAXB

.. . WBC X4 Xp XAXB
Similarly lim <0 implies — < 5= > 4)

Xcg—0 aXCB wac (Xc+ Xa) (xc+x4)

In order to ensure that in equilibrium (X4, Xcp) > (0,0) the necessary conditions are
2
lim —< >0V i€ {A,B}. From (3) and (4) that happens when —2¢ € (—4%E (et Xp)”

)
Xci—0 0Xci wac (xctxa)? " xaxp

Orazzw E( XAXB (1- xA) ) eaE(VxAXB 1- XA)

Wac (1—x3)2 ! XAXB 1-xp ~VXaXB

Proof of Lemma 2:

From (3) C does not fight with A if a € ( ) Clearly is a decreasing function

VxAxB VXAXB

1- : .
©) C ( *a ,0) if x, > x4 . Hence A has no incentive to transfer

/x;le

any resource to B and B has no reason to transfer to A. From (4) C does not fight with B if

of x,. Hence (

[ X AXn lrvawv XA
a € (O %) Clearly “ATE s increasing in xg. Therefore (0, xAxB ) c (0 ) if
- XB

Xp > xg . Hence B has no incentive to transfer any resource to A and A has no reason to
transfer to B. This completes the proof of (i). The proof for (i1) follows directly from (i). =

Proof of Lemma 3:

By (1) and (2) the first order condition yields

Xpy = ——0AYA__ (X, + X+ X¢) — Xy and Xop = Xo — Xia (5)

VX4 Wac+y/ Xpwpe



_ . X4 _ 0XcB
Also using (2), Xea? Wye- ( )—(XA+X E wge. (—1).(=2). (% +XCB)3 Xea
=WAc-(—)m+WBc( 1). (_)(X+—X)3( D<o (6)
From (5) and (6) the result follows directly. [

Proof of Lemma 4:

« _ XpWpct+ VX4 XpWpcWac Tt = Xawac+ VX4 XpWBcWac
Xa+ X5+ Xc > Xa+ X5+ Xc
(/ XBWBc+ VX4 Wac)?
X+ Xp+ Xc

From Lemma 3, in equilibrium mp

and ;" = (Wge + Wy.) —

Y Y., )2
Clearly, since 1c* = (Wge + Wy) — (\/XBXKB:;/f‘;_WAC) in SPNE t;; =0V j € {A,B} and
A B Cc

ic =0V i€ {A, B} since any transfer from C to either A or B will necessarily decrease m.".

Iftg, =6 and a,(tg,) = 1, the equilibrium payoffs of B and A are given by
g *(8) and m,*(8) respectively. Clearly,

2*(8) = (Xg—8).wpc + JWpcwac/(Xa+ 8)(Xg— 6)
- XA+XB+XC

.4 (8) = Xa+ O wac+ JwWpcwac/(Xa+ 8)(Xg—9)
A Xa+ Xg+ Xc

The difference in equilibrium payoffs of A and B when there is a transfer of § from B to A vis
a vis when there is no transfer is given by:

. |V XA+ 8 (X5- 8- VX4 X5 |/Wpc Wac - 6w

Hence mz*(6) — mp* = IS

[V(Xa+ 8)(X5— 8)- /X4 Xp||Whc Wac+ S:Wac
Xa+Xp+Xc

Define £(8) = [V(Xx + 8)(X5 — 8) = v/Xa X|-\/Wae Wac — 6.w
And g(6) = [\/(X_A‘l' 6)(X_B_ 5) - \/X_A X_B] - WBe Wac + 6'WAC

*

" (8) — my* =

N ) )

Therefore mz*(8) — mp* = T and m,*(8) — m,* = Tl

g'(6) = (Xp)—(Xa) JWge Wae +wye > 0 since Xp > X (7)
2 (X—A_+ 6)(5— 6)' Bc Ac Ac B A

f(0)=0, and f{Xz) < 0. f'(8) =—wge + % Wpe Wac [z — 7] wherez= H5(g)

Xap+6

Using (8) f"'(6) == ,/WBC Wy - [1 + < 0, smce — < 0. 9




Using (8) (lsir%f’(6) >0 if K:_j> a+ Va?+ 1 where a = /? ie. (lsingf’(c?) >0 if
Ed Ac d
Xg > 60X, where @ = (a+ Va2 +1)?=2a?+1+2ava?+1. (10)

Using (7), (9) and (10) it can be inferred that in the SPNE there will be a strictly positive

transfer of conflict resources from B to A only if Xz > 68X, (This completes the proof for (ii)
and (ii1)).

Using (8), f'(8) = 0 implies z — % =2 [%EB jez=a+ Va?+ 1wherea = [=Z¢ where

Wac WAac
z= / *5=% Hence the optimal transfer §* satitsfies the condition %0 a2 +1+
Xp+6 Xp+6
2ava? + 1=0. Therefore 6* = Xp=6%4 (This completes the proof for (iv)). m

1+ 6



