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Abstract
This paper shows that even if educational inequality is measured by the Gini coefficient, we could produce an

educational Kuznets curve under certain conditions. Using the Barro and Lee data set, it examines the evolution of the

education Gini coefficient under different sets of conditions. The paper presents an educational Kuznets curve when

the proportion of those with no formal education is very small or when they receive informal education equivalent to a

small amount of formal education.
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1. Introduction 
 

When educational inequality is measured by variance (or standard deviation) of years of 

education, it exhibits an inverted U-shaped pattern with respect to educational expansion; that 

is, at the early stages of educational expansion, educational inequality first rises, but after 

reaching a peak, it starts to decline (Ram 1990; Lam and Levison 1992; De Gregorio and Lee 

2002; Meschi and Scervini 2014).1  This inverted U-shaped pattern is usually termed the 

educational Kuznets curve.  

As an alternative measure of educational inequality, Thomas, Wang and Fan (2000) 

introduced the education Gini coefficient, which is an extension of the Gini coefficient for 

income distribution. Since then, many researchers have used the Gini coefficient to measure 

inequality in educational attainment. Unlike the studies based on variance (or standard 

deviation), they mostly found a downward-sloping pattern rather than an inverted U-shaped 

pattern with respect to educational expansion, that is, educational inequality declines 

monotonically with educational expansion (Castello and Domenech 2002; Lin 2007; Lim and 

Tang 2008; Hojo 2009; Fordvari and van Leeuwen 2011; Morrisson and Murtin 2013; Agrawal 

2014; Meschi and Scervini 2014; Banzragch, Mizunoya and Bayarjargal 2019; Shukla and 

Mishra 2019; Castello-Climent and Domenech 2021). 

This paper will explore conditions under which the Gini coefficient could produce an 

educational Kuznets curve. Using the Barro and Lee data set, the paper will also examine the 

evolution of the education Gini coefficient under different sets of conditions (Barro and Lee 

2013).  

 

2. Measuring educational inequality 
 

Consider a country with four levels of education: 0 no formal education; 1 primary education; 

2 secondary education; and 3 tertiary education. Let �௜  and �௜  be the cumulative years of 

education of ith level of education and the proportion of people who have completed ith level 

of education as their highest level, respectively (i = 0, 1, 2, and 3). Then, mean years of 

education for the country is given by � = ∑ �௜�௜ଷ௜=଴ , where ∑ �௜ଷ௜=଴ = ͳ . To measure 

educational inequality, variance and the Gini coefficient can be used. These inequality 

measures satisfy anonymity principle, the principle of population independence and the Pigou-

Dalton transfer principle (Fields 2001). Additionally, the Gini coefficient satisfies the principle 

of mean independence. Thus, it is a relative inequality measure. On the other hand, variance 

does not satisfy the principle of mean independence. Variance (or standard deviation) is an 

absolute inequality measure.  

Using �௜, �௜ and �, variance and the Gini coefficient can be defined, respectively, by � = ∑ �௜ሺ�௜ − �ሻଶଷ௜=଴  ,        (1) � = ଵଶ� ∑ ∑ �௜�௝|�௝ − �௜|ଷ௝=଴ଷ௜=଴ = ଵ� ∑ ∑ �௜�௝|�௝ − �௜|ଷ௝>௜ଷ௜=଴  .   (2) 

Since we have �଴ < �ଵ < �ଶ < �ଷ, the Gini coefficient (equation 2) is rewritten as follows. � = ଵ� ∑ ∑ �௜�௝(�௝ − �௜)ଷ௝>௜ଷ௜=଴ .       (3) 

The Gini coefficient ranges between 0 (perfect equality) and 1 (perfect inequality).  

 

                                                           

1 Educational expansion refers to increasing mean years of education. 



When educational inequality is measured by variance, we can obtain the following 

proposition. 

 

 

Proposition 1. �଴ = �଴ሺ�଴ − �ሻଶ + ሺͳ − �଴ሻሺሺ�∗ − �ሻଶ + �ଵሻ  Ͳ ൑ �଴ = �బଵ−�బ ሺ�଴ − �ሻଶ + ሺͳ − �଴ሻ�ଵ.      (4) �଴ is the variance when all the education levels are included (�଴ = � in equation 1), while �ଵ 

is the variance when the no formal education group is excluded. �ଵ can be given by �ଵ = ∑ �௜∗ሺ�௜ − �∗ሻଶଷ௜=ଵ   = �భ∗ଵ−�భ∗ ሺ�ଵ − �∗ሻଶ + ሺͳ − �ଵ∗ሻ�ଶ  Ͳ ൑ �ଵ, 

where �௜∗ = �೔∑ �ೕయೕ=భ = �೔ଵ−�బ (i = 1, 2, and 3), �∗ = ∑ �௜∗�௜ଷ௜=ଵ , and ͳ = ∑ �௜∗ଷ௜=ଵ . �ଶ is the variance 

when the no formal and primary education groups are excluded. 

 

When �଴ = ͳ, we have �ଵ = �ଶ = �ଷ = Ͳ and � = �଴; thus, we have �଴ = Ͳ. On the 

other hand, when �଴ = Ͳ , we have  � = �∗  and �଴ = �ଵ ൒ Ͳ . We now have the following 

proposition.  

 

Proposition 2. Under the assumption that �ଵ∗, �ଶ∗ and �ଷ∗ are constant regardless of the value of �଴, that is, �∗ and �ଵ are constant, �଴ rises as � increases, but after reaching a peak at �଴ =ଵଶ ቀͳ − �భሺ�బ−�∗ሻమቁ, �଴ declines as � increases (�଴ ൑ � ൑ �∗). When � = �଴, �଴ = Ͳ, while when � = �∗, �଴ = �ଵ. That is, educational inequality, as measured by variance, exhibits an inverted 

U-shaped pattern with respect to educational expansion (that is, educational Kuznets curve).  

 

Proof. Because we have �଴ − � = ሺͳ − �଴ሻሺ�଴ − �∗ሻ, equation 4 can be rewritten as �଴ =ሺͳ − �଴ሻ�଴ሺ�଴ − �∗ሻଶ + ሺͳ − �଴ሻ�ଵ . Differentiating this equation with respect to �଴ , we 

obtain 
∂�బ∂�బ = ሺͳ − ʹ�଴ሻሺ�଴ − �∗ሻଶ − �ଵ  under the assumption that �∗  and �ଵ  are constant 

regardless of the value of �଴. Because 
∂మ�బ∂�బమ = −ʹሺ�଴ − �∗ሻଶ < Ͳ, �଴ takes the maximum at �଴ = ଵଶ ቀͳ − �భሺ�బ−�∗ሻమቁ. 

 

When educational inequality is measured by the Gini coefficient, we can obtain the 

following proposition by expanding equation 3. 

 

Proposition 3. �଴ = �଴ ቀͳ − �బ� ቁ + ሺͳ − �଴ሻ ቀͳ − �బ�బ� ቁ �ଵ Ͳ ൑ �଴ ൑ ͳ.   (5) �଴ is the Gini coefficient when all the education levels are included (�଴ = � in equation 3), 

while �ଵ is the Gini coefficient when the no formal education group is excluded. �ଵ can be 

given by �ଵ = ଵ�∗ ∑ ∑ �௜∗�௝∗(�௝ − �௜)ଷ௝>௜ଷ௜=ଵ    = �ଵ∗ ቀͳ − �భ�∗ቁ + ሺͳ − �ଵ∗ሻ ቀͳ − �భ∗�భ�∗ ቁ �ଶ Ͳ ൑ �ଵ ൑ ͳ, 

where �௜∗ = �೔∑ �ೕయೕ=భ = �೔ଵ−�బ  ሺ� =  ͳ, ʹ, and ͵ሻ, �∗ = ∑ �௜∗�௜ଷ௜=ଵ , and ͳ = ∑ �௜∗ଷ௜=ଵ . �ଶ is the Gini 

coefficient when the no formal and primary education groups are excluded. 



 

When the no formal education group is given 0 year of education (�଴ = Ͳ), equation 5 

is given by �଴ = �଴ + ሺͳ − �଴ሻ�ଵ.      (6) 

In other words, �଴ is a weighted average of 1 and �ଵ. The following proposition presents the 

evolution of �଴ with respect to � when �଴ = Ͳ. 

 

Proposition 4. Under the assumption that �଴ = Ͳ  and that �ଵ∗ , �ଶ∗  and �ଷ∗  are constant 

regardless of the value of �଴, that is, �∗ and �ଵ are constant, �଴ declines monotonically as � 

increases and reaches �ଵ when � = �∗. When � = Ͳ (�଴ = ͳ), �଴ is undefined; thus, we have ͳ > �଴ ൒ �ଵ ൒ Ͳ for Ͳ < � ൑ �∗. 

 

Now, suppose that those without any formal education receive some informal education 

equivalent to ߙ years of formal education where �ଵ > �଴ = ߙ > Ͳ. Then, when �଴ = ͳ, we 

have � = and �଴ ߙ = Ͳ. On the other hand, when �଴ = Ͳ, we have � = �∗ and �଴ = �ଵ ൒ Ͳ. 

The following proposition presents the evolution of �଴ with respect to � when �଴ = ߙ > Ͳ. 

 

Proposition 5. Under the assumptions that �ଵ∗, �ଶ∗ and �ଷ∗ are constant regardless of the value 

of �଴ , that is, �∗  and �ଵ  are constant and that �଴ = ߙ > Ͳ  and 
�∗−�బ�∗+�బ > �ଵ , �଴  rises as  � 

increases, but after reaching a peak, �଴ declines as � increases (Ͳ < �଴ ൑ � ൑ �∗). When � =�଴ = ߙ > Ͳ, �଴ = Ͳ, while when � = �∗ , �଴ = �ଵ ൒ Ͳ. That is, educational inequality, as 

measured by the Gini coefficient, exhibits an inverted U-shaped pattern with respect to 

educational expansion (that is, educational Kuznets curve). 

 

Proof. Because we have � − �଴ = ሺͳ − �଴ሻሺ�∗ − �଴ሻ and � − �଴�଴ = ሺͳ − �଴ሻ�∗, equation 5 

is rewritten as  �଴ = ଵ� [�∗�ଵ + (ሺ�∗ − �଴ሻ − ʹ�∗�ଵ)�଴ + (�∗�ଵ − ሺ�∗ − �଴ሻ)�଴ଶ]  
where � = �∗ − ሺ�∗ − �଴ሻ�଴. Differentiating this equation with respect to �଴, we obtain ∂�బ∂�బ = ଵ�మ [ሺ�∗ − ሺ�∗ − �଴ሻ�଴ሻ ቀሺ�∗ − �଴ሻ − ʹ�∗�ଵ + ʹ(�∗�ଵ − ሺ�∗ − �଴ሻ)�଴ቁ +ሺ�∗ − �଴ሻ(�∗�ଵ + (ሺ�∗ − �଴ሻ − ʹ�∗�ଵ)�଴ + (�∗�ଵ − ሺ�∗ − �଴ሻ)�଴ଶ)]. 
When �଴ = ͳ (or � = �଴ =  we have ,(ߙ

∂�బ∂�బ|�బ=ଵ = − �∗−�బ�బ < Ͳ because �∗ − �଴ > Ͳ. On the 

other hand, when �଴ = Ͳ  (or � = �∗ ), we have 
∂�బ∂�బ|�బ=଴ = ሺ�∗−�బሻ−ሺ�∗+�బሻ�భ�∗ . Therefore, if �∗−�బ�∗+�బ > �ଵ, then �଴ rises as � increases, but after reaching a peak, �଴ declines as � increases 

(Ͳ < �଴ ൑ � ൑ �∗). When � = �଴ = ߙ > Ͳ, �଴ = Ͳ, while when � = �∗, �଴ = �ଵ ൒ Ͳ. 

 

This proposition implies that even if educational inequality is measured by the Gini 

coefficient, educational inequality would exhibit an inverted U-shaped pattern with respect to 

educational expansion when those with no formal education receive informal education 

equivalent to a small amount of formal education.2 Coady and Dizioli (2018) assigned 1 year 

of education for the no formal education category (�଴ = ͳ) to estimate the education Gini. 

Based on the Barro and Lee data set on educational attainment, they found evidence of an 

inverted U-shaped pattern with respect to educational expansion.  

                                                           
2 We can obtain a similar proposition for the coefficient of variation (CV), which is defined as the ratio between 

standard deviation and mean. CV is another relative inequality measure. 



The question arises whether �ଵ changes as �଴ changes from 0 to 1. Based on the Barro 

and Lee data set for population aged 25 years and over between 1950 and 2015, we estimate �ଵ by assigning 6, 12 and 16 years for the primary, secondary and tertiary education groups, 

respectively. Figure 1 presents a scatter plot between the education Gini coefficient excluding 

the no education group (�ଵ) and the proportion of the no education group (�଴). �ଵ ranges 

between 0.01 and 0.24 for Ͳ ൑ �଴ ൑ ͳ. Correlation coefficient between these two variables is 

almost zero (-0.07), that is, �ଵ  is independent of �଴ . These observations could support the 

validity of Propositions 2, 4 and 5. 

 

 
 

Figure 1: Relationship between the Education Gini (�ଵ) and the Proportion of No Education Group (�଴). (Note) 

Sample size = 2,043. (Source) Barro and Lee (2013). 

 

Some studies introduced the concept of human capital and measured human capital 

inequality by the Gini coefficient. In their studies, the number of years of education is converted 

to human capital, usually, using the following equation (Lim and Tang 2008; Morrisson and 

Murtin 2013).3  ℎ௜ = exp ሺ��௜ሻ,     (7) 

where ℎ௜  and �  are human capital for education level i and returns to formal education, 

respectively. Here, for simplicity, returns to formal education is assumed to be constant across 

education levels. If this equation is used to obtain human capital for each education level, then ℎ௜ > Ͳ for �௜ ൒ Ͳ (i = 0, 1, 2, and 3). In particular, we have ℎ଴ = ͳ when �଴ = Ͳ. Therefore, 

based on Proposition 5, human capital inequality, as measured by the Gini coefficient, could 

exhibit an inverted U-shaped pattern with respect to the expansion of human capital. The 

studies using equation 7, in fact, observed an inverted U-shaped pattern.  

We could conclude that when educational inequality or human capita inequality is 

measured by the Gini coefficient (or other relative inequality measures), the existence of an 

inverted U-shaped pattern depends on whether the no formal education group is given a positive 

value as years of education or human capital. As long as the value is greater than zero, an 

inequality value should be zero if all people do not have any formal education (that is, perfect 

equality), and it is likely to have an inverted U-shaped pattern.  

 

3. Educational Kuznets curve: An empirical evidence 
 

Using the Barro and Lee data set on educational attainment for population aged 25 years and 

over between 1950 and 2015, we estimate standard deviation and the Gini coefficient by 

                                                           
3 Though Castello and Domenech (2002) and Castello-Climent and Domenech (2021) employed the concept of 

human capital, they used years of education as a proxy for human capital; thus, they observed a downward sloping 

pattern for the education Gini. 
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assigning 0, 3, 6, 9, 12, 14 and 16 years for the no, incomplete primary, primary, incomplete 

secondary, secondary, incomplete tertiary and tertiary education groups, respectively.4  

If educational inequality is measured by standard deviation, there is an educational 

Kuznets curve (Figure 2). On the other hand, if it is measured by the Gini coefficient, there is 

no educational Kuznets curve, but a downward sloping curve (Figure 3).  

 

 
 

Figure 2: Education Standard Deviation vs Mean Years of Education including All Education Groups: Years of 

Education for No Education is Zero (�଴ = Ͳ). (Note) Sample size = 2,043. (Source) Same as Figure 1. 

 

 
 

Figure 3: Education Gini vs Mean Years of Education including All Education Groups: Years of Education for 

No Education is 0 (�଴ = Ͳ). (Note) Sample size = 2,043. (Source) Same as Figure 1. 

 

On the other hand, even if educational inequality is measured by the Gini coefficient, 

there is an educational Kuznets curve when the no education group is given 1 year of education 

(�଴ = ͳ) (Figure 4).  

 

 

 
 

Figure 4: Education Gini vs Mean Years of Education including All Education Groups: Years of Education for 

No Education is 1 (�଴ = ͳ). (Note) Sample size = 2,043. (Source) Same as Figure 1. 

                                                           
4 Each country has a different length of schooling for each education level. But, in this paper, we assume for 

simplicity that all countries share the same length for each education level.  
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When we focus on a sample of countries where the proportion of those with no formal 

education is smaller than 10 % (sample size = 743), then we find an educational Kuznets curve 

even if the no education group is given 0 year of education (�଴ = Ͳ) (Figure 5). A panel data 

regression analysis using the fixed effects model confirms the existence of an educational 

Kuznets curve.5 On the other hand, if we exclude the no education group and focus on educated 

groups, then we also observe an educational Kuznets curve (Figure 6).  

 

 

 
 

Figure 5: Education Gini vs Mean Years of Education including All Education Groups where Years of Education 

for No Education is 0 (�଴ = Ͳ) but Proportion of No Education Group Smaller than 10% (�଴ < Ͳ.ͳ). (Note) 

Sample size = 743. (Source) Same as Figure 1. 

 

 
 

Figure 6: Education Gini vs Mean Years of Education excluding No Education Group. (Note) Sample size = 

2,043. (Source) Same as Figure 1. 

 

4. Conclusion 
 

This paper showed that even if educational inequality is measured by the Gini coefficient, we 

could produce an educational Kuznets curve under certain conditions. Using the Barro and Lee 

data set of educational attainment, we also presented an educational Kuznets curve when the 

proportion of those with no formal education is very small or when they receive informal 

education equivalent to a small amount of formal education.  

                                                           

5 The following is the fixed effects model used in the panel data regression analysis. �௜� = ଴ߚ + �ଵ�௜ߚ + ଶ�௜�ଶߚ ௜ߙ+ + �௜�, where �௜� is the education Gini coefficient, �௜� is mean years of education, and ߙ௜ is the country specific 

effects. With a sample of countries with �଴ < Ͳ.ͳ, we obtain ̂ߚଵ = Ͳ.Ͳ͵Ͳ > Ͳ and ̂ߚଶ = −Ͳ.ͲͲ͵ < Ͳ. Both ̂ߚଵand ̂ߚଶ are statistically significant at the 1% level with the t-values of 6.79 and -13.10, respectively. This implies that 

after controlling for country fixed effects, there is an educational Kuznets curve. As a country experiences 

educational expansion, the proportion of individuals with no formal education decreases. Thus, the country would 

go through a rising phase of the educational Kuznets curve.  
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