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Abstract

J.E. Stovall showed that continuity, N-continuity, bilateral consistency, intrapersonal consistency, and resource
monotonicity characterize division rules with continuous parametric representations. He also showed that none of the
first four properties can be omitted in the characterization. In this note we continue this discussion by showing that
there exists a division rule which satisfies the first four properties but not resource monotonicity. Thus these properties
are independent and the formulation of Stovall’s result is optimal.
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1. INTRODUCTION

A claims problem is a 3-tuple (N, ¢, E'), where N C N is a nonempty set of claimants, ¢ =
(¢i)ien, where ¢; > 0 for every i € N, is a vector of claims, and £ > 0 is the endowment
to be divided among the claimants from the set /V, which satisfies £/ < Zie N Ci- An awards
vector for a claims problem (N, ¢, F) is a vector (z;);cn such that x; € [0,¢;] for every i € N
and >,y ; = E. A division rule is a function S that maps every claims problem to an awards
vector. Let us provide an example.

Example 1.1 (proportional division rule). Let (IV, ¢, ) be a claims problem. Then S;(N, ¢, E) =
A¢;, i € N, where A = E/ Zjech.

Stovall (2014a) characterized a special class of division rules having a continuous parametric
representation; see (Stovall, 2014a) for the precise definition. Informally speaking, for each
claimant ¢ there is a continuous monotone function, which depends on two variables; on ¢; and
on a parameter \. For a given claims problem, a common parameter A is chosen such that all
of the good is distributed and the functions determine awards of each claimants. The choice of
a common parameter implies that the claimants are being treated equitably with respect to this
standard of fairness (Stovall, 2014a). This makes this class of division rules worth studying.
Properties used in the characterization also reveal importance of this class.

The properties used in the formulation of the theorem are defined as follows and the definitions
are followed by their informal descriptions. Interested readers are referred to (Stovall, 2014a) for
motivations of the definitions below as well as for related examples.

Let S be a division rule.

Continuity. We say that S is continuous if for every claims problems (N, ¢, E), (N, c*, E¥) k €
N, with (c¥, E*¥) — (¢, E) we have S(N, c*, E*) — S(N, ¢, E).

Intrapersonal consistency. We define
Y = {(i,¢;, ;) € N x (0,00) x [0,00); x; € [0,¢;] }.
Let (i,¢;,2;) € Y, 1,5 € N, j # 4, and ¢; > 0. We define
G((i, CisTi), J cj) = inf{E; Si({i,j}, (¢, ¢5), E) > xz}
The relation P, on Y is defined as follows. We have (7, ¢;, z;) P1 (7, ¢;, x;), whenever we have
G((i,ci,xi),j, cj) < G((j, cj,a:j),i,cl-).

We say that S satisfies intrapersonal consistency if for every (i,c;, x;), (i,¢, %), (J,¢;, %),

(j, ¢}, o) € Y such thati # j and (i, ¢;, 2;) Py(j, ¢j, 75) P1 (4, ¢}, ), it is not true that
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Non-comparability continuity in claims at priority points (N-continuity). We say that S
gives priority to (i, ¢;, x;) € Y if the following two conditions are satisfied:
e z; € (0,¢;) and
e there exists ¢ > 0 such that for every (N, ¢, E) where i € N, ¢; = ¢;, and S;(N, ¢, E) =
x;, we have S;(N, ¢, E + a) = x; + a whenever o € (—¢, ¢).



The relations Ry, R>, and NC on Y are defined as follows. We have
° (Z, Ci, I'Z)Rl (], ¢y, Jjj), whenever
G((Z, Ci, xi)aja Cj) S G((]a Cj,s zj)) ia Ci)-
o (i,¢;,x;)Ra(i, ¢, o) if there exists (j, ¢;, x;) € Y such that j # ¢ and
(i, Ci, l’l)Rl (], Cj, $j)R1 (Z C/-

P )

o (i,¢;,x;)NC(i,c;, ) if it is neither true (7, ¢;, x;) Ra(3, ¢}, «}) nor (i, ¢,

» G x;)RQ(za Ci, xz)
We say that S satisfies non-comparability continuity in claims at priority points if for every

(1, ¢;, ;) such that S gives priority to it, there exists € > 0 such that for every ¢, € (¢; —¢,¢; +¢)

we have (¢, ¢}, x;)NC(i, ¢;, ;).

Bilateral consistency. We say that S satisfies bilateral consistency if for every claims problem

(N, ¢, ) and every two-point set N’ C N, we have

Si(N,e,E) = S, (N’, cIN, ST S(N,e, E)), ie N,
ieN’/

The symbol ¢ [ N’ denotes restriction of ¢ to the coordinates from N’.

Resource monotonicity. We say that S satisfies resource monotonicity if for every claims prob-
lems (N, ¢, E) and (N, ¢, E') with E < E’ we have S;(N, ¢, E) < S;(N,c, E') forevery i € N.

Remark 1.2. Intrapersonal consistency states that the relation between different versions of
claimant ¢ will not change when the go-between’s claim ¢; changes. N-Continuity states that
at certain situations the non-comparability of two allocations is a continuous relation with re-
spect to small changes in the claim. Bilateral consistency states that if a division rule chooses
an allocation for a set of claimants, then the awards with respect to any two-point subset does
not change when considered as a separate problem. Resource monotonicity states that if the
endowment F increases, then no claimant’s award should decrease.

Now the characterization reads as follows.

Theorem 1.3 (Stovall (2014a)). A division rule S has a continuous parametric representation if
and only if S satisfies continuity, N-continuity, bilateral consistency, intrapersonal consistency,
and resource monotonicity.

Stovall also showed that none of the first four properties in the above theorem can be omitted
in the characterization of continuous parametric representations and posed a problem whether
one can omit resource monotonicity in the formulation of his result. The next theorem states
that this is not the case. Consequently, it shows that the formulation of the characterization is
optimal.

Theorem 1.4. There exists a division rule satisfying continuity, N-continuity, bilateral consis-
tency, intrapersonal consistency, but not resource monotonicity.

In the next section the desired division rule is constructed and the verification of the required
properties is presented in Section 3.



2. CONSTRUCTION

First we construct a division rule for problems with N = {1,2}. Then we extend this rule to
any claims problem. We define an auxiliary function : (0,00)? — (0,1) by

2r +
M%w:2$+%'
For z,y € (0, 00) we define points in R? by
A(z,y) = [0,0], B(z,y) = [37, 159].
Clz,y) = [37-¥(,9), 39 (@, y)], D(z,y) = [32,5y].
E(x,y) = [z,y], F(z,y) = [0,4],
G(z,y) = [z,0].
For every z,y € (0, 00) we define a mapping ™ : [0, 1] — R? by
4-B(z,y)-t, te 0,4

2- (E(l’,y)—C(l',y)) (t—%>+0(l’,y), te (%71]
The vector function ™Y = [p]"Y 57| is a curve in the plane passing through points A(z,y),
B(z,y),C(z,y), D(z,y),and E(z,y). See Figure 1. Observe that the function ®*¥: [0,1] — R

FIGURE 1

defined for any x,y € (0,00) by ®*¥(t) = ¢7"Y(t) + w3 (t), t € [0,1], is strictly increasing
on [0, 1]. Indeed, ®*¥ is continuous on [0, 1] and a straightforward computation gives that the
derivative

2¢ 4 3y, te(0,7),
(@™Y)'(t) = 4 3y, te (),
v+ 3y, te(s,1],



is positive for every ¢ € (0, 1) \ {33
Now we define a solution S for the claims problems ({1, 2}, ¢1, co, E) as follows

51(61702,E) <P(1:102(t), 52(017027E) @5102(75)7

where t* € (0, 1] is the unique real number satisfying °°2(¢*) = E. Such a t* exists since
o1 js strictly increasing, continuous on [0, 1], and ®2(0) =0 < F < ¢; + co = d02(1).

Now we extend S to S which will be defined on the domain of all claims problems. Let
(N, ¢, E) be a claims problem. If 1,2 ¢ N, then we use the proportional rule from Example 1.1.
If this is not the case, then the rule S satisfies first the claims of claimants 1 and 2, whereas S
isused if 1,2 € N, and then the reminder of the endowment is split among the other claimants
using the proportional rule again.

The core of the counterexample is captured in the definition of S. Willing to break resource
monotonicity we define a path connecting [0, 0] and [c;, ¢o] in such way that the path contains
points B and C placed as in Figure 1 and the rest of the path is chosen as simple as possible,
i.e., it is piecewise-affine. The position of the points B and C' is arranged using the function ¢
so that if the point [u, v] follows the path then the function u + v is increasing despite of the kink
among points B, C, and D. This property enables us to split the endowment uniquely in the
claims problem ({1,2}, (1, c2), E).

3. PROOF

We stepwise verify that the above define division rule S satisfies continuity, N-continuity,
bilateral consistency, intrapersonal consistency and does not satisfy resource monotonicity.

Continuity of S First we check continuity of S. Then the continuity of S easily follows. Sup-
pose that (c¥, 5, E¥) — (c1, o, E), where ({1,2}, (c¥, b)), E¥), k € N, and ({1,2}, (c1, 2), E)
are claims problems. Find t*, k € N, and ¢* from [0, 1] such that

Si<clf’cg7 Ek) = 9061 . (tk> gi(clac% E) - 90:1 Cz(t )7 (&S {17 2}'

We may assume without any loss of generality that

(a) either for every k € N we have t* € (0, ] or
(b) for every k € N we have t* € (1 g 3)or
(c) forevery k € N we have t* € (1, 1].

We discuss these cases separately.
(a) In this case we have
k
k _ E ) 1
P S T =1 :
2ci + 565 201+ 3¢

Consequently,

gi(clf,cg,Ek) = cpcl & (tk) — () = S; (c1,¢9, E), i€ {1,2}.



(b) Using continuity of i) we have

th = B ol — 5% R B 5o =y ey
2(ch + E)(er, ch) —2¢f — 3 4 2(er + e)P(er, ) — 201 — 5oy 4 42

Consequently,
Si(ck, & EF) = cpcl o (t*) = 2 (t*) = Si(cy, e, B), i€ {1,2}.

—_

(c) This case can be handled in the same way as in (b).
N-continuity of S.
Lemma 3.1. The rule S gives priority to no (i,¢;,z;) € Y.

Proof. Let (i,¢;, x;) € Y be such that z; € (0,¢;). If i = 1, then we find é; > 0 and £ > 0 such
that 51({1,2},¢, F) = x; = x1, where ¢ = (cq, ¢2). For every sufficiently small o« > 0 we have
S1({1,2},¢, E + ) < 1 + «. Thus there is no (1, ¢;, 1) such that S gives priority to it. The
reasoning for ¢ = 2 is similar.
If © > 2 then we consider a claim problem (N, ¢, E') defined by N = {i,i + 1} E = 2z,
ci = Cit1 = G Then Si(N,¢, E) = x;. If a > 0 is sufficiently small then S;(N, ¢, E + a) =
$1(E+ a) = z; + 3a < z; + o Thus also in this case S does not give priority to (i,¢;, z;). O

From Lemma 3.1 it follows that S satisfies N-continuity trivially.

Bilateral consistency of S. Let (IV, ¢, ) be a claims problem and N’ = {i,j} C N be a
two-point set. We distinguish several possibilities.

The case N' = {1,2}. We have
Sp(N, ¢, E) = Si(cy, ¢y, min{ey + ¢4, EY), ke {1,2},
Sk(N', (c1,¢2), S1(N, ¢, E) + So(N, ¢, E)) = Sp(N', (¢1, ¢2), min{cy + ¢2, E'})

gk(cl,cg,min{cl + c9, E}), ke {1,2}.

Thus we have the desired equality
Si(N,c,E) = Si(N', (¢1,¢2),S1(N, ¢, E) + So(N, ¢, F)), ke{1,2} =N

The casei =1 € N'and 2 ¢ N'. We have
S1(N, ¢, E) = min{cy, E},
Si(N,¢, E) = A¢j, where A+ Y~ ¢ = E — min{c), E},
IEN,I#1
S1(N', (¢1,¢j), min{cy, E} + A¢j) = min{cy, min{ey, E} + A¢;} = min{cy, E'},
S;(N', (c1,¢j),min{c1, E} + A¢;) = A¢j.
Thus we get
Se(N, ¢, E) = Si(N', (1, ¢), S1(N, ¢, E) + S;(N, ¢, E)), ke {l,j}.

The other cases can be handled in the same way and we will not present them explicitly.



Intrapersonal consistency of S. We start with the following notation.

Notation 3.2. Let X, Y € R% Then the symbol [ X, Y] denotes the line segment in the plane with
endpoints X and Y, the symbol (X, Y] stands for the line segment [X, Y]\ {X}. The meaning
of the symbols [X,Y) and (X,Y") is now obvious.

Lemma 3.3. Let ¢, cy > 0. Then the set

Ql(cla 62) = {(1’1, 'IZ) € [07 Cl] X [07 CQ]; G((17 C1, xl)? 27 CQ) < G((Qa Ca, 1'2), 1a Cl)}
is the polygon with the vertices A(cy,c2), B(c1,¢2), D(c1,c2), E(ey,c2), and F(cq,ce) such
that the line segments (B(c1, c2), D(cy,¢2)], (E(c1,c2), F(c,co)], and [F(c1,¢2), Ay, o)) are
subsets of QQ1(c1, c2) and other points of the boundary of Q1(c1, ¢a) do not belong to Q1(c1, ¢3).
See Figure 2.

F(Cl,CQ) E(Cl,Cg)
(6] =9
Ql(ChCQ) ,’/
D(Cl, CQ)
_______ B(C1, CQ)
T |
Aler, e2) 1
FIGURE 2

Lemma 3.4. Let ¢, co > 0. Then the set
Q2(01,02) = {(91717902) S [0701] X [0702]; G((1701,$1)72702) > G((27027x2)7 1;01)}

is the polygon with the vertices A(cy,c2), B(cy,¢2), D(c1, ca), E(c1,¢2), and G(cy, co) such that
the line segments (E(cy, c), G(c1, ¢)], and [G(c1,¢a), E(c1, ¢2))| are subsets of Qz(c1, c2) and
other points of the boundary of Q2(c1, c2) do not belong to QQs(cy, ¢o). See Figure 3.

Both Lemmas can be inferred by discussing position of points (1, ) in the rectangle [0, ¢;] X
[0, co]. We omit these straightforward proofs.

Lemma 3.5. Let ¢, c5 > 0. If (x1,22) € Q1(c1, ¢2) and (xq,x%) € Qa(cy, ¢2), then xly < x5.

Proof. Using Lemma 3.3 we have that for every z; € [0,¢;] the set {z € [0,¢]; (21, 2)
Q1(c1, c2) } is an interval of the form (cv, ¢5]. This implies the assertion.

Om

Lemma 3.6. Let ¢1,c0 > 0 and o > 0. If (z1,22) € Q1(cq,¢2), then (z1,axs) € Q1(cq, ey
Similarly, if (x1,x2) € Qa(c1, o), then (x1, axs) € Qa(cy, acy).

~—



YD(c1,¢2)
: Q2(Cla62)
______ 63(615 02)
A(C1, 02) G(Cl7 62)
FIGURE 3

Proof. Fix a > 0. Let L: R?> — R? be the mapping defined by L(z,y) = (z,ay). We want
to prove that L(Q1(c1,c2)) = Q1(c1, acy). The mapping L is linear and maps points A(cq, ¢2),
B(cy, ¢2), D(cy,ca), E(eq,ez), and F(cq,co) to the points A(cy, acy), B(cy, acs), D(ey, acs),
E(cy,acs), and F(cq, acy) respectively. By Lemma 3.3 this easily implies the desired equality.

The reasoning in the case of ()2(cy, ¢o) is analogous.

Now we verify intrapersonal consistency of .S. Towards contradiction assume that

(i, ciyxi)PL(j, cj ;) Pi(iy ¢, 2f)  and (i, ¢, )

? ) e [ X ae 4

We distinguish several possibilities.

The case 1 = 1,7 = 2. From (1) we have

VPL(j, ¢, 2l Py (i ¢, ).

7177

g

)

)
3)
4)
&)

(6)
(7)

Using Lemma 3.5, (3), and (6) we get 2o < i—zx’g Using Lemma 3.5, (2), and (7) we get

To > i—?x’Q, a contradiction.
2



The case 1 = 2,5 = 1. We have

(71, 12) € Qa(c1, c2), )

(z1,25) € Qi(c1, ), )

(2}, 73) € Qa(ch, 63), (10)

(27, 72) € Qu(cy, c2) (11)
Using Lemma 3.6, (9), and (10) we get

(21, 2—2:10’2) € Q1(c1, ), (12)

(], ‘é—Zx'z) € Qa(c], ). (13)
Using Lemma 3.5, (8), and (12) we get x5 < Z—ng Using Lemma 3.5, (11), and (13) we get

To > 0,2 x%, a contradiction.

The case i € {1,2} and j ¢ {1,2}. Then we have z; = 0 or (¢,c,, z;)Pi(j,c;,x;). Both
possibilities lead to a contradiction with the assumption.
The case j € {1,2} and i ¢ {1,2}. Then we have z; = 0 or (j,¢;j, z;)Pi(i,¢;, ;). Both
possibilities lead to a contradiction with the assumption.

The case i ¢ {1,2} and j ¢ {1,2}. The first part of (1) gives & < 2 < =1

Cj C

o ~

The second part

[OEN

. ! x, . . . ..
gives % < -+ < 2. Together we have 7+ < £, a contradiction.
i j 7 i 4

Falsity of resource monotonicity for S. We have B(1,1) = |
fore 57 ({1,2},(1,1), %) = B(1,1); = £ and S; ({1,2}, (1,1
that S does not satisfy resource monotonicity.

1, &) and C’(l 1) [8, 2]. There-
),3) = . This shows
Remark 3.7. Stovall (2014b, Appendix B) constructed a special division rule which satisfies
certain axioms but does not satisfy resource monotonicity. This division rule provides another
counterexample. Stovall’s division rule is defined using a family of functions, which all but one
satisfy the properties required in the definition of asymmetric parametric division rule. The ex-
ceptional function is not even monotone, and therefore the division rule does not satisfy resource
monotonicity. On the other hand the other axioms from Stovall’s characterization can be verified.

In this paper, we presented an approach which is rather geometrical than analytical and pro-
vides another intuitive insight into the behaviour of the relation P;.
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