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1 Introduction

The CES production function developed by Arrow et al. (1961) is one of
the most known and analysed production function. It has been extensively
studied both in regard to its theoretical properties and its empirical impli-
cations. A large number of papers were published on this subject and some
authors tried to generalize the result obtained by Arrow et al., based espe-
cially on the two weakest points of this function. The first one refers to the
assumption that there exists a relationship only between the value added per
capita (y) and wage rates (w), independent of the per capita stock of capital
(k). The second one refers to the fact that the elasticity of factor substitu-
tion is a positive constant. As it is well-known, some econometric studies
suggested that the elasticity of factor substitution is strongly correlated with
the capital labor ratio. Wise and Yeh (1965) compared production functions
of several countries and found that the elasticity of factor substitution first
increases (to a value above unity) and then decreases (to a value below unity)
as capital accumulates faster than labor.

As a consequence of the paper published by Arrow et al., the next decades
have witnessed an enormous increase in the amount of papers dedicated to
the study of production functions. Among these papers, we mention here only
those with a significant impact on the later developments, as it was the case
of the papers of: Uzawa (1962, 1967), McFadden (1963), Liu and Hildebrand
(1965), Dhrymes (1965), Kmenta (1967), Sato (1967, 1970, 1975, 1980), Sato
and Hoffman (1968), Lu and Fletcher (1968), Zellner and Revankar (1969),
Revankar (1971), Beckman et al. (1972), Kim (1992), De La Grandville
(1997) and Barellia and Pessôa (2003).

As it is well-known, the elasticity of factor substitution is a measure of the
ease to shift between capital and labour. Accordingly to this definition, the
elasticity of factor substitution varies with the capital labor ratio. The larger
the elasticity of factor substitution, the easier to substitute and vice versa.
Therefore, it is difficult to accept that the elasticity of factor substitution
could be a constant, and even less that it could be equal to one, as is the case
with the Cobb Douglas function. Some recent studies confirm this hypothesis
(see for example the paper of Mallick 2012).

As we pointed out above, some econometric studies show that this mea-
sure has first an increasing trajectory for increasing values of k and then a
decreasing one. In other words, this function is first an increasing concave
function of k and then a convex decreasing function of k. As was pointed out



by Klump and De La Grandville (2000), if the production function is homo-
geneous of degree one (and this is the case of production functions considered
in this paper) and if the elasticity of factor substitution is less than one, we
may wonder whether the elasticity of substitution would be an increasing
function of k for large values of k. This claim seems to be true, but only for
some values of k lower than a limit of saturation.

2 Some Production Functions with Variable

Elasticity of Substitution

In this paper, we consider only the case of production functions assumed to be
homogeneous of degree one. Among the production functions with variable
elasticity of factor substitution considered here, only two seem to respect this
property, the production function developed by Liu and Hildebrand (LH),
and that provided by Lu and Fletcher. The first tentative to generalize
the CES production function is that of LH. They have obtained the first
production function with a variable elasticity of factor substitution. LH
assumed a log-linear relationship between output per-capita y = y(k) =
F (K,L)

L
, wage rate ω = y − ky′ and the capital labor ratio k = K

L

ln (y) = ln (a) + b ln (ω) + c ln (k) , (1)

where a, b and c are assumed to be non-negative real constants (see the
doctoral thesis of Lu, 1967). The equation (1) may be successively rewritten

y = a

(

y − k
dy

dk

)b

kc ⇒ y = a

(

y2
dz

dk

)b

kc, z =
k

y
, (2)

and after some manipulations we find

k
1−2b−c

b dk = a
1
b z

1−2b
b dz, (3)

so that, under the hypotheses b 6= 1 and b+ c 6= 1, integrating one obtains

bk
1−b−c

b

1− b− c
=
bz

1−b
b

1− b
a

1
b + ξ ⇒

(1− b)a−
1
b

1− b− c
k−

c
b +

ξ(b− 1)a−
1
b

b
k

b−1
b = y

b−1
b , (4)

where ξ is a constant of integration and thus the production function is given
by.

y = a
1

1−b

[

ξ(b− 1)

b
k

b−1
b +

b− 1

b+ c− 1
k−

c
b

]
b

b−1

. (5)



We can express this function in terms of K and L and thus we finally obtain

F (K,L) = a
1

1−b

[

ξ(b− 1)

b
K

b−1
b +

b− 1

b+ c− 1
K−

c
bL

b+c−1
b

]
b

b−1

. (6)

Let R = R(k) stand for the marginal rate of substitution between K and L,
that is R = FL/FK , where FX signifies the derivative of F w.r.t. X. Then
the elasticity of substitution σ = σ(k) is defined simply as the elasticity of
k = K/L with respect to R, that is σ = dk

k
/dR

R
. Under the hypothesis of a

homogeneous production function of degree one, the marginal rate of sub-
stitution and the elasticity of substitution can be expressed in the following
representation

R(k) =
y

y′
− k (7)

and

σ(k) =
y′ (ky′ − y)

kyy′′
. (8)

For the function given by relation (5), the marginal rate of substitution and
the elasticity of factor substitution will be given by

R(k) =
−b(b+ c− 1)k

ξ(1− b)(b+ c− 1)k
b+c−1

b + bc
, (9)

σ(k) =
b
[

ξ(1− b)(b+ c− 1)k
b+c−1

b + bc
]

ξ(1− b)(b+ c− 1)(1− c)k
b+c−1

b + b2c
. (10)

The derivatives wrt k yield

R′(k) = −(b+ c− 1)
ξ(1− b)(1− c)(b+ c− 1)k

b+c−1
b + b2c

[

ξ(1− b)(b+ c− 1)k
b+c−1

b + bc
]2 , (11)

σ′(k) = ξ(1− b)(b+ c− 1)
bc(b+ c− 1)2k−

c+1
b

[

ξ(1− b)(b+ c− 1)(1− c)k
b−1
b + b2ck−

c
b

]2 , (12)

and therefore the sign of σ′(k) will depend on the sign of ξ(1− b)(b+ c− 1).
In his doctoral thesis, Lu proved that c < β < 1, where β is the relative share
of capital. We observe from this relation that the constant ξ will influence
only the speed of increase or decrease of σ.

Let us now examine the properties of this production function.



1. If c = 0 and b 6= 1, then we get R(k) = 1−δ
δ
k

1
b , δ = ξ(b−1)

b+ξ(b−1)
and σ = b,

that is we are in the case of the CES production function.

2. If we put now b = 1, then we obtain R(k) = 1−β
β
k, δ = β and σ = 1,

that is we are in the case of the Cobb-Douglas production function.
The same result will be obtained via the relation (1). If we put c = 0
and b = 1, then we get R(k) = 1

a−1
k, with a = 1

1−β
, or alternatively, if

we consider b = 0 and c 6= 0, to obtain R(k) = 1−c
c
k, with c = β.

3. If b, c ∈ (0, 1) and b+ c > 1, then

R(k) →
−b2

ξ(1− b)(b+ c− 1)
k

1−c
b , ξ < 0 and σ(k) →

b

1− c
,

representing the property of a CES production function. As we can
observe from the relations (11) and (12), R is an increasing function of
k, and σ is a decreasing function of k.

4. If b, c ∈ (0, 1) and b+ c < 1, then

R(k) →
1− b− c

c
k, ξ < 0 and σ(k) → 1,

representing the property of a Cobb-Douglas production function. As
we can observe from the relations (11) and (12), both R and σ are a
increasing function of k.

A few years later, Lu (1967) and Lu and Fletcher (1968), assuming the same
log-linear relationship (1), but using a different computational procedure,
provided another production function with variable elasticity of factor sub-
stitution. The equation (1) may be successively rewritten

dy
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=
y

k
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1
b k−

c
b
−1y

1
b ⇒
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+

1− b

b

z

k
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1
b
1− b

b
k−

c
b
−1, (13)

with z = y1−
1
b . This last equation can be still written

k
1
b
−1

[

dz

dk
+

1− b

b

z

k

]

= a−
1
b
1− b

b
k

1−2b−c
b ,

or equivalently,
d

dk

[

k
1
b
−1z

]

= a−
1
b
1− b

b
k

1−2b−c
b , (14)



whose solution gives

z = a−
1
b

1− b

1− b− c
k−

c
b + ζk

1
b
−1 (15)

where ζ is a constant of integration. By transforming z back to y, yields the
following production function

y = a
1

1−b

[

ζa
1
b k

b−1
b +

b− 1

b+ c− 1
k−

c
b

]
b

b−1

. (16)

The elasticity of factor substitution yields

σ(k) =
ζb(1− b− c)k

b−1
b + bca−

1
b k−

c
b

ζ(1− c)(1− b− c)k
b−1
b + bca−

1
b k−

c
b

. (17)

We can easily prove that the two results obtained by LH and by Lu and
Fletcher are in fact identical. Indeed, if we denote ζ = ξ b−1

b
a−

1
b , then the

production function determined by LH will coincide with that of Lu and
Fletcher. In his doctoral thesis Lu proved that 0 < c < 1, but the problem
is that we do not know the sign of the two constant of integration ζ and ξ
and thus it is difficult to accept the conclusion of Lu, which claimed that the
elasticity of factor substitution σ, depends only on the parameters b and c.

Finally we point out here an interesting result of Sato (1967) and Sato
and Hoffman (1968), who proved that if the elasticity of factor substitution
is a linear function of the capital labor ratio,

σ(k) = a+ bk, (18)

then a unique explicit production function exists. If a = 1, then it can be
shown that this production function becomes

F (K,L) = γKα(1−δρ) [L+ (ρ− 1)K]αδρ ,

with

δ ∈ (0, 1), δρ ∈ [0, 1],
K

L
<

1− δρ

1− ρ
and σ(k) = 1 +

ρ− 1

1− δρ
k.

This result was also obtained by Revankar (1971).



3 A new production function with variable

elasticity of substitution

As in the paper of Sato and Hoffman, we consider the case of a production
function assumed to be homogeneous of degree one. Sato and Hoffman tried
to obtain some new production functions by considering various hypotheses
on the elasticity of factor substitution σ. The method developed by the
two authors, enables us to obtain the two well-known production functions.
Indeed, if in equation (8) we put σ(k) = 1, then we obtain the Cobb-Douglas
production function and if we put the σ(k) = σ = constant, then we obtain
the CES production function.

As it is well-known, the marginal rate of substitution tells us how much
of one factor is needed to be removed, in order to compensate for an increase
in another factor, so that the output remains unchanged. A simply compu-
tational procedure shows that, in the case of the Cob-Douglas production
function, we have R(k) = β

1−β
k, or in other words, R depends linearly on k,

and in the case of the CES production function we have R(k) = 1−δ
δ
k

1
σ , that

is, R depends nonlinearly on k.
Our approach, in order to obtain a new production function with variable

elasticity of substitution, is different to that of cited authors. We do not focus
on the elasticity of substitution, but on the marginal rate of substitution R.
The main result of this paper is given by the following theorem.

Theorem 1. If there exist three real constant λ 6= −1, µ 6= 0 and θ 6= 1 such
that the marginal rate of substitution is given by

R(k) = λk + µkθ, (19)

then the production function is given by:

y = ψ
[

(1 + λ) k1−θ + µ
]

1
(1+λ)(1−θ) , (20)

where ψ > 0 is a constant of integration.

Proof. Substituting (19) into the equation (7) we get

dy

y
=

dk

(1 + λ)k + µkθ
. (21)



The above equation can be written as

dy

y
=

1

1 + λ

[

dk

k
+

1

1− θ

µ (θ − 1) kθ−2dk

µkθ−1 + 1 + λ

]

. (22)

The solution of the above equation is given by (20). In terms of K and L we
obtain the following production function

F (K,L) = ψ
[

(1 + λ)K1−θLλ(1−θ) + µL(1+λ)(1−θ)
]

1
(1+λ)(1−θ) , (23)

and thus the proof is completed. �

The equation (20) suggests us the existence of a new relationship, different
from that supposed by Liu and Hildebrand or by Lu and Fletcher. Taking
the derivative of y with respect to k, into the equation (20), yields

ln(y) = ϕω ln (ψ) + ϕ ln (y′) + ϕθ ln(k), (24)

where ϕ = 1
λ(θ−1)+θ

and ω = (1 + λ) (θ − 1). This one is a log-linear rela-

tionship between output per-capita y, marginal product of capital (the wage
of capital) r = y′ and the capital labor ratio k. Let us now consider the
following relationship between the three variables.

ln(y) = ln (a) + b ln (r) + c ln(k), a > 0, b > 0, c > 0. (25)

The equation (25) may be successively rewritten

y = a

(

dy

dk

)b

kc ⇒
dy

y
1
b

= a−
1
b
dk

k
c
b

, (26)

so that integrating one obtains

y =

[

(1− b)a−
1
b

c− b
k

b−c
b +

ξ(b− 1)

b

]
b

b−1

, b 6= c, b 6= 1 and b 6= 0, (27)

where ξ is a constant of integration. Identifying the corresponding equations,
we get:

θ =
c

b
, λ =

c− 1

b− c
, ψ = a

1
1−b and µ =

ξ(b− 1)a
1
b

b
. (28)



We can write (27) more symmetrically by setting

(1− b)a−
1
b

c− b
+
ξ(b− 1)

b
= γ

b−1
b and

(1− b)a−
1
b

c− b
γ

1−b
b = δ,

to obtain

y = γ
[

δk
b−1
b k

1−c
b + (1− δ)

]
b

b−1
. (29)

This production function has the same form as the CES function excepting
the term k

b−1
b multiplied by k

1−c
b .

Now, via the relations (7) and (8), the marginal rate of substitution and
the elasticity of substitution, together with their derivatives can thus be
determined, to obtain:

R(k) =
1− c

c− b
k −

ξ(1− b)a
1
b

b
k

c
b , (30)

R′(k) =
1− c

c− b
−
ξc(1− b)a

1
b

b2
k

c
b
−1, (31)

σ(k) = b
b(1− c)k − ξ(1− b)(c− b)a

1
b k

c
b

b2(1− c)k − ξc(1− b)(c− b)a
1
b k

c
b

, (32)

σ′(k) = ξ(1− b)(1− c)(c− b)
b(c− b)2a

1
b k

c
b

[

b2(1− c)k − ξc(1− b)(c− b)a
1
b k

c
b

]2 . (33)

If we take the derivative wrt k into the relation (25), we get

σ(k) = b
y − ky′

cy − ky′
, (34)

and since σ(k) is a non-negative function of k, it follows that cy − ky′ > 0
and therefore what we need is c > β, where β is the relative share of capital
and this is the only information we can provide concerning the constant c.
(Observe that our restriction is exactly the opposite of that obtained by
Lu.) From the relation (34) we deduce that the elasticity of substitution will
be a constant function (σ = b), if and only if c = 1. We will prove later
in our paper that for c = 1, our new production function reduces to the
CES function. Concerning the constant b, we suppose that b < 1 (as in the



doctoral thesis of Lu), even if we do not have enough arguments to justify
this hypothesis.

As it is well-known, the marginal rate of substitution is a positive in-
creasing function of k. Because R(0) = 0, it follows that this requirement is
fulfilled if its derivative is positive, that is

c− 1

b− c
+
ξc(b− 1)a

1
b

b2
k

c
b
−1 > 0. (35)

Consequently, in order to ensure that R is a positive increasing function for
some relevant range of k, we have to impose that ξ < 0 and thus we can
distinguish the following three alternatives for the elasticity of substitution.

i. If b < c < 1, then σ′ < 0 and therefore the elasticity of substitution is
a positive decreasing function and

lim
k←∞

σ(k) =
b

c
< 1,

that is, our production function converges to a CES function.

ii. If c < b < 1 then σ′ > 0 and therefore the elasticity of substitution is
a positive increasing function and

lim
k←∞

σ(k) = 1,

value that characterizes a Cobb-Douglas function.

iii. If c > 1 then σ′ > 0 and therefore the elasticity of substitution is a
positive increasing function and

lim
k←∞

σ(k) =
b

c
< 1,

that is, the limit production function is again a CES function.

If we express the elasticity of substitution in term of the marginal rate of
substitution, then, via the relations (30) and (34) we get:

σ = b
R

cR + (c− 1)k
= b

c−1
b−c

k + ξ(b−1)a
1
b

b
k

c
b

b(c−1)
b−c

k + ξc(b−1)a
1
b

b
k

c
b

. (36)



In the above relation, R
cR+(c−1)k

can be interpreted as a correction term ap-
plied to the constant b. This correction term has the following important
property:

lim
k→∞

R

cR + (c− 1)k
=







b
c
< 1 if c > b,

1 if c ≤ b.

From the above alternatives, we can deduce that the elasticity of substitution
is a decreasing function of k (possibly with higher values than one), only in
the case when b < c < 1. Otherwise, sigma will be always a function with
values less than one.

The relations (25), (27), (30) and (32) enable us to establish the following
particular cases:

i. If b = 0, then from equation (25) we have ln(y) = ln (a) + c ln(k) and
the production function given by

y = akc,

that is a Cobb-Douglas production function. This is equivalently to say

that θ = 1 and from equation (21) we get y = Ak
1

1+λ+µ . The unknown
parameters will thus be given by: A = a and λ+ µ = 1−c

c
.

ii. If c = 1, then from equations (25) and (27) we obtain the production
function given by

y =

[

a−
1
b k

b−1
b +

ξ(b− 1)

b

]
b

b−1

,

that is a CES production function with constant elasticity of substi-
tution equal to b. This is equivalently to say that λ = 0 and from
equation (19) we have R(k) = µkθ and the production function given

by equation (20) yields y = ψ
[

k1−θ + µ
]

1
1−θ . The unknown parameters

will thus be given by: ψ = a
1

1−b , θ = 1
b
and µ = ξ(b−1)a

1
b

b
. For this value

of c, the relation (25) can also be written:

ln(y) = ln (a) + b ln (r) + ln(k) ⇔ ln

(

F

K

)

= ln (a) + b ln (r) ,

and thus we obtain another log linear relationship, different to that
proposed by Arrow et al., the authors of the CES production function,
this time between F

K
and r.



Finally we can claim that our production function is a more general form
which includes the Cobb-Douglas function and the CES function as partic-
ular cases.

4 Econometric analysis and conclusions

The main aim of this section is to estimate the parameters of the new pro-
duction function, to compare these results with those of the other production
functions and finally to give some conclusions. In order to do this we use
the data for the economy of the United States, presented in the paper of
Sato and Hoffman and then we estimate the parameters of the new produc-
tion function via the equation (25). Proceeding in this way, we can compare
our results with the results of Sato (1970) and, David and Klundert (1965),
results obtained via the same set of data.

The results of the econometric analysis are presented in the table below.

Table 1: Econometric analysis results
β Val Se t-stat P(β = 0) L-inf L-sup

ln(a) 0.773454 0.142659 5.422 1.795E-06 0.486769 1.060138
b 0.934369 0.046838 19.949 3.605E-25 0.840245 1.028493
c 1.191951 0.065665 18.151 2.142E-23 1.059992 1.323909

The resulting estimators confirm the assumptions of our new production
function. As we can observe, the coefficients b and c are almost surely differ-
ent (the confidence intervals for the two parameters are disjoint sets). Also,
with a high probability, the values of the parameter b are less than one (the
upper limit of its confidence interval is very close to one). Consequently, we
can write the following regression estimate

ln(y) = 0.773454 + 0.934369 ln(r) + 1.191951 ln(k).

Substituting these results into the relations (30), (31), (32) and (33) we
obtain the marginal rate of substitution, the elasticity of substitution and
their derivatives:

R(k) = −0.745203 · k − 0.160728 · ξ · k1.275675,



R′(k) = −0.745203− 0.205039 · ξ · k0.275675,

σ(k) = 0.934369
0.179353 · k + 0.038683 · ξ · k1.275675

0.167582 · k + 0.046109 · ξ · k1.275675
,

σ′(k) =
−0.000460 · ξ · k1.275675

[0.167582 · k + 0.046109 · ξ · k1.275675]2
.

To ensure that σ is a positive function and R is a positive increasing function
for some relevant range of k > 0, accordingly with the consequences presented
in the previous section we can chose ξ = −3.79, corresponding to a starting
value k0 = 2.0799 (see the paper of Sato and Hoffman). We can observe that
the elasticity of substitution σ is an increasing function, whose limit equals
0.784. The trajectories of σ and R are presented in the following graphs.

In the next step we estimate the parameters of the production function of
Liu and Hildebrand via the of equation (1). The results of the econometric
analysis are presented in the table below.

Table 2: Econometric analysis results
β Val Se t-stat P(β = 0) L-inf L-sup

ln(a) 0.337698 0.057614 5.861 3.824E-07 0.221917 0.453478
b 0.942627 0.022062 42.726 1.923E-40 0.898291 0.986962
c 0.057061 0.052371 1.090 0.281 -0.048182 0.162304

The above results enable us to write the following regression estimate:

ln(y) = 0.337698 + 0.942627 ln(ω) + 0.057061 ln(k).



As we can observe, the standard error of c is too high, its probability is not
close enough to zero and therefore it is rather likely to have c = 0 than to
have c 6= 0. Even if we accept the hypothesis that c 6= 0, we can notice that
b + c ≈ 1 and therefore one of the necessary restriction of this production
function is not respected (the marginal rate of substitution is always equal
to zero). Consequently we can conclude that, this production function is not
appropriate for the economy of the USA. If c = 0 and b 6= 1 then, according
to the properties of this production function, we are in the case of a CES
production function.

Analyzing the same date as those presented in this paper, Sato (1970),
concludes that it is more natural to assume that the economy is operating
under a production function with a variable elasticity of substitution rather
than with a fixed elasticity, contradicting thus the results obtained by David
and Klundert (1965), via the same set of data and assuming a CES produc-
tion function. He also claims that:

a. The elasticity of factor substitution is most likely less than unity (be-
tween 0.5 and 0.7).

b. The Cobb-Douglas production function is not appropriate for the ex-
planation of the U.S. economy.

As we explain in the third section, the main aim of this paper was to develop
a new production function that describes the data more accurately than
those previously presented in the literature. Differently to other papers, the
starting point in this new approach, was not the elasticity of substitution,
but the marginal rate of substitution. The results of the econometric analysis
presented above, using the same dataset presented in the paper of Sato and
Hoffman show that this new production function performs better than other
production functions for that period of the US economy.

In order to reinforce the validity of this new production function, in the
final part of this section we extend our analysis to a more recent data set
of the US economy, along the period 1990 − 2018. (Source: for the stock of
fixed capital in constant national prices million of 2010 U.S. Dollars, from
Federal Reserve Economic Data, for the labour force in million of person and
the gross domestic product in constant national prices million of 2010 U.S.
Dollars, from the World Bank and for the annual salary in constant national
prices of 2010 U.S. Dollars, from the OECD).



The results of the econometric analysis are presented in the following two
tables.

Table 3: Econometric analysis results for the LH production function
β Val Se t-stat P(β = 0) L-inf L-sup
b 0.861907 0.020495 42.055 3.773E-26 0.819855 0.903958
c 0.373629 0.011239 32.242 1.920E-23 0.350567 0.396691

Table 4: Econometric analysis results for the new production function
β Val Se t-stat P(β = 0) L-inf L-sup

ln(a) -0.274836 0.116735 -2.354 0.026 -0.514789 -0.034883
b 0.426391 0.040609 10.499 7.606E-11 0.342916 0.509865
c 0.976749 0.030481 32.045 1.991E-22 0.914096 1.039403

The estimation procedure shows the for the LH production function, the
value of a is equal to one. Substituting the above results into the relations:
(9), (10), (11) and (12) and, respectively into the relations (30), (31), (32)
and (33), we obtain the marginal rates of substitution, the elasticities of
substitution and their derivatives for the two production functions.

1. For the case of the LH production function we have:

R(k) =
−0.203010 · k

0.032526 · ξ · k0.273273 + 0.322033
,

σ(k) = 0.861907
0.032526 · ξ · k0.273273 + 0.322033

0.020373 · ξ · k0.273273 + 0.277563
,

R′(k) = −0.235536
0.020373 · ξ · k0.273273 + 0.277562

(0.032526 · ξ · k0.273273 + 0.322033)2
,

σ′(k) =
0.000581 · ξ

k0.726727 (0.020373 · ξ · k0.273273 + 0.277563)2
.

In order to ensure that σ is a positive function and R is a positive
increasing function for some relevant range of k > 0, we can chose
ξ = −10.6. We can observe that the elasticity of substitution σ is an
decreasing function, whose limit equals 1.376. The trajectories of σ
and R are presented in the following graphs.



If the results of the econometric analysis can be considered as a good
justification for the use of the LH model, some of its consequences can
be difficult accepted. At least in terms of the elasticity of substitution.
Many recent studies have confirmed that its value for the US economy
is less than one. The value estimated by Mallick, using statistical data
for the period 1950− 2000 was 0.64.

2. For the case of the new production function we get:

R(k) = 0.042247 · k − 0.706119 · ξ · k2.290735,

σ(k) = 0.426391
0.165703 · ξ · k1.290735 − 0.009914

0.161851 · ξ · k1.290735 − 0.004227
,

R′(k) = 0.042247− 1.617532 · ξ · k1.290735,

σ′(k) =
0.000498 · ξ · k0.290735

(0.161851 · ξ · k1.290735 − 0.004227)2
,

and to ensure that σ is a positive function and R is a positive increasing
function for some relevant range of k > 0, we can chose ξ = −0.001.
We can observe that the elasticity of substitution σ is an decreasing
function, whose limit equals 0.437. The trajectories of σ and R are
presented in the following graphs.



We can observe that the econometric results are completely different for the
two production functions. The estimates obtained using the new production
function seem to correspond much better, both in terms of empirical and
theoretical evidence.
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