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Abstract
This paper offers an alternative proof for the main result in Nash(1950). The proof we use intends, in a short way, to

give some insight on how the Nash's axioms bridge to his bargaining solution. In particular, to how they shape the

function representing the bargaining choice.
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❖✈❡r s✐① ❞❡❝❛❞❡s ❤❛✈❡ ♣❛ss❡❞ s✐♥❝❡ ◆❛s❤✬s ✭✶✾✺✵✮ s❡♠✐♥❛❧ ❛rt✐❝❧❡ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞✳ ■ts
✐♥✢✉❡♥❝❡ ❝❛♥♥♦t ❜❡ ♠✐♥✐♠✐③❡❞❀ ✐t ✐s ❝✐t❡❞ ❜② ❤✉♥❞r❡❞s ♦❢ ♣❛♣❡rs ❛♥❞ t❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s
✐♠♣♦rt❛♥t ❞❡♣❛rt✉r❡s ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ✭s❡❡ ❚❤♦♠s♦♥ ✭✷✵✵✾✮✮✳ ❚❤❡ ♣✉r♣♦s❡
♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r❡s❡♥t ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♥❞ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ t❤❛t t❤❡ ◆❛s❤ ❛①✐♦♠s ❝❤❛r✲
❛❝t❡r✐③❡ t❤❡ ◆❛s❤ ❜❛r❣❛✐♥✐♥❣ s♦❧✉t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ♥♦r♠❛❧❧② st❛rts ❜② ❛ss✉♠✐♥❣
t❤❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡♥ ❝♦♥✜r♠✐♥❣ ✐t ✉♥t✐❧ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ✐♥ ❛❧❧ s❡ts✳ ❚❤✐s ❢♦❧❧♦✇s
◆❛s❤ ✭✶✾✺✵✮✬s ♣r❡s❡♥t❛t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t ✐s ✉♥❝❧❡❛r ❛s t♦ ❤♦✇ t❤❡ s♦❧✉t✐♦♥ ❝❛♠❡ ❛❜♦✉t✳ ❲❡
✇✐❧❧ ❛rr✐✈❡ ❛t t❤❡ r❡s✉❧t ✇✐t❤♦✉t ❣✉❡ss❡s✱ ❝♦♥str✉❝t✐✈❡❧② ❜r✐♥❣✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❛①✐♦♠s ❛♥❞ t❤❡
✜♥❛❧ s♦❧✉t✐♦♥ t♦❣❡t❤❡r✳

❲❡ st❛rt ❜② ❡st❛❜❧✐s❤✐♥❣✱ ✉s✐♥❣ t❤❡ P❛r❡t♦ ♦♣t✐♠❛❧ ✭P❖✮ ❛♥❞ ❙②♠♠❡tr② ✭❙②♠✮ ❛①✐♦♠s✱
t❤❡ ❝❤♦✐❝❡ ♦♥ ❛ ♣❛rt✐❝✉❧❛r s②♠♠❡tr✐❝ s❡t ✇❤♦s❡ P❛r❡t♦✲♦♣t✐♠❛❧ ❢r♦♥t✐❡r ✐s ❣✐✈❡♥ ❜② ❛ ❧✐♥❡✳
❚❤❡ ❆✣♥❡ ❚r❛♥s❢♦r♠❛t✐♦♥ ✭❆❚✮ ❛①✐♦♠ ✐s t❤❡♥ ✉s❡❞ t♦ ✜♥❞ t❤❡ ❝❤♦✐❝❡ ♦♥ ❛♥② s❡t ✇✐t❤ ❛
❧✐♥❡❛r P❛r❡t♦✲♦♣t✐♠❛❧ ❢r♦♥t✐❡r✱ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❝♦♥❝❧✉s✐♦♥ t❤❛t ❢♦r ❛ ❜❛r❣❛✐♥✐♥❣ ❝❤♦✐❝❡ t♦
❜❡ ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜✉❞❣❡t s❡ts✱ ■■❆ ✐s ♥♦t ♥❡❡❞❡❞✳ ❚♦ ❢✉rt❤❡r ❡①t❡♥❞ t❤❡
s♦❧✉t✐♦♥ t♦ ❛❧❧ ❝♦♥✈❡① s❡ts✱ ❆❚ ❛♥❞ ■■❆ ❛r❡ ✉s❡❞✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ ✇❤② t❤❡ ❜❛r❣❛✐♥✐♥❣
s♦❧✉t✐♦♥ r❡❧❛t❡s ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ f(x1, x2) = x1x2✱ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❤♦✇ t❤❡ ❆❚ ❛♥❞ ■■❆
❛①✐♦♠s ✇♦r❦ t♦❣❡t❤❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧t ❢r♦♠ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜✉❞❣❡t s❡ts t♦ t❤❡ ✇❤♦❧❡
❝❧❛ss ♦❢ ❝♦♥✈❡① s❡ts✳

❆s ♠♦st ❞❡✜♥✐t✐♦♥s ❛♥❞ ❛①✐♦♠s ✇❡ ✉s❡ ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞✱ ♥♦ ✐♥t✉✐t✐♦♥ ✐s ♣r♦✈✐❞❡❞✳ ❆
✈❡❝t♦r ✐♥ R2

+ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ❛ ❜♦❧❞ ❧❡tt❡r✱ ✉s✉❛❧❧② x✱ ❛♥❞ ✐ts ❝♦♦r❞✐♥❛t❡s ❜② x = (x, y) ♦r
x = (x1, x2)✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ S+ ✐s t❤❡ s❡t ♦❢ t❤❡ ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡① s✉❜s❡ts S ⊂ R2

+ ✇✐t❤
S1S2 > 0✱ ✇❤❡r❡ S1 ✐s t❤❡ ✐❞❡❛❧ ✈❛❧✉❡ ❢♦r t❤❡ ✜rst ♣❧❛②❡r✱ S1 = max {x : ∃y ∈ R, (x, y) ∈ S}
❛♥❞ S2 ✐s t❤❡ ✐❞❡❛❧ ✈❛❧✉❡ ❢♦r ♣❧❛②❡r 2✳ ❆ s❡t ✐s s②♠♠❡tr✐❝ ✐❢ (x, y) ∈ S ✐♠♣❧✐❡s t❤❛t (y, x) ∈ S✳
❆ s❡t ✐s ❝♦♠♣r❡❤❡♥s✐✈❡ ✐❢ x ∈ S ✐♠♣❧✐❡s t❤❛t y ∈ S ❢♦r ❛♥② 0 ≤ y ≤ x✳ ❚❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡
❝♦♥✈❡① ❤✉❧❧ ♦❢ S✱ ch(S)✱ ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣r❡❤❡♥s✐✈❡ ❛♥❞ ❝♦♥✈❡① s❡t t❤❛t ❝♦♥t❛✐♥s S✳ ❋♦r
❛ ❝♦♠♣r❡❤❡♥s✐✈❡ s❡t S ∈ S+✱ t❤❡ ❢✉♥❝t✐♦♥ yS : [0, S1] → [0, S2] ❞❡✜♥❡s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡
♦❢ y ✇❤❡♥ t❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ ✐s x❀ t❤❛t ✐s✱ (x, y) ∈ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ 0 ≤ y ≤ yS(x)✳ ❆♥
❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ✈❡❝t♦r x = (x, y) ❜② α = (α1, α2) ✐s αx =

(

α1x, α2y
)

✳ ❆♥ ❛✣♥❡
tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ s❡t S ❜② α ✐s αS =

{

αx : x ∈ S
}

✳
❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ✇♦r❦✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇✐t❤ ♥♦r♠❛❧✐③❡❞ ❜❛r❣❛✐♥✐♥❣

✇❤❡r❡ t❤❡ t❤r❡❛t ♣♦✐♥t ✐s (0, 0)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❢♦r S ∈ S+✱
✇❤❡r❡ S ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ✉t✐❧✐t✐❡s ❢♦r t❤❡ ♣❧❛②❡rs✳ ❚❤❡ ◆❛s❤ ❜❛r❣❛✐♥✐♥❣
s♦❧✉t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ c : S+ → R2

+ s✉❝❤ t❤❛t ❡❛❝❤ ❜❛r❣❛✐♥✐♥❣ ♣r♦❜❧❡♠ S ♣✐❝❦s ❛ ♣♦✐♥t c(S) ∈
S✱ r❡s♣❡❝t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✿ P❛r❡t♦ ❖♣t✐♠❛❧✐t② ✭P❖✮✱ ❢♦r S ∈ S+, ∄x ∈ S \ c(S) :
x ≥ c(S)❀ ■♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ■rr❡❧❡✈❛♥t ❆❧t❡r♥❛t✐✈❡s ✭■■❆✮✱ ✐❢ ❢♦r S ′, S ∈ S+ ✇✐t❤ S ′ ⊆ S ❛♥❞
c(S) ∈ S ′✱ t❤❡♥ c(S ′) = c(S)❀ ❙②♠♠❡tr② ✭❙②♠✮✱ ❢♦r s②♠♠❡tr✐❝ S ∈ S+✱ c(S)1 = c(S)2❀ ❆✣♥❡
❚r❛♥s❢♦r♠❛t✐♦♥ ✭❆❚✮✱ ❢♦r S ∈ S+ ❛♥❞ α ∈ R2

+✱ t❤❡ ❜❛r❣❛✐♥✐♥❣ ❝❤♦✐❝❡ ✈❡r✐✜❡s c(αS) = αc(S)✳
❚❤❡ ♥❡①t ❧❡♠♠❛ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦❤❡r❡♥❝❡ r❡q✉✐r❡♠❡♥t ✐♠♣♦s❡❞ ❜② ■■❆✳

▲❡♠♠❛ ✶✳ S, S ′ ∈ S+✱ c(S) 6= c(S ′)✱ ❛♥❞ c(S) ∈ S ′❀ t❤❡♥✱ c(S ′) /∈ S✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ c(S) ∈ S✱ ❛♥❞ ❜② ❤②♣♦t❤❡s✐s✱ c(S) ∈ S ′❀ t❤❡♥✱ c(S) ∈ S ∩ S ′ ⊆ S✱ ❛♥❞
❜② ■■❆✱ c(S ∩ S ′) = c(S)✳ ❆ss✉♠❡✱ ❜② ❛❜s✉r❞✱ t❤❛t c(S ′) ∈ S✱ s♦ t❤❛t c(S ′) ∈ S ∩ S ′ ⊆ S ′❀
t❤❡♥✱ ✉s✐♥❣ t❤❡ ■■❆ ❛①✐♦♠ ❛❣❛✐♥✱ c(S ∩ S ′) = c(S ′)✱ ❜✉t ❣✐✈❡♥ t❤❛t c(S) 6= c(S ′)✱ t❤✐s ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳



❚❤❡♦r❡♠ ✶✳ ❚❤❡ ❝❤♦✐❝❡ c ✐s s✉❝❤ t❤❛t c(S) = argx∈S max x1x2 ❢♦r ❡✈❡r② S ∈ S+✳

❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠✱ ✇❡ st❛rt ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦♥ ❛ s❡t ✇❤♦s❡ P❛r❡t♦✲
♦♣t✐♠❛❧ ❢r♦♥t✐❡r ✐s ❣✐✈❡♥ ❜② ❛ ❧✐♥❡✳ ❚❤❡ ❆❚ ❛①✐♦♠ ✐s t❤❡♥ ✉s❡❞ t♦ ✜♥❞ t❤❡ ❝❤♦✐❝❡ ♦♥ ❛♥② s❡t
✇✐t❤ ❛ ❧✐♥❡❛r P❛r❡t♦✲♦♣t✐♠❛❧ ❢r♦♥t✐❡r✳ ❚♦ ❡①t❡♥❞ t❤❡ s♦❧✉t✐♦♥ t♦ ❛❧❧ ❝♦♥✈❡① s❡ts✱ ❆❚ ❛♥❞ ■■❆
❛r❡ ✉s❡❞✳ ❚♦ ❣❡t t❤✐s ❡①t❡♥s✐♦♥✱ ✇❡ st❛rt ✇✐t❤ ❛♥② z ∈ S ❛♥❞ ❝❛r❡❢✉❧❧② ♣✐❝❦ s♦♠❡ ♣♦✐♥ts xk

❢♦r k ∈ N✱ ✇✐t❤ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❛♥❞ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ yγ(·)✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t ✐❢ ❛♥② ♣♦✐♥t (x, yγ(x)) ∈ S✱ t❤❡♥ z ✐s ♥♦t t❤❡ ❜❛r❣❛✐♥✐♥❣ ❝❤♦✐❝❡ ❛t S✳ ❲❡ t❤❡♥ str❡t❝❤
❢✉♥❝t✐♦♥ yγ t♦ ✐ts ❧✐♠✐t✱ ✜♥❞✐♥❣ ❛ ♥❡✇ ❢✉♥❝t✐♦♥ y(·)✱ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ ❛♥② ♣♦✐♥t ❛❜♦✈❡ t❤❡
❝✉r✈❡ (x, y(x)) ✐s ✐♥ S✱ t❤❡♥ z ✐s ♥♦t t❤❡ ❝❤♦✐❝❡ c(S)✳ ❯s✐♥❣ t❤✐s r❡s✉❧t✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡
t❤❛t t❤❡ ❝❤♦✐❝❡ ✐s c(S) = argx∈S max x1x2✳

Pr♦♦❢✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣r♦♦❢✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛♥② s❡t S ✐s s✉❝❤ t❤❛t S = ch(S)✳ ❲❡ ❝❛♥
❛ss✉♠❡ ✐t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❜❡❝❛✉s❡ ❛♥② ♣♦✐♥t ✐♥ ch(S) \ S ✐s P❛r❡t♦ ❞♦♠✐♥❛t❡❞ ✐♥
S❀ ❤❡♥❝❡✱ ■■❆ ❛♥❞ P❖ ✐♠♣❧② t❤❛t c(S) = c

(

ch(S)
)

✳
❚❤❡ s❡t L ∈ S+ ✇✐t❤ ❢r♦♥t✐❡r yL✱ ❞❡✜♥❡❞ ❜② t❤❡ ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ (2, 0) ❛♥❞ (0, 2)✱ ✐s

s②♠♠❡tr✐❝❀ t❤❡r❡❢♦r❡✱ ❜② P❖ ❛♥❞ ❙②♠✱ c(L) = (1, 1)✳ ❋♦r ❛♥② ❣✐✈❡♥ ✈❡❝t♦r z = (z1, z2) ∈ R2
+✱

❧✐♥❡ L0 = zL ❤❛s c(L0) = zc(L) = z ❛♥❞ ♣❛ss❡s t❤r♦✉❣❤ (2z1, 0) ❛♥❞ (0, 2z2)✳ ❚❤✉s✱ yL0
✐s

❞❡s❝r✐❜❡❞✶ ❜② yL0
(x) = 2z2 − (z2/z1)x ❢♦r x ∈

[

0, 2z1
]

✳ ❲❤❡♥ α = (α1, α2) ∈ R2
+✱ ✇❡ ✉s❡

♥♦t❛t✐♦♥ α
k = (αk

1, α
k
2)✳ ❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡♥ ❝❧❛✐♠s✳

❈❧❛✐♠ ✶✳ ❋♦r ❛♥② ❣✐✈❡♥ z = x0 = c(L0) ❛♥❞ α =
(

γ, γ
2γ−1

)

✱ ✇✐t❤ 1/2 < γ < 1✱ s❡ts

Lk = α
kL0 ❛r❡ s✉❝❤ t❤❛t c(Lk) = xk ∈ Lk+1 ❢♦r ❛♥② k ∈ N0✳

❚♦ ♣r♦✈❡ t❤❛t c(Lk) = xk ∈ Lk+1✱ ✇❡ ♥❡❡❞ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ P❛r❡t♦✲♦♣t✐♠❛❧ ❢r♦♥t✐❡r
♦❢ Lk+1✳ ❲❡ ❦♥♦✇ t❤❛t αk+1(2z1, 0) =

(

2γk+1z1, 0
)

❛♥❞ α
k+1(0, 2z2) =

(

0, 2( γ
2γ−1

)k+1z2
)

❛r❡
✐♥ Lk+1❀ ❤❡♥❝❡✱

yLk+1
(x) =

( γ

2γ − 1

)k+1

2z2 −
( 1

2γ − 1

)k+1 z2
z1
x ❢♦r x ∈ [0, 2z1γ

k+1].

❇② ❞❡✜♥✐t✐♦♥✱ xk = c(Lk) = α
k
z = (xk, yk) =✱ ❛♥❞ t❤✉s✱ xk = γkz1 ❛♥❞ yk = ( γ

2γ−1
)kz2✳

❚❤❡♥✱ yLk+1
(γkz1) = ( γ

2γ−1
)kz2(2

γ
2γ−1

− 1
2γ−1

) = yk✳ ❆❝❝♦r❞✐♥❣❧②✱ yLk+1
(xk) = yk ❛♥❞ xk ∈

Lk+1✳

❈❧❛✐♠ ✷✳ xp ∈ ch{x0,xk}✱ ❢♦r 1 ≤ p < k✱ ❛♥❞ p, k ∈ N✳

❚♦ ♣r♦✈❡ t❤✐s ❝❧❛✐♠✱ ✇❡ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❝✉r✈❡ yγ(x) t❤❛t ♣❛ss❡s
t❤r♦✉❣❤ ❛❧❧ t❤❡ ♣♦✐♥ts xp ❢♦r p ∈ N ❛♥❞ s❤♦✇ t❤❛t t❤✐s ❝✉r✈❡ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♥✈❡①✳

✶❆♥② ❧✐♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ (a, 0) ❛♥❞ (0, b) ❤❛s ❡①♣r❡ss✐♦♥ y(x) = b− (b/a)x✳



❋♦r 1/2 < γ < 1 ❛♥❞ 0 < x ≤ z1✱ ✐❢ ✇❡ ❥♦✐♥ t❤❡ ❧✐♥❡ s❡❣♠❡♥ts ❜❡t✇❡❡♥ xk−1 = α
k−1

z ❛♥❞
xk = α

k
z ✐♥ ♦♥❡ ❝✉r✈❡✱ ❢♦r ❛❧❧ k ≥ 1✱ ✇❡ ❣❡t ❝✉r✈❡ yγ(x) = yLk

(x) ❢♦r γkz1 ≤ x < γk−1z1❀
t❤❛t ✐s✱

yγ(x) =
( γ

2γ − 1

)k

2z2 −
( 1

2γ − 1

)k z2
z1
x ❢♦r γkz1 ≤ x < γk−1z1 ❛♥❞ k ∈ N. ✭✶✮

yγ ✐s ❝♦♥t✐♥✉♦✉s✿ ❛t t❤❡ ✐♥t❡r✐♦r ♦❢ ❡❛❝❤ s✉❜❞♦♠❛✐♥ γkz1 ≤ x < γk−1z1✱ yγ ✐s ❛ ❧✐♥❡❀ ❛t t❤❡
❡♥❞♣♦✐♥ts✱ ❛s yLk

(xk−1) = yk−1 = yLk−1
(xk−1)✱ t❤❡ ❢✉♥❝t✐♦♥ t♦♦ ✐s ❝♦♥t✐♥✉♦✉s✳ yγ(x) ✐s ❝♦♥✈❡①

❜❡❝❛✉s❡ ✐ts ❧❡❢t ❞❡r✐✈❛t✐✈❡ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✭❘♦❜❡rts ❛♥❞ ❱❛r❜❡r❣ ✭✶✾✼✸✮✱ t❤❡♦r❡♠ ❆✱ ♣❛❣❡
✶✵✮✳ ❋♦r x < x′✱ ✐❢ k ❛♥❞ k′ ❛r❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t γkz1 ≤ x < γk−1z1 ❛♥❞ γk′z1 ≤ x′ < γk′−1z1✱
t❤❡♥ γkz1 ≤ γk′z1 ❛♥❞ k ≥ k′✱ ❛s 1/2 < γ < 1✳ ❚❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ♦❢ yγ ❛t x ✐s ❡q✉❛❧ t♦

−
(

1
2γ−1

)k
z2
z1
✱ ❛♥❞ t❤✉s s♠❛❧❧❡r t❤❛♥✱ t❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ❛t x′✱ −

(

1
2γ−1

)k′
z2
z1
✱ ❜❡❝❛✉s❡ 1

2γ−1
> 1✱

❢♦r 1/2 < γ < 1✳ ❚❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ yγ(x) ✐s ❝♦♥✈❡①✳
❚♦ s❤♦✇ t❤❛t xp = (xp, yp) ∈ ch{x0,xk} ❢♦r 1 ≤ p < k ❛♥❞ 1/2 < γ < 1✱ ♥♦t❡ t❤❛t

xk = γkz1 < γpz1 = xp < x0✳ ❚❤❡♥✱ xp = βx0 + (1 − β)xk ❢♦r s♦♠❡ β ∈ (0, 1)✳ ❇②
❝♦♥✈❡①✐t② ♦❢ yγ✱ yp = yγ(xp) ≤ βyγ(x0) + (1 − β)yγ(xk) = βy0 + (1 − β)yk = y′p✳ ❚❤✉s✱
xp = (xp, yp) ∈ ch{x0,xk} ❜❡❝❛✉s❡ (xp, y

′
p) = βx0 + (1− β)xk ∈ ch{x0,xk} ❛♥❞ yp ≤ y′p✳

❈❧❛✐♠ ✸✳ x0 6= c
(

ch{x0,xk}
)

❢♦r k ≥ 1✳

■❢ x0 = c
(

ch{x0,xk}
)

✱ t❤❡♥ c
(

ch{x0,xk}
)

∈ L1 ❜② ❈❧❛✐♠ ✶✳ x1 = c(L1)✱ ❛♥❞ ❜② t❤❡
♣r❡✈✐♦✉s ❝❧❛✐♠✱ x1 ∈ ch{x0,xk}❀ t❤❡r❡❢♦r❡✱ c(L1) ∈ ch{x0,xk}✳ ●✐✈❡♥ t❤❛t x0 6= x1✱ ✇❡
❛rr✐✈❡ ❛t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✉s✐♥❣ ▲❡♠♠❛ ✶✳

❈❧❛✐♠ ✹✳ ❋♦r x < z1✱ y(x) = limγ↑1 yγ(x) = z1z2/x✳

❉❡✜♥❡ k(γ) ❛s ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t γk(γ)z1 ≤ x < γk(γ)−1z1✳ ❆s γ < 1✱ ln γ < 0✳ ❚❤❡♥✱
❜② t❛❦✐♥❣ ❧♦❣❛r✐t❤♠s ❛♥❞ ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥

ln(x/z1)/ln γ ≤ k(γ) < ln(x/z1)/ln γ + 1. ✭✷✮

❑♥♦✇✐♥❣ t❤❛t✱ ❢♦r 0 < γ < 1/2✱ γ/(2γ − 1) > 1✱ ✇❡ ❤❛✈❡

(

γ/(2γ − 1)
)ln(x/z1)/ln γ

≤
(

γ/(2γ − 1)
)k(γ)

≤
(

γ/(2γ − 1)
)ln(x/z1)/ln γ+1

. ✭✸✮



❚❛❦✐♥❣ ❧♦❣❛r✐t❤♠s ❛♥❞ ❛♣♣❧②✐♥❣ ▲✬❍♦♣✐t❛❧✬s r✉❧❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r t❤❡ ❧❡❢t ✐♥❡q✉❛❧✲
✐t② ♦❢ ✭✸✮✿

ln(x/z1) lim
γ↑1

−1/(2γ − 1)2

1/γ
= ln(x/z1) lim

γ↑1

ln
(

γ/(2γ − 1)
)

ln γ
≤ lim

γ↑1
ln
(

γ/(2γ − 1)
)k(γ)

.

❉♦✐♥❣ t❤❡ s❛♠❡ ❢♦r t❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ♦❢ ✭✸✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t limγ↑1

(

γ/(2γ − 1)
)k(γ)

=

z1/x✳ ❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ❣❡t t❤❛t limγ↑1

(

1/(2γ − 1)
)k(γ)

= (z1/x)
2✳

❙✉❜st✐t✉t✐♥❣ t❤❡s❡ t✇♦ r❡s✉❧ts ✐♥t♦ ✭✶✮✱ ✇❡ ❣❡t t❤❛t y(x) = limγ↑1 yγ(x) = z1z2/x ❢♦r 0 < x <
z1✳

❈❧❛✐♠ ✺✳ ❋♦r ❛♥② s❡t S ∈ S+ ✇✐t❤ z ∈ S✱ ✐❢ t❤❡r❡ ✐s ❛♥ x = (x1, x2) ∈ S s✉❝❤ t❤❛t
0 < x1 < z1 ❛♥❞ x1x2 > z1z2✱ t❤❡♥ c(S) 6= z✳

■❢ x1x2 > z1z2✱ t❤❡♥✱ ❜② ❈❧❛✐♠ ✹✱ x2 > y(x1)✳ ❚❤✉s✱ ❛s (x1, x2) ∈ S✱ 0 < x1 < z1✱ ❛♥❞
y(x1) < x2✱ (x1, y(x1)) ∈ ✐♥t(S)✳ ❇② ❞❡✜♥✐t✐♦♥✱ k(γ) ✐s s✉❝❤ t❤❛t γk(γ)z1 ≤ x1 < γk(γ)−1z1✳
❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ❝♦♥❝❧✉❞❡ t❤❛t limγ→1 z1γ

k(γ) = limγ→1 γ
k(γ)−1z1 = x1✳ ■♥ t❤❡ ♣r❡✈✐♦✉s

❝❧❛✐♠✱ ✇❡ ♣r♦✈❡❞ t❤❛t

lim
γ→1

z2
(

γ/(2γ − 1)
)k(γ)

= z1z2/x1 = y(x1).

❍❡♥❝❡✱ xk(γ) =
(

γk(γ)z1,
(

γ/(2γ − 1)
)k(γ)z2

)

= α
k(γ)

z ❝♦♥✈❡r❣❡s t♦
(

x1, y(x1)
)

❛s γ ❝♦♥✲

✈❡r❣❡s t♦ 1✳ ❚❤❡♥✱ ❢♦r γ ❝❧♦s❡ t♦ 1✱ xk(γ) = α
k(γ)

z ∈ ✐♥t(S)✳ ❇② ❈❧❛✐♠ ✸✱ ✇❡ ❦♥♦✇ t❤❛t
z = x0 6= c(ch{x0,xk(γ)})✱ ❛♥❞ ❣✐✈❡♥ t❤❛t x0,xk(γ) ∈ S✱ ✇❡ ❤❛✈❡ ch{x0,xk(γ)} ⊆ S✳ ❚❤❡♥✱
❜② ■■❆✱ z 6= c(S)✳

❈❧❛✐♠ ✻✳ ■❢ t❤❡r❡ ✐s ❛♥ x ∈ S s✉❝❤ t❤❛t x1 > z1 ❛♥❞ x1x2 > z1z2✱ t❤❡♥ c(S) 6= z✳

❲❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❢♦r γ > 1 ❛♥❞ x > z1 t❤❛t ✇❡ ❞✐❞ ❢♦r 1/2 < γ < 1
❛♥❞ x < z1✳ ❉❡✜♥✐♥❣ t❤❡ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ yγ(x) ❢♦r x ≥ z1 ❛♥❞ γ > 1 t❤❛t ♣❛ss❡s
t❤r♦✉❣❤ α

k
z ❢♦r ❛❧❧ k ∈ N✱ ✇❡ ❣❡t

yγ(x) =
( γ

2γ − 1

)k

2z2 −
( 1

2γ − 1

)k z2
z1
x ❢♦r γk−1z1 ≤ x < γkz1 ❛♥❞ k ∈ N. ✭✹✮

❆s ❜❡❢♦r❡✱ ❛s yγ(x) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♥✈❡①✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❈❧❛✐♠ ✸ t♦♦ ❤♦❧❞s✳
❚❤r♦✉❣❤ ❛ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ t♦ t❤❛t ✉s❡❞ ✐♥ ❈❧❛✐♠ ✹✱ ✐t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ t❤❛t y(x) =
limγ↓1 yγ(x) = z1z2/x✳ ❚❤❡♥✱ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ ❈❧❛✐♠ ✺✱ ✇❡ ♣r♦✈❡ t❤✐s ❝❧❛✐♠✬s r❡s✉❧t✳

❈❧❛✐♠ ✼✳ ❋♦r ❛♥② S ∈ S+✱ c(S) = argx∈S max x1x2✳

❋♦r ❛♥② z ∈ S✱ ✐❢ t❤❡r❡ ✐s ❛♥ x ∈ S s✉❝❤ t❤❛t x1x2 > z1z2✱ t❤❡♥ ❜② ❝❧❛✐♠s ✺ ❛♥❞ ✻✱
z 6= c(S)✳ ❚❤✉s✱ ✐❢ ✐t ❡①✐sts✱ c(S) ♠✉st ❜❡ s✉❝❤ t❤❛t c(S)1c(S)2 ≥ z1z2 ❢♦r ❛❧❧ z ∈ S✳
❲❤✐❝❤✱ ❣✐✈❡♥ t❤❡ ❝♦♥✈❡①✐t② ♦❢ S ∈ S+✱ ✐s ✉♥✐q✉❡✳ ❚❤✉s✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ ✐s c(S) =
argx∈S max x1x2✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t argx∈S max x1x2 s❛t✐s✜❡s ❛❧❧ ◆❛s❤✬s ❛①✐♦♠s✱ ❤❡♥❝❡
c(S) = argx∈S max x1x2 ✐t ✐s ✐♥ ❢❛❝t t❤❡ s♦❧✉t✐♦♥✳



❘❡❢❡r❡♥❝❡s

◆❛s❤✱ ❏✳ ❋✳ ✭✶✾✺✵✮✿ ✏❚❤❡ ❜❛r❣❛✐♥✐♥❣ ♣r♦❜❧❡♠✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✶✽✭✷✮✱ ✶✺✺✕✶✻✷✳

❘♦❜❡rts✱ ❆✳✱ ❛♥❞ ❉✳ ❱❛r❜❡r❣ ✭✶✾✼✸✮✿ ❈♦♥✈❡① ❋✉♥❝t✐♦♥s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ▲♦♥❞♦♥✱
❯♥✐t❡❞ ❑✐♥❣❞♦♠✳

❚❤♦♠s♦♥✱ ❲✳ ✭✷✵✵✾✮✿ ✏❇❛r❣❛✐♥✐♥❣ ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❝♦♦♣❡r❛t✐✈❡ ❣❛♠❡s✿ ❏♦❤♥ ◆❛s❤ ❛♥❞ ❜❡✲
②♦♥❞✱✑ ❉✐s❝✉ss✐♦♥ ♣❛♣❡r✱ ❯♥✐✈❡rs✐t② ♦❢ ❘♦❝❤❡st❡r✲❈❡♥t❡r ❢♦r ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤ ✭❘❈❊❘✮✳


