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Abstract

Dynamic asset pricing models built within the classic CARA-Normal framework usually assume myopic traders with
one-period investment horizons or infinitely lived investors for tractability. I relax this myopic assumption and show
the values of more finite trading opportunities are state-contingent and arise naturally as non-central $chi*2$-
distributed. The moment generating function of the non-central $chi*2$ distribution thus can be utilized to derive the
traders' first order conditions and preserve closed-form solutions. The model with non-myopic traders has a modified

two-period overlapping generations(OLG) interpretation in which each young generation can have multiple investment
opportunities.

I sincerely thank my advisor, Todd B. Walker, for many insightful discussions. All errors are my own.

Citation: Zhao Han, (2015) "A Dynamic Asset Pricing Model with Non-myopic Traders", Economics Bulletin, Volue 35, Issue 3, pages
1788-1794

Contact: Zhao Han - zhaohan@indiana.edu.
Submiitted: June 21, 2015. Published: August 21, 2015.



1 Introduction

A large literature builds on the CARA-Normal (negative-exponential utility with Gaussian
uncertainty) framework to explore interesting research questions related to various asset
markets. Examples are ample and date back at least to Grossman and Stiglitz (1980).
Valuable analytical tractability can usually be maintained by utilizing the moment generating
function(m.g.f.) of the normal distribution.

However most applications either assume a two-period static environment or force the
market to truncate in finite time; and models which allow the economy to be infinite-horizon
often either impose myopic traders who only care single-period investment horizons or let
the traders be infinitely lived. In this paper I relax the myopic assumption while keeping
traders finite lifespan'. In particular, I show the values of more trading opportunities are
state-contingent and arise naturally as non-central y2-distributed. Analyticity thus can be
preserved by utilizing the m.g.f. of the non-central y2-distribution.

To the best of my knowledge, this finite non-myopic extension along with the non-central
x? characterization of the investment opportunities is novel. Campbell and Kyle (1993)?
considers a similar model setup in continuous time and derives the investor’s value function
in terms of a quadratic form of normally distributed state variables. In contrast, the non-
central y2-distributed investment opportunity raised in this paper is defined with respect to
each additional investment horizon. Furthermore, investors in Campbell and Kyle (1993)
are infinitely lived and their analytical result depends on noisy demand being an Ornstein-
Uhlenbeck process. The model presented in the current paper is in discrete time and works for
any covariance stationary ARMA dividend and noisy supply processes. There is a recent push
to move away from the joint normality assumption made in CARA-Normal models[Breon-
Drish (2015)] where the author explores a number of non-normal asset payoffs and supply
in the static Grossman-Stiglitz framework. I contribute to the literature by showing how
the non-central x? distribution appears as a direct result of letting traders value longer
investment horizons.

2 Model and Analysis

I consider a canonical CARA-Normal asset pricing model with stochastic dividend payments
and noisy supply. The economy is infinite horizon. A representative trader, who cares
N investment horizons, allocates wealth w; between a perfect-elastically supplied risk-free
asset(with constant gross return o =1+ > 1) and a risky asset to maximize her expected
CARA utility of terminal wealth — FE; exp(—~yw;; n). Both the dividend payment d; and the
supply s; of the risky asset are stochastic and covariance stationary

dy= d+ D(L)ef, ef ~ N(O,az);
sg= S+ S(L)e, e ~ N(0,0%);

IThe economy is still infinite-horizon though.
2Also see Wang (1993) for a continuous version model with infinitely lived investors.



The covariance stationarity of d; and s; imply both D(L), S(L) are (possibly) infinite-order
square summable polynomials in the lag operator L. For example, an AR(1) d; process

dt —E = p(dt—l —a) + Egl

implies D(L) = ﬁ = 1+ pL + p*L* + p3L3 + ..., thus satisfies the square-summability
condition provided |p| < 1. The shocks {€¢, €7} are assumed orthogonal at all leads and lags.
I consider a simple information environment where traders know the dividend and supply
process D(L) and S(L) and observe the underlying shocks {ef, e} directly when they hit
the economy. More complicated structure such as incomplete and asymmetric information
will be left for future work.

The existing literature assumes N = 1 and interprets the above setup with a standard
OLG structure where agents live for two periods and only consume when old. It is natural
to allow traders to enjoy longer investment horizons®. One direct effect of allowing non-
myopic(N > 1 but finite) traders is now the investment horizons left will be a state variable.
Let z,, denote variable z’s value at time ¢ when the trader has ¢ investment horizons left,
a rational expectation equilibrium(REE) consists of a price system Py = {pi1,pt2, ..., Dt.n}
such that during any time, given Py, traders demand assets optimally and markets clear.
The representative trader remembers the entire history of shocks {ef ;, ef_;}32, and believes
the equilibrium price process lies in the Hilbert space generated by them. This implies the
equilibrium price is a linear function of the underlying shocks and covariance stationary, i.e.,

Consequently, Py will be called linear and stationary if each element p;; is linear and sta-
tionary. I start with the simplest non-myopic case N = 2. I solve the model by following
the frequency domain approach in Walker and Whiteman (2007) and backward induction.

2.1 The N =2 non-myopic case

Assume the representative trader (re-)enters the market at time ¢ and let Vi 1 (ws41,1) denote
the trader’s value function at time ¢ + 1. Then

Vt+1,1(wt+1,1) = glf;)f —Ei eXP(—’th+2,0),

st Wiao = 211 (D22 + dig) + (W11 — Zep11Pe41,1)-
Notice that at t + 2 investment horizons left will become 2 again due to the trader’s re-
entrance into the market. The linearity of
P2 = Fa(L)el + Ga(L)e; (2)
p1 = Fi(L)e! +Gi(L)e. (3)

3Albagli (2015) considers the standard N-period OLG setup and discusses the risk sharing effects in an
asymmetric information environment for both AR(1) dividend and supply processes. To isolate these effects,
I instead maintain the representative trader assumption and only relax the “myopic” part. The technique
advocated here can be applied to this OLG environment as well.

4From now on we normalize d = 0,5 = 0, which implies p; = 0. Consequently the derived equilibrium
price p;; has an interpretation of deviations from its steady state.



implies w90 is normally distributed conditional on time ¢ + 1. Applying the normal m.g.f.
to —Ep1 exp(—ywy20), the trader’s demand function follows from the first-order necessary
condition for maximization and is given by

1

yvaryyq (Peyoo + diyo

Zf+1,1 = ) [Ei1(pri22 + dito) — apirial; (4)
which is a classic result where the demand function is optimized over the mean and variance
of excess returns. Market clearing requires z/,,; = s;41 = S(L)e;, ;. Plugging the prices
forms (2), (3) along with market clearing condition yield a set of equilibrium conditions
Fi(z),Gi(2),7 = 1,2 have to satisfy

S [Fy(z) - By(0)] + 2 [D(2) — D(0)] = aFi(2), (5)
27 Ga(2) = G2(0)] — aGi(z) = y[(F2(0) + D(0))*0 + G2(0)*07]S(2). (6)

This in turn determines ° ,
Vt+1,1(wt+1,1) = - eXP{_’Y[Oéth,l + %”YVaft+1(pt+2,2 + dt+2)5§+1} }. (7)

While aw,;;1, represents the “time” value of this investment horizon in which a risk-free
return « is guaranteed, %"}/Vart+1(pt+272 + ng)sf ', represents the value of the investment
opportunity: It is non-negative and larger risk aversion v indicates a higher value. Interest-
ingly, higher conditional variance var;;1(pii22 + dit2) induces a higher investment opportu-
nity value. I argue it is due to the stronger hedging effect it could bring to traders. Due
to the two-period investment horizons, investors will not operate on mean-variance frontier
during the first period and an inter-temporal hedging demand component has to be taking
into consideration. For instance, the traders might be willing to hold more risky asset than
the amount implied by a typical mean-variance demand of the form (4). The investors are
willing to do so if they expect the risky asset’s performance will be lackluster in the first
period but could bounce back in the second period due to the larger variance.

Finally, the investment opportunity value is state-contingent, depending on realized noisy
supply squared s? 1~ This is due to the no short sale constraint the model structure implicitly
assumed. As long as there is noisy supply(or demand®), prices will fluctuate and the traders
can always take long or short positions to take advantage of this investment opportunity.
Conditional on time ¢, s7,, is the only stochastic component in the investment opportunity
value” and causes the value to be non-central y2-distributed: while the y? attribute comes
from the normal variable s;,1 squared, the non-central attribute originates from the potential
persistence the noisy supply process S(L) could have.

Consequently, at time ¢, the trader solves

Vio(weo) = max EViii1(wes1q),
t,2

W1 (weg1,1) = —exp (= yE1wiyg o+ 372 var g1 (wii g 0)) = —exp (—y[owp 11 +27 111 (B (pro22+
diga)—api1,1)]+ 572 vare 1 (pey2,o+dea) (27111)?) = —exp{—y[awi1 1+ 3yvare1 (a2 2 +diga) (27 11)? ]}
where I use the normal m.g.f. in the first equality, combine the budget constraint in the second one, and
utilize the first-order condition (4) in the last equality.

SWhen s, < 0, traders become the net supplier of the risky asset.

"vary11(Pit2,2 + div2) = (F2(0) + D(0))20% + G2(0)%02 is a constant by construction;



St w1 = Zt,2(pt+1,1 +diy1) + a(wis — Zt,QPt,Q)-

Define A, = L7Y[S(L) — Sole;, By = —7ya, and C; = —372(F5(0) + D(0))%03 + G2(0)%0?),
A;, B, and C, are all constants conditional on time ¢® and

Ve (wer1) = — exp(CLA7) exp(Bywisr 1 + CiS3(€541)° + 2C AuSoe; ). (8)

Thus, (8) depends on the realization of the supply shock squared (€5, ;)? given Sy # 0.°
Combining the budget constraint along with the prices forms (2), (3) and using the
assumption {e ¢} are orthogonal at all leads and lags,

Vio(we2) = max — exp(C A7) exp(aBuwyo)exp( — aBizio[Fa(L)el + Go(L)ef])

exp(BthL_l[Gl (L) — Gl (0)]ef)EteXp(Btzt72(F1 (L) + D(L))E?_,'_l)
EteXp(Cth(€f+1)2 + (BtZt72G0 + 2CtAtSO)€f+1)° (9)

The normal m.g.f. and the Wiener-Kolmogorov formula imply
1
Eiexp(Bizi2(Fi(L) + D(L))efﬂ) = exp(§sz£2(F1(O) + D(0))%02)
exp(Bizio L [Fy (L) + D(L) — F1(0) — D(0)]ef). (10)

Completing the squares of C;S3 (€5, )% + (Biz2Go + 2CA1Sp )€, in the second expectation
term of (9) yields

Erexp(CuS3(€1,1)? + (BizraGo + 2C AiSo)ef 1) =

(BtZtGo + 2CtAtSO)2 2 BtZtG() + QOtAtSO 2
exp(— Eiexp(CyS§ (€], + )
p( 4CtS(2) ) t p( t 0( t+1 20155(2) ) )
€§+1+BtztGO+ZC2tAtSO )
Since €, +%@C;M ~ N (Pl 2050 62) ( 2% ) follows a non-central
0 0 E]

x-square distribution with degree of freedom 1 and the non-centrality parameter (%’:ﬁ{;ﬁl) 2,
0 S

Applying the m.g.f. of the non-central y-squared distribution'® gives

E, eXp(Cth(6f+1)2 + BtZtGOGf_H + 2OtAtSOE;-l) =
02(ByzGo + 2C, ASp)?

(1—2C,52062)7% exp ( 2= 10,5207 ). (11)

Plugging (10),(11) along with A; = L™*[S(L) — Sp)e; into (9) and maximizing V; o(w;) with
respect to the choice variable 2,5 yields the trader’s first order condition. Imposing the

o0

8 _ L . _ 1.2

Ap =3 Siei_j; Cr = =gy varea (pere2 + dig).
=1

98y = 0 implies traders have one-period foresight of the noisy supply, under this scenario the normal
m.g.f. technique is still valid.
O7f X ~ x2(r, ), where r is the degree of freedom and X is the non-centrality parameter, then Mx (t) =

Ee!X = (1 — Qt)’T/Qexp{li—gt} for 1 —2¢t > 0.



market clearing condition 2z, 2 = S(L)e; yields another set of equilibrium conditions,

“Fi(2) = F1(0)] + 271 [D(2) = D(0)] = aF, (2) (12)
“HGi(2) = G1(0)] — aGa(z ) = —By(F1(0) + D(0))?035(2)—

BtO'EGl(O)Z G ( )CtS()O'

1= 20,5202 (2) — 20,5202 © HS(2) — Sol- (13)

Combining (5) and (12) and solving Fi(L) in terms of F(0), F»(0) and D(L) leads to a
unique set of {F}(2), F5(z)}

D(a™") — D(2)
1—az
Fi(0) = F(0)=D(a™) = D(0);

) = F(2)= 7
Combining (6) and (13) and letting M(z), N(z) denote the right hand side of (6), (13) give

Gi(2) = G1(0) + azG2(0) + 2N(z) + az ]\/[(z)7

1—a22?
G2(0) + azG1(0) + 2M(2) + az*N(z)
Galz) = 1 — 22?2 '

Covariance stationarity of G;(L) indicates analyticity of G;(z) in the open unit disk |z| < 1,
which implies G1(0), Go(0) must be set to remove the poles at z = +a~'[See Whiteman
(1983)], thus

G1(0) + G2(0) + a ' [N(a™) + M ()] = 0; (14)
G1(0) — Go(0) —a M N(—a™) + M(—a )] = 0. (15)

The above equations are nonlinear since Go(0)* appears in M(z) while G1(0)? along with
G1(0) and G5(0)? terms appears in N(z)''. While it is solely the conditional variance
vary 1 (piioe + dira) = D(a™1)?0% + G5(0)%02 that introduces such nonlinearity in M(z)
when the trader has to liquidate her portfolio, it is the combination of the agent’s concerns
about the volatilities varyy1(pryo2 + diyo), vary(pei11 + dip1) and her hedging motives that
introduce more complicated nonlinearities in N(z). To see this more explicitly, N(z) can be
written as

20 2
v?S002G1(0)var,  (pes12 + div2) -
’ 27 (S(z) — Sy) —
1 +12Sgo2var, i1 (pei2 + diso) 7 (5) 0)
vaSpG1(0)S(2)] + yavary(prr11 + dis1);

N(z) =

The mixed effects of trader’s concerns on market volatility and her hedging motives can be
seen as vary 1 (pei12 + diro) appearing both in the denominator and the numerator of the
first term in the above expression. Under what scenarios one effect dominates the other is
an interesting question and deserves future investigation.

Hrecall that in (13) C; involves G(0)?;
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Figure 1: Two Equilibria with Non-Myopic Traders: This figure plots solution sets
of the two non-linear equations specified in (14), (15). Parameter values: N = 2,r =
0.02,7 = 1.5,04 = 0.03,0, = 0.1 with d; = 0.9d;_; + €, s; = —0.01s;_1 + €. There are two
intersections and each defines an equilibrium price: {G7(0),G5(0)} = {—0.095, —0.097} or
{-149.427, -101.104 1.

A nonlinear solver indicates there are two sets of solutions {G7(0),G5(0)} satisfying
the equations (14), (15) thus we will have two sets of {Gj(2),G5(2)}, which determines
two equilibria Py. The multiplicity result resonates with the myopic model. Furthermore,
the equilibria can be characterized as a stable low-volatility price, and a unstable high-
volatility price [Walker and Whiteman (2007), Albagli (2015)]. For an illustrative example,
see Figure 1. A calculation of V; o(w;2) implies the above backward induction procedure can
be continued to allow more investment horizons(/N > 2). Ileave the general N case to future
work.

The non-myopic cases have a modified two-period OLG interpretation in which traders
will have N opportunities to refresh their portfolios during young. This interpretation is
convenient in explaining how the underlying demographics shapes the investors’ beliefs:
Traders are sure prices will transit naturally from p; y to piy1,nv—1 t0 Piyo ny—2...during their
investment horizons; and when they have to liquidate and quit the market(either temporarily
or permanently), they also know the new generation will hold the same belief such that prices
in the next period will start from p,; y x again. Overtime, prices of the risky asset will display
“cyclical” patterns and time-varying conditional variances. The price system Py, however,
is still stationary. While the CARA-Normal assumptions preserves the linearity of prices, the
stationary demographics behind the OLG structure ensures prices in the future will behave
in similar pattens as the past and today’s, which provides a necessary force to anchor the
forward-looking traders’ expectations and guarantees the stationarity of the price system in
such dynamic settings.



3 Conclusion

In a canonical dynamic CARA-Normal asset pricing framework, I relax the myopic assump-
tion and solve the model analytically by showing the values of trading opportunities are
non-central x? distributed. More investment horizons introduce complicated nonlinear mixed
effects of traders’ concerns on market volatilities and their hedging motives. The analyti-
cal results derived for general dividend and supply processes are valuable for topics like
persistence liquidity trading and asymmetric information.
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