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1 Introduction

This paper examines capacity choice in a mixed duopoly with differentiated goods under quantity
competition and price competition, taking into account the separation between ownership and
management. Departing from existing literature on capacity choice in mixed duopoly where both
firms are entrepreneurial, in this paper, we focus on the effect of the managerial contract on the
firms’ capacity scale to explicitly consider the situation where the owners enter into delegation
contracts with their respective managers.

Many researchers studied capacity choice in various mixed oligopolistic environments.1 Adopt-
ing the cost function introduced in Vives (1986) in which case both excess capacity and under
capacity yield inefficiency, Nishimori and Ogawa (2004) obtained the result that a welfare-
maximizing public firm chooses under capacity in a homogeneous-good mixed duopoly.2 Ogawa
(2006) and Bárcena-Ruiz and Garzón (2007) considered this problem in a mixed duopoly with
differentiated goods under quantity competition and price competition, respectively. However,
there has been no attempt to study capacity choice in a mixed duopoly taking into consideration
the separation between ownership and management as in Fershtman and Judd (1987), Sklivas
(1987), and Vickers (1985) (the so-called FJSV contracts). This paper studies this capacity
choice and investigates the influence of managerial delegation on capacity in a mixed duopoly.3

One of the main aims of this paper is to examine capacity choice in a mixed duopoly with
differentiated goods under quantity competition and price competition when the FJSV dele-
gation contract within each firm is explicitly taken into account. For this purpose, we consider
the following game-theoretical setting: In the first stage, the owners simultaneously determine
the weight of their quantity relative to their profit in the FJSV delegation contract. In the
second stage, the managers simultaneously decide their firm’s capacity levels. In the third stage,
both the managers simultaneously determine their quantities.4 In this paper, we show that
in equilibrium, under quantity competition, both the public firm and the private firm choose
excess capacity, whereas under price competition, both of the firms choose under capacity. Sur-

1Many works have studied the capacity choice in private oligopoly. Dixit (1980), Brander and Spencer (1983),

and Horiba and Tsutsui (2000) showed that the investment for output expansion tends to be excessive. Further,

Stewart (1991), Zhang (1993), and Haruna (1996) considered labour-managed industries in the context of the

capacity choice.
2Lu and Poddar (2005) extended Nishimori and Ogawa’s (2004) model to sequential-move competitions in

terms of quantity decision regarding each firm’s quantity and capacity choice. Lu and Poddar (2006) extended

the same model to the case where the firms makes a capacity choice under demand uncertainty. Moreover, Lu and

Poddar (2009) analyzed endogenous production timing with respect to the determinants of the firms’ capacity

and quantity levels.
3Many researchers have adopted the FJSV contract to study mixed oligopoly. Barros (1995) focused on

asymmetric information in managerial delegation contracts in mixed duopoly. White (2001) reconsidered the

situation in Barros’s (1995) model under complete information in order to focus on the strategic benefit of the

FJSV contracts. Furthermore, Heywood and Ye (2009) introduced the delegation contract that weighs both

profit and welfare as the one for the public firm. For other works on the issue, see Nakamura and Inoue (2007),

Nakamura and Inoue (2009), and Bárcena-Ruiz (2009).
4Note that the managers determine their capacity in the second stage and quantity in the third stage, seeking

to maximize their objective functions, i.e., the delegation contracts provided by their owners.
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prisingly, under both competition types, the results are independent of the degree of product
differentiation. This is unlike the results obtained in the existing literature — that the ratio of
capacity to the public firm’s output depends on the degree of product differentiation.

The other and central aim of this paper is to investigate how the equilibrium delegation
contracts change with the degree of substitutability of the relevant goods. This investigation
reveals the importance of the properties of goods when it comes to determining the managerial
contracts between owners and managers. Indeed, irrespective of the competition type, all the
owners — except for the private owner under price competition — reduce the weight of their
firms’ quantity in the FJSV delegation contracts as substitutability increases. It is noteworthy
that under price competition, the private owner offers a positive weight when the good is very
substitutable or complementary; and otherwise, a negative weight. In addition, in both quantity
competition and price competition, we compared the equilibrium market outcomes with the
FJSV delegation contract in this paper and those without the FJSV delegation contract in
Ogawa (2006) and in Bárcena-Ruiz and Garzón (2007), respectively. In the quantity-setting
mixed duopoly with capacity choice, although the introduction of the FJSV delegation contract
leads to the efficiency of the production allocation with respect to the equilibrium social welfare
in almost all areas of the degree of product differentiation, we obtain a new finding that this
introduction may deteriorate the efficiency of the production allocation with respect to the
equilibrium social welfare, only when the relation of the goods produced by both the firms is
highly substitutable. On the other hand, in the price-setting mixed duopoly with capacity choice,
the presence of the FJSV delegation contract always decreases the equilibrium social welfare.
Furthermore, in order to analyze the privatization effect of the public firm, in both quantity
and price competition, we conduct a comparison between the equilibrium market outcomes
in this model and those in the private oligopoly with the FJSV delegation contract under
which the firms’ managers choose their capacity and output levels. Consequently, in the mixed
duopoly with both the FJSV delegation contract and the capacity choice, we show that the
privatization of public firm deteriorates the equilibrium social welfare in terms of both quantity
and price competition.

2 Model

As in Singh and Vives (1984), we consider an economy comprising one monopolistic sector and a
competitive numeraire sector. In the monopolistic sector, there is one public firm and one private
firm indexed by i = 0, 1, respectively, and each firm produces a differentiated good. There exists
a continuum of consumers of the same type with a utility function that is separable and linear
in the numeraire good. The representative consumer maximizes U(q0, q1) − p0q0 − p1q1, where
qi is the quantity of the good i and pi is its price (i = 0, 1). We suppose that the utility function
U(q0, q1) is quadratic, strictly concave, and symmetric in q0 and q1:

U(q0, q1) = a(q0 + q1) −
1
2

(
q2
0 + 2bq0q1 + q2

1

)
, a > 0, b ∈ (−1, 1),

where parameter b denotes the degree of product differentiation. If b ∈ (0, 1), the products are
substitutable; on the other hand, if b ∈ (−1, 0), the products are complementary. This utility
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function yields a linear demand structure. Inverse demand is given by

pi = a − qi − bqj , i, j = 0, 1, i ̸= j,

and we can derive the following direct demand function:

qi =
a(1 − b) − pi + bpj

1 − b2
, i, j = 0, 1, i ̸= j.

Both firms have identical technology represented by the cost function C(qi, xi), where qi

and xi are the production quantity and capacity of firm i, respectively. Following Vives (1986),
Ogawa (2006), and Bárcena-Ruiz and Garzón (2007), we assume that the cost function is given
by

Ci(∆i, qi) = mqi + ∆2
i ,

where ∆i = qi −xi.5 This cost function implies that if production quantity equals capacity, i.e.,
qi = xi, then the long-run average cost is minimized. The profit of firm i is given by

πi = piqi − mqi − ∆2
i , i = 0, 1.

Social welfare (W ) is measured as the sum of consumer surplus (CS) and producer surplus
(PS). That is,

W = CS + PS,

where PS = π0 + π1 and CS under quantity competition is given by

CS = U(q0, q1) − p0q0 − p1q1 =
1
2
(q2

0 + q2
1 + 2bq0q1),

and under price competition, by

CS = U(q0, q1) − p0q0 − p1q1 =
2a2 (1 − b) + p2

0 − 2bp0p1 + p2
1 − 2a (1 − b) (p0 + p1)

2 (1 − b2)
.

Futhermore, our paper focuses on the managerial aspect of the firms. In order to analyze this,
we assume that the owners decide to delegate the control authority to managers à la Fershtman
and Judd (1987), Sklivas (1987), and Vickers (1985). In the model, we consider that the owner
within firm i delegates to the manager the decision authority with regard to quantity qi and
capacity xi to the manager. Following Lambertini (2000) and Nakamura and Inoue (2007, 2009),
the owner of firm i offers an incentive contract Vi(πi, qi) to the manager:

Vi = πi + θiqi, θi ∈ R, i = 0, 1, (1)

where the parameter θi measures the relevance of the sales. Note that this parameter reduces
the manager’s marginal cost, except for ∆i, in the cost function of the firm i. This can be
interpreted as owners providing non-physical subsidies to their managers. The manager of firm
i maximizes his or her payoff, i.e., Vi, by choosing output qi and capacity xi (i = 0, 1).

5Similar to Ogawa (2006) and Bárcena-Ruiz and Garzón (2007), we assume a > m such that the outputs of

both the public and private firms are strictly positive in the two types of competition.
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In this paper, we propose the following three-stage game. In the first stage, the owner of each
firm i sets the parameter θi in the incentive contract for the manager of firm i, independently
and simultaneously. In the second stage, the managers of both the firms independently and
simultaneously make a decision with regard to capacity. At the end of the game, each firm’s
manager engages in quantity or price competition. In the next section, by backward induction,
we obtain the subgame perfect equilibrium under quantity and price competition.

3 Quantity Competition

We solve the game by backward induction from the last stage to obtain a subgame perfect Nash
equilibrium. In the third stage, the managers of the public and private firms simultaneously
select their outputs. In the second stage, knowing that the decision on the capacity level has
effects on firms’ output decision in the third stage, they simultaneously choose the capacities of
their firms, which results in the following equilibrium outcomes:6

q∗i (θi, θj) =
(16 − b2)

[
(32 − 16b − 4b2 + b3)(a − m) + 32θi − 4b2θi − 16bθj + b3θj

]
1024 − 512b2 + 48b4 − b6

,

x∗
i (θi, θj) =

16
[
(32 − 16b − 4b2 + b3)(a − m) + 32θi − 4b2θi − 16bθj + b3θj

]
1024 − 512b2 + 48b4 − b6

, and

∆∗
i (θi, θj) = q∗i (θi, θj) − x∗

i (θi, θj) = −
(

b2

16

)
x∗

i ≤ 0, i, j = 0, 1, i ̸= j. (2)

As expected intuitively, an increase in the delegation parameter expands the firm’s output
and capacity because such an increment reduces the marginal cost of the firm. On the other
hand, such an increase lowers the other firm’s output and capacity through strategic substitution
when the relevant good is substitutable (b > 0), and increases the same through strategic
complementation when the relevant good is complementary (b < 0). Moreover, surprisingly,
excess capacity follows irrespective of managerial delegation parameters θ0 and θ1.7

Proposition 1. Under quantity competition in a mixed duopoly with managerial delegation,
both the firms choose excess capacity irrespective of the substitution parameter b and managerial
delegation parameters θ0 and θ1.

We should note that ∆∗
i decreases as θi increases (i = 0, 1). Further, ∆∗

i decreases as θj

(i ̸= j) increases when the good is complementary (b < 0), and increases when the good is
substitutable (b > 0).

We now conduct an analysis of the first stage. In this stage, the owner of firm i decides
the delegation parameter θi (i = 0, 1). The public firm’s owner chooses parameter θ0 such that
social welfare is maximized, while the private firm’s owner chooses parameter θ1 such that his

6We use the superscript “∗” to denote the equilibrium outputs, capacities, and their differences of both the

firms in the second stage, which are solved by backward induction.
7This result in the proposition 1 does not depend on our specific model. Indeed, in setting demand functions

pi = pi(q0, q1) and cost functions Ci = Ci(∆i, qi), the property of excess capacity can be derived as long as the

first order conditions in the second stage are satisfied.
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Figure 1: Equilibrium parameter of firm 0
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Figure 2: Equilibrium parameter of firm 1

or her profit is maximized.8 Solving these problems, we obtain
θC
0 =

(
134217728−134217728b−83886080b2+109051904b3+7864320b4

−31457280b5+2424832b6+4489216b7−659456b8−354304b9

+68608b10+15872b11−3648b12−384b13+96b14+4b15−b16

)
(a−m)(

134217728−201326592b2+94896128b4−20643840b6

+2445312b8−166912b10+6464b12−128b14+b16

) > 0,

and θC
1 =

4b2(8−b2)(256−256b−32b2+32b3+3b4−b5)(3072−640b2+48b4−b6)(a−m)(
134217728−201326592b2+94896128b4−20643840b6

+2445312b8−166912b10+6464b12−128b14+b16

) > 0.

(3)

Figures 1 and 2 illustrate how θ0 and θ1 change as the substitution parameter b increases
when a − m = 1. Both θ0 and θ1 are consistently positive. In addition, the parameter of the
public firm is higher than that of the private firm for any b ∈ (−1, 1). Furthermore, the two
parameters tend to decrease as b becomes large. The intuition behind these results is as follows.
The welfare-maximizing government takes into account not only the profit of the public firm
but also the consumers’ benefits. Thus, for any b ∈ (−1, 1), it has an incentive to produce more
and to set θ0 higher than θ1, since q∗0 is an increasing function of θ0. Moreover, in the case
where the good is complementary, ∂q∗1/∂θ0 > 0 and ∂∆∗

1/∂θ0 < 0, which implies that setting
θ0 higher than θ1 improves the consumers’ benefits from the good provided by the private firm
along with the private firm’s cost inefficiency. These welfare-improving effects become smaller
as b becomes larger, and change into welfare-deteriorating effects when b > 0. Therefore, θ0 is
likely to decrease as b increases. Likewise, θ1 also tends to decrease, because θ1 is below θ0 for
any b.

Proposition 2. Both owners propose positive delegation parameters to their managers. More-
over, these parameters tend to decrease as b becomes large.

Furthermore, by comparing the equilibrium market outcomes with the FJSV delegation
contract in this model with those of the non-delegation quantity-setting model in Ogawa (2006),
we obtain the following result:9

8Superscript “C” is used to denote the subgame perfect Nash equilibrium under quantity competition. Fur-

thermore, we represent the equilibrium market outcomes under quantity competition, except for the delegation

parameters of both the firms, in the Appendix.
9In the rest of this paper, we use the superscript “O” to represent the equilibrium market outcomes obtained
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Proposition 3. A comparison between the equilibrium market outcomes in this model and those
in Ogawa (2006) yields the rankings of each firm’s output, difference between the output and
capacity, and social welfare, as follows:

(1)

qO
0 ≥ qC

0 , ∀b ∈ [0, 1) ,

qC
0 > qO

0 , ∀b ∈ (−1, 0) ,
qC
1 ≥ qO

1 , ∀b ∈ (−1, 1) ,

(2)

0 ≥ ∆C
0 ≥ ∆O

0 , ∀b ∈ (−0.68034, 0] ,

∆O
0 > ∆C

0 , otherwise,

0 ≥ ∆C
1 ≥ ∆O

1 , ∀b ∈ [−0.773907, 0.764971] ,

0 ≥ ∆O
1 > ∆C

1 , otherwise,

(3) WC ≥ WO, ∀b ∈ (−1, 0.949606] , WO > WC , ∀b ∈ (0.949606, 1) .

From the above proposition, in the context of a quantity-setting mixed duopoly with capacity
choice, the introduction of the FJSV delegation contract increases the efficiency of production
allocation with respect to the equilibrium social welfare in a sufficiently wide range of degrees
of product differentiation. White (2001) compared the equilibrium social welfare between the
quantity-setting mixed duopoly with the FJSV delegation contract and the one without the
FJSV delegation contract, for which the two types of competitions are not taken into account
in each firm’s capacity choice, and he obtained the result that the equilibrium social welfare
is higher in the delegation case than in the non-delegation case.10 In contrast with the above
result in White (2001), we obtain the one where the equilibrium social welfare is higher in the
non-delegation case than in the delegation case, in the context of capacity choice, when b is
sufficiently near 1, i.e., the case where both the firms produce almost similar goods with each
other. The intuition of this result is given as follows: When b is sufficiently large, the delegation
parameters of both the firms become low.11 Thus, the level of each firm’s output becomes small,
and then, the consumer surplus is relatively low. On the other hand, the value of ∆i is large
due to the low value of θi, as indicated in Proposition 1 (i = 0, 1). The above two effects yield
a result that is the inverse of that in White (2001), that the equilibrium social welfare is higher
in the non-delegation case than in the delegation case, in the context of the capacity-choice
problem, only when b is sufficiently high.

Finally, in the context of the capacity choice, we analyze the privatization effect through a
comparison of the equilibrium market outcomes between the mixed duopolistic case considered
in this model and the private duopolistic case, with the FJSV dlegation contract.12 We obtain
the following result:

Proposition 4. A comparison between the equilibrium market outcomes in this model and those
in the quantity-setting private duopoly with the FJSV delegation contract, under which each
in the quantity-setting, mixed-duopolistic model of Ogawa (2006) without managerial delegation. Moreover, the

concrete values of the equilibrium market outcomes in Ogawa (2006) are presented in the Appendix.
10Note that White (2001) considered only the situation that both the firms produce homogeneous goods.
11These facts are realized from Figures 1 and 2.
12This private duopolistic case corresponds to the market structure after the privatization of the public firm

in this model. Moreover, in the rest of this paper, we use the superscript pC to denote the equilibrium market

outcomes in a private duopoly with the FJSV delegation contract under which both the firms’ managers choose

the levels of their capacities and outputs, and the equilibrium market outcomes in the case pC are presented in

the Appendix.
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firm’s manager chooses not only the output level but also the capacity scale, yields the rankings
of each firm’s output, difference between the output and capacity, and social welfare, as below:

(1) qC
0 > qpC

0 , ∀b ∈ (−1, 1) ,

qpC
1 ≥ qC

1 , ∀b ∈ [0, 1) ,

qC
1 > qpC

1 , ∀b ∈ (−1, 0) ,

(2) 0 ≥ ∆pC
0 ≥ ∆C

0 , ∀b ∈ (−1, 1) ,

0 ≥ ∆C
1 ≥ ∆pC

1 , ∀b ∈ [0, 1) ,

0 > ∆pC
1 > ∆C

1 , ∀b ∈ (−1, 0) ,

(3) WC > W pC , ∀b ∈ (−1, 1) .

The result obtained in White (2001) through the comparison of equilibrium outcomes before
and after the privatization of the public firm — that the public output falls and the private
output rises — is robust against the introduction of capacity choice, as long as the degree of
product differentiation is more than 0, i.e., the relation of the outputs produced by both the
firms is substitutable. Moreover, the reverse ranking of the private output in the case of the
complementary goods relative to the case of substitutable goods causes a change in the strategic
relation between the public firm and the private firm in the market (from strategic substitutabil-
ity to strategic complementarity). Similar to the case of privatization in a mixed duopoly with
the FJSV delegation contract and without the capacity choice, which was considered in White
(2001), the privatization of the public firm decreases the equilibrium social welfare, even if each
firm’s capacity choice is modelled as well.

4 Price Competition

Next, we investigate price competition. Similar to the case of quantity competition considered
in the previous section, we solve the game by backward induction from the last stage in order
to obtain a subgame perfect Nash equilibrium under the price competition as well. As under
quantity competition, in the third stage, the two managers simultaneously select their prices,
and in the second stage, knowing that the decision on the capacity level has effects on the firms’
price setting in the third stage, they simultaneously choose the capacity levels of their firms,
which leads to the following equilibrium outcomes:13

p∗∗i (θi, θj) =

 512−256b−1056b2

+448b3+932b4

−315b5−443b6

+107b7+119b8−17b9

−17b10+b11+b12

 a +

512+256b−992b2

−448b3+716b4

+315b5−238b6

−107b7+36b8

+17b9−2b10−b11

 m −
(

512−992b2

+716b4−238b6

+36b8−2b10

)
θi −

(
256b−448b3

+315b5−107b7

+17b9−b11

)
θj


1024 − 2048b2 + 1648b4 − 681b6 + 155b8 − 19b10 + b12

,

x∗∗
i (θi, θj) =

2(8 − 6b2 + b4)
[(

32−16b−28b2

+9b3+9b4−b5−b6

)
(a − m) + (32−28b2+9b4−b6)θi − b(16−9b2+b4)θj

]
1024 − 2048b2 + 1648b4 − 681b6 + 155b8 − 19b10 + b12

,

and ∆∗∗
i (θi, θj) = q∗∗i (θi, θj) − x∗∗

i (θi, θj) =
[

b2(3 − b2)
2(8 − 6b2 + b4)

]
x∗∗

i (θi, θj) > 0,

13Similar to quantity competition, under price competition, we distinguish the subgame perfect Nash equilibrium

market outcomes with the equilibrium ones in the second stage of the game, based on the backward induction.

Then, we use the superscript “∗∗” to denote the equilibrium prices, capacities, and their differences of both the

firms at the second stage, which are solved by backward induction.
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i, j = 0, 1, i ̸= j. (4)

p∗∗i decreases with θi, because an increase in θi lowers the marginal cost, (i = 0, 1). As
under quantity competition, owing to strategic interaction, as θi increases, p∗∗j (i ̸= j) decreases
when b ∈ (0, 1) and increases when b ∈ (−1, 0). On the other hand, x∗∗

i increases with θi. In
the second stage, the manager seeks to improve the market share and cost efficiency since the
capacity choice does not affect the price of the firm in the first order. Thus, a decrease in the
marginal cost through an increase in θi induces the manager to set the capacity at a higher level.
As a result, x∗∗

j either increases or decreases depending upon whether the strategic interaction
is substitutable or complementary. As under quantity competition, surprisingly, we obtain the
result that capacity does not depend on the degree of product differentiation. Further, under
capacity follows, irrespective of managerial delegation parameters, θ0 and θ1.

Proposition 5. Under price competition in a mixed duopoly with the managerial delegation,
both the firms choose under capacity irrespective of the substitution parameter b and managerial
delegation parameters θ0 and θ1.

Note that ∆∗∗
i increases as θi increases. Further, ∆∗∗

i also increases as θj increases when the
good is complementary (b < 0), and decreases when the good is substitutable (b > 0).

On the basis of the above analyses, we now focus on the first stage. As under quantity
competition, we obtain the following subgame perfect equilibrium outcomes:14

θB
0 =


134217728(1−b)−620756992b2+612368384b3+1341652992b4−1287651328b5−1804533760b6

+1656651776b7+1694183424b8−1459456000b9−1177902080b10+933201408b11

+626468288b12−447746048b13−259130016b14+164293196b15+83837431b16

−46536847b17−21158711b18+10190751b19+4122439b20−1714311b21−608167b22

+218031b23+65757b24−20341b25−4925b26+1317b27+229b28−53b29−5b30+b31

(a−m)

(
134217728−671088640b2+1541931008b4−2156331008b6+2050789376b8

−1404310528b10+715071296b12−275669056b14+81108361b16

−18204607b18+3087813b20−387635b22+34667b24−2061b26+71b28−b30

) > 0,

and θB
1 =

b2


−(1−b)8388608+45088768b2(1−b)−107577344b4+106987520b5+153223168b6

−150323200b7−146953216b8+140774400b9+101075936b10−93411744b11

−51670540b12+45445892b13+20016985b14−16507299b15−5921101b16

+4506231b17+1333433b18−921243b19−225333b20+138999b21

+27731b22−15025b23−2351b24+1101b25+123b26−49b27−3b28+b29

(a−m)

(
134217728−671088640b2+1541931008b4−2156331008b6+2050789376b8

−1404310528b10+715071296b12−275669056b14+81108361b16

−18204607b18+3087813b20−387635b22+34667b24−2061b26+71b28−b30

) .

(5)

Figure 3 illustrates the relationship between the equilibrium delegation parameter of each
firm and substitution parameter b when a − m = 1. The figure demonstrates that θ0 is always
positive and is higher than θ1 owing to the welfare maximization behavior of the government;
this is as under quantity competition. Further, the reason for the downward slope of θ0 in Figure
3 can be explained in a manner similar to that in the case of quantity competition. Interestingly,
under price competition, θ1 is peculiarly curved in a tiny range of the vertical axis; this is shown
in Figure 4.15 Two effects determine such curving: one is the effect of price competition on

14The superscript “B” is used to denote the subgame perfect Nash equilibrium under price competition. Fur-

thermore, we represent the equilibrium market outcomes under price competition, except for the delegation

parameters of both the firms, in the Appendix.
15Similar to the other three Figures, in figure 4, the change in θ1 is described in accordance with that of b in

the case where a − m = 1.
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profit and the other is the effect of an improvement of cost inefficiency ∆1 on consumer benefits.
For exposition, we concentrate only on substitutable goods (b > 0). Recalling that ∆1 = 0 if
b = 0, we find that the latter effect is small when b is relatively low. Thus, for such b, the private
owner attempts to set a lower θ1 to raise the price because ∂p∗∗1 /∂θ1 < 0. However, as b becomes
large, price competition intensifies, and as a result, the former effect weakens. In this case, the
latter effect matters when it comes to deciding θ1. Therefore, the private owner selects a higher
θ1 so as to improve cost inefficiency (∂∆∗∗

1 /∂θ1 < 0).
The results are summarized in the following proposition.

Proposition 6. The government offers a positive delegation parameter regardless of b, whereas
the private owner offers a positive delegation parameter when the good is very substitutable or
complementary, and a negative parameter otherwise.

We point out that Propositions 1 and 5 have one important implication. As stated above,
delegation parameters θi have no influence regardless of whether there is excess or under capacity.
This means that the results regarding the relationships between quantities and the capacity
levels in Propositions 1 and 5 stand even when the public firm is privatized. In other words,
the tendencies of excess capacity under quantity competition and under capacity under price
competition are not related to the ownership of the firms.

Furthermore, by comparing the equilibrium market outcomes with the FJSV delegation
contract in this model with those without managerial delegation in Bárcena-Ruiz and Garzón
(2007), we obtain the following result:16

Proposition 7. A comparison between the equilibrium market outcomes in this model and those
in Bárcena-Ruiz and Garzón (2007) yields the rankings of each firm’s output, difference between

16In the rest of this paper, we use superscript “BG” to represent the equilibrium market outcomes obtained

in the price-setting mixed duopolistic model of Bárcena-Ruiz and Garzón (2007) without managerial delegation.

Moreover, the concrete values of the equilibrium market outcomes obtained in Bárcena-Ruiz and Garzón (2007)

are presented in the Appendix.
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the output and capacity, and social welfare, as follows:

(1)

qBG
0 ≥ qB

0 , ∀b ∈ [0, 1) ,

qB
0 > qBG

0 , ∀b ∈ (−1, 0) ,

qB
1 ≥ qBG

1 , ∀b ∈ (−1,−0.762042] ∪ [0.629955, 1) ,

qBG
1 ≥ qB

1 , otherwise,

(2)

∆BG
0 ≥ ∆B

0 ≥ 0, ∀b ∈ [−0.541333, 0] ,

∆B
0 > ∆BG

0 , otherwise,
∆B

1 ≥ ∆BG
1 ≥ 0, ∀b ∈ (−1, 1) ,

(3) WBG ≥ WB, ∀b ∈ (−1, 1) .

From the above proposition, in the context of a price-setting mixed duopoly with capacity
choice, we realize that the introduction of the FJSV delegation contract deteriorates the effi-
ciency of the production allocation with respect to the equilibrium social welfare. In contrast
to the result under quantity competition that the equilibrium social welfare is higher in the
delegation case than in the non-delegation case in a wide range of degrees of product differ-
entiation, under price competition, we find that the equilibrium social welfare is higher in the
non-delegation case than in the delegation case, irrespective of the degree of product differenti-
ation. Therefore, in the context of a mixed duopoly with capacity choice, which is composed of
managerial firms, the change in each firm’s strategic variable has a strikingly different influence
on the equilibrium social welfare.

Finally, similar to the case of quantity competition, under price competition, we also study
the privatization effect through the comparison of the equilibrium market outcomes between the
mixed duopolistic case considered in this model and the private duopolistic case.17

Proposition 8. A comparison between the equilibrium market outcomes in this model and those
in the price-setting private duopoly with the FJSV delegation contract that each firm’s manager
chooses not only her/his output level but also her/his capacity scale yields the following rankings
of each firm’s output, difference between her/his output and capacity, and social welfare:

(1) qB
0 > qpB

0 , ∀b ∈ (−1, 1) ,

qpB
1 ≥ qB

1 , ∀b ∈ [0, 1) ,

qB
1 > qpB

1 , ∀b ∈ (−1, 0) ,

(2) ∆B
0 ≥ ∆pB

0 ≥ 0, ∀b ∈ (−1, 1) ,

∆pB
1 ≥ ∆B

1 ≥ 0, ∀b ∈ [0, 1) ,

∆B
1 > ∆pB

1 > 0, ∀b ∈ (−1, 0) ,

(3) WB > W pB, ∀b ∈ (−1, 1) .

The rankings of each firm’s equilibrium output, the absolute value on the difference between
the output and capacity scale, and social welfare obtained in the above proposition in the case of
price competition are the same as those in Proposition 4, which applies to quantity competition.
Similar to the case of quantity competition, the privatization of the public firm also deteriorates
the equilibrium social welfare in price competition.

17Similar to the case of the quantity-setting competition, in the case of the price-setting competition, the

private duopoly also corresponds to the market structure after the privatization of the public firm in this model.

Moreover, we use the superscript pB to denote the equilibrium market outcomes in a private duopoly with the

FJSV delegation contract under which both firm’s managers choose their capacity and output levels.
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5 Conclusion

This paper examined capacity choice in a mixed duopolistic industry with differentiated goods
under quantity competition and price competition, taking into account the separation between
ownership and management. More precisely, we considered the influence of FJSV managerial
delegation on capacity scales under quantity and price competition in a mixed duopoly with
differentiated goods. In a mixed duopoly with differentiated goods, as indicated in Ogawa (2006)
and Bárcena-Ruiz and Garzón (2007), the capacity choice of the public firm heavily depends on
the degree of product differentiation under quantity and price competition. However, the results
obtained in this paper are strikingly different from those in the above literature. We found that
both the firms always choose excess capacity under quantity competition and under capacity
under price competition for any degree of substitutability of goods. Thus, by taking the modern
internal organization of firms into account, we confirmed that irrespective of the degree of
product differentiation, the firms’ capacity to quantity ratios are constant under each quantity-
and price-setting mixed duopoplies. Furthermore, we showed that as the degree of product
differentiation increases, the owners, except for the private owner in price competition, lower
their delegation parameters under quantity and price competition. In particular, under price
competition, the private owner offers a positive parameter when the good is highly substitutable
or complementary, and a negative parameter otherwise.

In addition, in order to clarify the role of the FJSV delegation contract in the context of the
capacity-choice problem in a mixed duopoly, we compared the equilibrium market outcomes with
the FJSV delegation contract in this model, with those without the FJSV delegation contract
in Ogawa (2006) and in Bárcena-Ruiz and Garzón (2007) under quantity and price competition,
respectively. Under quantity competition in particular, we showed that the equilibrium social
welfare is higher in Ogawa’s (2006) non-delegation model than in this model with managerial
delegation, only when the relation of the goods of both the firms is highly substitutable. This
result is strikingly different from the one obtained in the mixed duopolistic model with the
FJSV delegation contract in White (2001) — that the capacity choice is not taken into account.
On the other hand, under price competition, the introduction of the FJSV delegation contract
deteriorates the equilibrium social welfare in the context of a mixed duopoly with capacity choice.
Furthermore, in order to analyze the privatization effect of the public firm under both quantity
and price competition, we conducted a comparison between the equilibrium market outcomes in
this model and those in the private oligopoly with the FJSV delegation contract under which
the firms’ managers choose their capacity and output levels; we found that the privatization of
the public firm decreases the equilibrium social welfare in the case of both quantity and price
competition.
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Appendix

Quantity competition

Third stage: Given the delegation parameters and the production capacities, the manager of
firm i maximizes (1) with respect to qi (i = 0, 1). Solving the maximization problem, we obtain
the following result:

qi (θk, xk; k = 0, 1) =
a (4 − b) − (4 − b) m + 8xi − 2bxj + 4θi − bθj

16 − b2
, i = 0, 1; i ̸= j. (6)

Second stage: In this stage, the managers of both the firms know how the decisions of the
capacity scales influence each firm’s output levels in the third stage, and hence, in the second
stage, the maximization issue of the manager of firm i is given as follows:maxxi Vi (xi, xj) = (a − qi − bqj − m + θi) qi − (qi − xi)

2 ,

s.t. eq. (6) , i = 0, 1; i ̸= j.
(7)

Solving the problem of eq. (7), we obtain the results that are represented in eq. (2).

First stage: In this stage, the owners of both the firms take into account the functions of their
managers’ outputs and capacity scales. The maximization issue for the owner of the public firm,
i.e., the government is given as follows:maxθ0 W (θ0, θ1) = 1

2

(
q2
0 + 2bq0q1 + q2

1

)
+

∑1
i=0 [(a−qi−bqj−m)qi−(qi−xi)

2] ,

s.t. eq. (2) , i = 0, 1; i ̸= j,
(8)

yielding

θ0 (θ1) =

[
a(32−16b−4b2+b3)2(256−64b2+b4)−(32−16b−4b2+b3)2(256−64b2+b4)m

−b3(49152−14336b2+1600b4−72b6+b8)θ1

]
262144 − 294912b2 + 80896b4 − 8448b6 + 368b8 − 5b10

. (9)
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On the other hand, the maximization issue for the owner of the private firm is given as follows:maxθ1 Π1 (θ0, θ1) = (a − bq0 − q1 − m) q1 − (q1 − x1)
2 ,

s.t. eq. (2) .
(10)

yielding

θ1 (θ0) =
b2

(
3072 − 640b2 + 48b4 − b6

)
[a(32−16b−4b2+b3)−(32−16b−4b2+b3)m−b(16−b2)θ0]

8 (65536 − 57344b2 − 13824b4 + 1408b6 − 64b8 + b10)
. (11)

By simultaneously solving the first order conditions of the owners of both firms, which are
represented in eqs. (9) and (11), we obtain the equilibrium delegation parameters of both the
firms as in eq. (3). Furthermore, we obtain the following equilibrium market outcomes except
for the delegation parameters of both the firms:

qC
0 =

(
16 − b2

)2
(

524288−393216b−327680b2+204800b3+69632b4

−34304b5−6656b6+2528b7+288b8−84b9−4b10+b11

)
(a − m)

C̄
,

qC
1 =

16
(
16 − b2

)2 (
8 − b2

)2 (
256 − 256b − 32b2 + 32b3 + 3b4 − b5

)
(a − m)

C̄
,

xC
0 =

16
(

8388608−6291456b−5767168b2+3670016b3+1441792b4−753664b5

−176128b6+74752b7+11264b8−3872b9−352b10+100b11+4b12−b13

)
(a − m)

C̄
,

xC
1 =

256
(
8 − b2

)2 (
4096 − 4096b − 768b2 + 768b3 + 80b4 − 48b5 − 3b6 + b7

)
(a − m)

C̄
,

pC
0 =

abC1 +
(
16 − b2

)2
C2m

C̄
, pC

1 =
4aC3 +

(
16 − b2

)2
C4m

C̄
,

ΠC
0 =

b
(
16 − b2

)2
C5 (a − m)2(

C̄
)2 , ΠC

1 =
64

(
8 − b2

)3
C6 (a − m)2(

C̄
)2 ,

CSC =

(
16 − b2

)4
C7 (a − m)2

2
(
C̄

)2 , WC =

(
16 − b2

)2
C8 (a − m)2

2
(
C̄

)2 ,

∆C
0 = −(4 − b) b2 (4 + b) C9 (a − m)

C̄
≤ 0, ∀b ∈ (−1, 1) ,

∆C
1 = −

16 (4 − b) b2 (4 + b)
(
8 − b2

)2 (
256 − 256b − 32b2 + 32b3 + 3b4 − b5

)
(a − m)

C̄
≤ 0,

∀b ∈ (−1, 1) ,

where

C̄ = 134217728−201326592b2+94896128b4−20643840b6+2445312b8−166912b10+6464b12−128b14+b16,

C1 = 33554432−33554432b−31457280b2+32505856b3+8388608b4−9568256b5−1032192b6

+1368064b7+68096b8−108032b9−2656b10+4768b11+68b12−108b13−b14+b15,

C2 = 524288−131072b−589824b2+106496b3+167936b4−18944b5−19968b6+1248b7+1056b8−36b9−20b10+b11,

C3 = 16777216−16777216b−16777216b2+16777216b3+5636096b4−5505024b5−999424b6+884736b7

+106752b8−78592b9−6848b10+3904b11+236b12−100b13−3b14+b15,
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C4 = 262144+262144b−491520b2−229376b3+220160b4+56320b5−35584b6−5888b7+2576b8+272b9−84b10−4b11+b12,

C5 = 17592186044416−30786325577728b−14293651161088b2+47004122087424b3−2199023255552b4−28707561406464b5

+5394478923776b6+9607841841152b7−2295391584256b8−2021788745728b9+516385931264b10+287150440448b11

−73347891200b12−28543549440b13+7041843200b14+2013528064b15−469778432b16−100345856b17+21858304b18

+3448320b19−697088b20−77536b21+14560b22+1024b23−180b24−6b25+b26,

C6 = (4096−4096b−768b2+768b3+80b4−48b5−3b6+b7)2(8192−6144b2+960b4−56b6+b8),

C7 = 343597383680−274877906944b−652835028992b2+506806140928b3+445065986048b4−326954385408b5

−155960999936b6+105730015232b7+33043775488b8−19958595584b9−4544266240b10+2364801024b11

+413466624b12−181370880b13−24382464b14+9017344b15+870912b16−282112b17−15920b18+5088b19+72b20−40b21+b22,

C8 = 123145302310912−105553116266496b−252887674388480b2+206708186021888b3+207738978172928b4−157917357539328b5

−94506460381184b6+65455301591040b7+26984474214400b8−16772384161792b9−5179361460224b10+2852193828864b11

+694833643520b12−335290564608b13−66400026624b14+27830255616b15+4534534144b16−1640693760b17

−218737664b18+68126720b19+7240704b20−1943552b21−155760b22+36256b23+1960b24−400b25−11b26+2b27,

C9 = 524288−393216b−327680b2+204800b3+69632b4−34304b5−6656b6+2528b7+288b8−84b9−4b10+b11.

Price competition

Third stage: Given the delegation parameters and the production capacities, the manager of
firm i maximizes (1) with respect to pi (i = 0, 1). Solving the maximization problem, we obtain
the following result:

pi (θk, xk; k = 0, 1) =
1
16

(
16 − 9b2 + b4

) [
a(12−3b−7b2+b3+b4)+(4+3b−2b2−b3)m

−8xi+4b2xi−6bxj+2b3xj−4θi+2b2θi−3bθj+b3θj

]
,

i = 0, 1; i ̸= j. (12)

Second stage: In this stage, the managers of both the firms recognize how the decisions of
the capacity scales influences each firm’s price levels in the third stage, and then, in the second
stage, the maximization issue of the manager of firm i is given as follows:maxxi Vi (xi, xj) = (pi − m + θi)

[
a(1−b)−pi+bpj

1−b2

]
−

[
a(1−b)−pi+bpj

(1−b2)
− xi

]2
,

s.t. eq. (12) , i = 0, 1; i ̸= j.
(13)

Solving the issue in eq. (13), we obtain the results, which are represented in eq. (4).

First stage: In this stage, the owners of both the firms take into account the functions of their
managers’ prices and capacity scales. The maximization issue for the owner of the public firm,
i.e., the government, is given as follows:

maxθ0 W (θ0, θ1) =
[

a(1−b)+bp0−p1

1−b2

]
(p1 − m) +

[
a(1−b)−p0+bp1

1−b2

]
(p0 − m)

+2a2(1−b)+p2
0−2bp0p1+p2

1−2a(1−b)(p0+p1)
2(1−b2)

−
[

a(1−b)−p0+bp1
1−b2

−x0

]2 −
[

a(1−b)+bp0−p1
1−b2

−x1

]2
,

s.t. eq. (4) , i = 0, 1; i ̸= j,

(14)
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yielding

θ0 (θ1) =

[
(32−16b−28b2+9b3+9b4−b5−b6)2(256−448b2+297b4−95b6+15b8−b10)(a−m)

+b3(16384−55296b2+83136b4−70728b6+37145b8−12501b10+2714b12−370b14+29b16−b18)θ1

]
(

262144−950272b2+1522688b4−1415936b6+846384b8

−340461b10+93617b12−17450b14+2122b16−153b18+5b20

) . (15)

On the other hand, the maximization issue for the owner of the private firm is given as follows:maxθ1 Π1 (θ0, θ1) = a(1−b)+bp0−p1

1−b2
(p1 − m) −

[
a(1−b)+bp0−p1

1−b2
− x1

]2
,

s.t. eq. (4) ,
(16)

yielding

θ1 (θ0) =

{
−b2(1024−3456b2+4400b4−2827b6+1010b8−204b10+22b12−b14)
×[(32−16b−28b2+9b3+9b4−b5−b6)(a−m)−b(16−9b2+b4)θ0]

}
2

(
262144−884736b2+1325056b4−1159680b6+657280b8−252316b10

+66511b12−11908b14+1390b16−96b18+3b20

) . (17)

By simultaneously solving the first order conditions of the owners of both the firms, which are
represented in eqs. (15) and (17), we obtain the equilibrium delegation parameters of both the
firms in eq. (5). Furthermore, we obtain the following equilibrium market outcomes, except for
the delegation parameters, for both the firms:

qB
0 =

(
16 − 9b2 + b4

)2

(
524288−393216b−1638400b2+1155072b3+2314240b4

−1506816b5−1939968b6+1146464b7+1066912b8−562652b9

−401900b10+186174b11+105017b12−42149b13−18816b14

+6468b15+2218b16−646b17−156b18+38b19+5b20−b21

)
(a − m)

B̄
,

qB
1 =

(
16 − 9b2 + b4

)2 (
32 − 28b2 + 9b4 − b6

)2
(

256−256b−288b2+288b3+131b4

−113b5−30b6+18b7+3b8−b9

)
(a − m)

B̄
,

xB
0 =

2
(
8 − 6b2 + b4

)
B1 (a − m)

B̄
, xB

1 =
2

(
4 − b2

)3 (
2 − b2

) (
8 − 5b2 + b4

)2
B2 (a − m)

B̄
,

pB
0 =

2abB3 +
(
16 − 9b2 + b4

)2
mB4

B̄
, pB

1 =
4aB5 +

(
16 − 9b2 + b4

)2
mB6

B̄
,

ΠB
0 =

b
(
4 + b − b2

)2 (
4 − b − b2

)2 (2 − b) (a − m)2 B7B8(
B̄

)2 ,

ΠB
1 =

(
32 − 28b2 + 9b4 − b6

)3
(

8192−20480b2+21184b4−11688b6

+3715b8−685b10+69b12−3b14

)
(a − m)2 (B9)

2(
B̄

)2 ,

CSB =

(
16 − 9b2 + b4

)4 (a − m)2 B10(
B̄

)2 , WB =

(
16 − 9b2 + b4

)2 (a − m)2 B11(
B̄

)2 ,

∆B
0 =

b2
(
3 − b2

) (
4 + b − b2

) (
4 − b − b2

)
B12 (a − m)

B̄
≥ 0, ∀b ∈ (−1, 1) ,

∆B
1 =

b2
(
32 − 28b2 + 9b4 − b6

)2
B13 (a − m)

B̄
≥ 0, ∀b ∈ (−1, 1) ,

where

B̄ = 134217728−671088640b2+1541931008b4−2156331008b6+2050789376b8−1404310528b10+715071296b12

16



−275669056b14+81108361b16−18204607b18+3087813b20−387635b22+34667b24−2061b26+71b28−b30,

B1 = 8388608−6291456b−30932992b2+22020096b3+52297728b4−34897920b5−53506048b6+33059840b7+36844544b8

−20827424b9−17972576b10+9189116b11+6364284b12−2912602b13−1648109b14+669003b15

+309849b16−110697b17−41274b18+12890b19+3702b20−1004b21−201b22+47b23+5b24−b25,

B2 = 4096−4096b−6912b2+6912b3+4944b4−4656b5−1947b6+1593b7+449b8−291b9−57b10+27b11+3b12−b13,

B3 = 16777216−16777216b−70254592b2+74973184b3+130285568b4−150536192b5−141090816b6+180629504b7

+98438400b8−145025792b9−45538928b10+82550800b11+13435990b12−34393138b13−1954679b14+10660536b15

−217647b16−2468980b17+191679b18+423950b19−50621b20−52714b21+7807b22+4516b23−745b24−240b25+41b26+6b27−b28,

B4 = 524288−131072b−1900544b2+401408b3+3067904b4−508416b5−2919936b6+343904b7+1824928b8−129004b9−787516b10

+21526b11+239537b12+2358b13−51321b14−1992b15+7574b16+436b17−730b18−46b19+41b20+2b21−b22,

B5 = (2−b)(2+b)(8−5b2+b4)(256−256b−288b2+288b3+131b4−113b5−30b6+18b7+3b8−b9)

(2048−5120b2+5368b4−3033b6+999b8−194b10+21b12−b14),

B6 = 262144+262144b−1146880b2−884736b3+2153472b4+1334272b5−2309376b6−1181952b7+1580112b8+681296b9

−727300b10−267380b11+230681b12+72512b13−50609b14−13460b15+7550b16+1644b17−730b18−120b19+41b20+4b21−b22,

B7 = 524288−393216b−1638400b2+1155072b3+2314240b4−1506816b5−1939968b6+1146464b7+1066912b8−562652b9

−401900b10+186174b11+105017b12−42149b13−18816b14+6468b15+2218b16−646b17−156b18+38b19+5b20−b21,

B8 = 16777216−8388608b−74448896b2+35389440b3+149749760b4−66715648b5−180826112b6

+74625024b7+146193408b8−55437312b9−83514656b10+29015344b11+34668396b12

−11079670b13−10593485b14+3152061b15+2387902b16−674356b17−394139b18

+107943b19+46736b20−12582b21−3827b22+1003b23+198b24−48b25−5b26+b27,

B9 = (4+b−b2)(4−b−b2)(256−256b−288b2+288b3+131b4−113b5−30b6+18b7+3b8−b9),

B10 = 171798691840−137438953472b−1185410973696b2+923417968640b3+3873255194624b4−2913330003968b5

−7984478420992b6+5747521880064b7+11664724852736b8−7961729564672b9−12853507915776b10+8240308551680b11

+11095320592384b12−6618093862912b13−7688926569984b14+4227545324544b15+4347276336640b16−2183649257216b17

−2026423743224b18+922102887024b19+783584926352b20−320516127892b21−252032727146b22+92028135562b23

+67401169613b24−21839687179b25−14935123247b26+4274261425b27+2723360620b28−686299156b29−404195408b30

+89631936b31+48028830b32−9398250b33−4458010b34+775894b35+311228b36−48928b37−15358b38+2238b39

+477b40−67b41−7b42+b43,

B11 = 61572651155456−52776558133248b−495879744126976b2+420013441810432b3+1907068558639104b4−1592986190217216b5

−4659738868449280b6+3830646971564032b7+8119972425367552b8−6555703057580032b9−10739148927270912b10

+8496989520003072b11+11201368369397760b12−8666907912699904b13−9452543554355200b14+7136776801484800b15

+6569239627087872b16−4829361670422528b17−3807550454445568b18+2719586351498240b19+1857040024618752b20

−1285945984170496b21−766843573257624b22+513702175664656b23+269137797183440b24−174032970040688b25

−80431789598470b26+50091592817620b27+20466650519337b28−12247744977409b29−4425615347387b30+2538594668239b31

+809890723703b32−444142581567b33−124603833995b34+65145221133b35+15960207418b36−7931049322b37−1678236630b38
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+790115270b39+141988286b40−63124910b41−9386524b42+3928206b43+463693b44−182213b45−15911b46

+5867b47+331b48−115b49−3b50+b51,

B12 = 524288−393216b−1638400b2+1155072b3+2314240b4−1506816b5−1939968b6+1146464b7+1066912b8−562652b9

−401900b10+186174b11+105017b12−42149b13−18816b14+6468b15+2218b16−646b17−156b18+38b19+5b20−b21,

B13 = 12288−12288b−24832b2+24832b3+21744b4−20880b5−10785b6+9435b7+3294b8−2466b9−620b10+372b11

+66b12−30b13−3b14+b15.

Equilibrium results in Ogawa (2006)

We present the equilibrium market outcomes, which are derived in Ogawa (2006):

qO
0 =

(
24 − 14b − 4b2 + b3

)
(a − m)

24 − 18b2 + b4
, qO

1 =
(1 − b)

(
12 − b2

)
(a − m)

24 − 18b2 + b4
,

xO
0 =

(
24 − 15b − 3b2 + b3

)
(a − m)

24 − 18b2 + b4
, xO

1 =
12 (1 − b) (a − m)

24 − 18b2 + b4
,

pO
0 =

2a (1 − b) b +
(
24 − 2b − 16b2 + b4

)
m

24 − 18b2 + b4)
,

pO
1 =

3a
(
4 − 4b − b2 + b3

)
+

(
12 + 12b − 15b2 − 3b3 + b4

)
m

24 − 18b2 + b4
,

ΠO
0 =

b
(
48 − 77b + 22b2 + 9b3 − 2b4

)
(a − m)2

(24 − 18b2 + b4)2
, ΠO

1 =
2 (1 − b)2

(
72 − 24b2 + b4

)
(a − m)2

(24 − 18b2 + b4)2
,

CSO =

(
720 − 384b − 788b2 + 400b3 + 161b4 − 54b5 − 8b6 + 2b7

)
(a − m)2

2 (24 − 18b2 + b4)2
,

WO =

(
1008 − 864b − 750b2 + 636b3 + 87b4 − 66b5 − 4b6 + 2b7

)
(a − m)2

2 (24 − 18b2 + b4)2
,

∆O
0 =

(1 − b) b (a − m)
24 − 18b2 + b4

≥ 0, ∀b ∈ [0, 1) ,

< 0, ∀b ∈ (−1, 0) ,

∆O
1 = −(1 − b) b2 (a − m)

24 − 18b2 + b4
≤ 0, ∀b ∈ (−1, 1) .

Equilibrium results in Bárcena-Ruiz and Garzón (2007)

We present the equilibrium market outcomes derived in Bárcena-Ruiz and Garzón (2007):

qBG
0 =

(
24 − 18b − 20b2 + 14b3 + 9b4 − 5b5 − b6 + b7

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8
,

qBG
1 =

(1 − b)
(
12 − 5b2 + b4

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8
,

xBG
0 =

(
24 − 15b − 23b2 + 10b3 + 13b4 − 4b5 − 2b6 + b7

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8
,

xBG
1 =

6
(
2 − 2b − b2 + b3

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8
,
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pBG
0 =

a(1−b)2b(6+6b−3b2−3b3+b4+b5)+(24−6b−32b2+9b3+14b4−4b5−2b6+b7)m

24 − 38b2 + 23b4 − 6b6 + b8
,

pBG
1 =

a(12−12b−15b2+15b3+8b4−8b5−b6+b7)+(12+12b−23b2−15b3+15b4+8b5−5b6−b7+b8)m

24 − 38b2 + 23b4 − 6b6 + b8
,

ΠBG
0 =

(1−b)2b(144+27b−300b2−30b3+276b4+26b5−143b6−10b7+47b8+3b9−9b10+b12)(a−m)2

(24 − 38b2 + 23b4 − 6b6 + b8)2
,

ΠBG
1 =

(1 − b)2
(
144 − 240b2 + 182b4 − 69b6 + 12b8 − b10

)
(a − m)2

(24 − 38b2 + 23b4 − 6b6 + b8)2
,

CSBG =

(
720−576b−1620b2+1344b3+1493b4−1274b5−753b6

+698b7+192b8−234b9−12b10+46b11−5b12−4b13+b14

)
(a − m)2

2 (24 − 38b2 + 23b4 − 6b6 + b8)2
,

WBG =

(
1008−864b−2334b2+1884b3+2571b4−1930b5−1639b6+1136b7

+682b8−434b9−192b10+114b11+35b12−20b13−3b14+2b15

)
(a − m)2

2 (24 − 38b2 + 23b4 − 6b6 + b8)2
,

∆BG
0 = −

(1 − b)2 b
(
3 + 3b − b2 − b3

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8

≤ 0, ∀b ∈ [0, 1) ,

> 0, ∀b ∈ (−1, 0) ,

∆BG
1 =

b2
(
1 − b + b2 − b3

)
(a − m)

24 − 38b2 + 23b4 − 6b6 + b8
≥ 0, ∀b ∈ (−1, 1) .

Private duopoly

In this section, we present, under both quantity and price competition, the equilibrium market
outcomes in the private duopolistic setting with the FJSV delegation contract when both the
firms are private.

Quantity competition

θpC
i =

b2
(
3072 − 640b2 + 48b4 − b6

)
(a − m)

16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8
,

qpC
i =

4
(
16 − b2

)2 (
8 − b2

)
(a − m)

16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8
,

xpC
i =

64
(
128 − 24b2 + b4

)
(a − m)

16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8
,

ppC
i =

a
(
8192 − 6144b2 + 992b4 − 60b6 + b8

)
+ 4

(
16 − b2

)2 (
8 + 8b − b2 − b3

)
m

(16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8)2
,

ΠpC
i =

4
(
16 − b2

)2 (
65536 − 57344b2 + 13824b4 − 1408b6 + 64b8 − b10

)
(a − m)2

(16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8)2
,

CSpC =
16 (1 + b)

(
16 − b2

)4 (
8 − b2

)2 (a − m)2

(16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8)2
,

W pC =
8

(
16 − b2

)2 (98304+32768b−69632b2−12288b3+15488b4+1664b5−1504b6−96b7+66b8+2b9−b10) (a − m)2

(16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8)2
,

∆pC
i = −

4b2
(
128 − 24b2 + b4

)
(a − m)

16384 + 8192b − 8192b2 − 2048b3 + 1152b4 + 160b5 − 64b6 − 4b7 + b8
≤ 0, ∀b ∈ (−1, 1) ,
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i = 0, 1.

Price competition

θpB
i = −

b2
(
1024 − 3456b2 + 4400b4 − 2827b6 + 1010b8 − 204b10 + 22b12 − b14

)
(a − m)(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

) ,

qpB
i =

(
16 − 9b2 + b4

)2 (
32 − 28b2 + 9b4 − b6

)
(a − m)(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

) ,

xpB
i =

2
(
4 − b2

)2 (
2 − b2

) (
128 − 152b2 + 69b4 − 14b6 + b8

)
(a − m)(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

) ,

ppB
i =

[
4a(2048−5120b2+5368b4−3033b6+999b8−194b10+21b12−b14)

+(16−9b2+b4)2(32+32b−28b2−28b3+9b4+9b5−b6−b7)m

]
(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

) ,

ΠpB
i =

(
16 − 9b2 + b4

)2
(

262144−884736b2+1325056b4−1159680b6+657280b8

−252316b10+66511b12−11908b14+1390b16−96b18+3b20

)
(a − m)2(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

)2 ,

CSpB =
(1 + b)

(
16 − 9b2 + b4

)4 (
32 − 28b2 + 9b4 − b6

)2 (a − m)2(
16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

)2 ,

W pB =

(
16 − 9b2 + b4

)2

(
786432+262144b−2523136b2−753664b3+3630080b4+979968b5

−3077376b6−758016b7+1700176b8+385616b9−639152b10

−134520b11+165527b12+32505b13−29172b14−5356b15

+3354b16+574b17−228b18−36b19+7b20+b21

)
(a − m)2(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

)2 ,

∆pB
i =

b2
(
1536 − 2720b2 + 2020b4 − 803b6 + 179b8 − 21b10 + b12

)
(a − m)(

16384+8192b−36864b2−16384b3+35456b4+13984b5−18720b6−6588b7

+5837b8+1841b9−1079b10−303b11+111b12+27b13−5b14−b15

) ≥ 0, ∀b ∈ (−1, 1) ,

i = 0, 1.
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